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INTRODUCTION 


The English edition of the first part (for class IX ) of my 
most popular book ‘Higher Secondary Elective Mathematics’ 
Parts I—III (in Bengali ) was published in November last and 
has been highly appreciated by teachers and students alike. 
Being thus encouraged I now publish the English edition of 
the second part of the book under the title “A Text Book of 
Higher Secondary Elective Mathematics” (in English ) Part II 


, for class X. 


It is a complete text book for class X of Higher Secondary 
Schools and covers the entire Syllabi for Moensuration, Algebra 
Plane Geometry, Solid Geometry, Trigonometry and Co-ordinate 
Geometry. 

In this part also all the Topics have been lucidly and 
elaborately dealt with and illustrated with copious examples culled 
from the Examination papers of different Universities. 

A special feature of this book is that it contains the relevant 
portions of the question papers set in the West Bengal Higher 
Secondary, C. U. Pre-University and B. U. Entrance 
Examinations with answers upto date. I hope the students will 
find it very helpful to them, 

I shall be grateful to the teachers if this book is received 
by them with sympathy and introduced as a text book in 
their Schools. 

Any suggestion for the improvement of the book will be highly 
appreciated. . 

August, 1963, } KESHAB CHANDRA NAG 
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Mathematics ( Elective Subject ) 


Olass X 
ALGEBRA : 


Elementary ideas of elimination; A. P. and G.P, (finite 
series ), H. P. ( definition only ) ; Variations ; Logarithms ( Note 
—TUse of slide rule may be encouraged ): 

Irrational quantities, Simultaneous equation in two unknowns 
of which one is quadratic and the other linear, 

GEOMETRY: 
THEORETICAL 

The angles made by & tangent to a, circle with a chord drawn 
from the point of contact are respectively equal to the angles in 
the alternate segments of the circle. 

If two chords of a circle intersect either inside or outside the 
circle, the rectangle contained by the parts of one is equal to the 
rectangle contained by the parts of the other. ( Note—This 
proposition may be proved with the help of the properties of 
similar triangles ). 

PRACTICAL 


QConstruction of tangents to a circle and of common tangents 
to two circles ( both cases ), Construction of regular figures of 8, 
4, 5 or 6 sides in or about a circle. 

Construction of a mean proportional to two given straight 
lines. 

Construction of a square equal in area to 2 given polygon. 
SOLID GEOMETRY : fl 

Axioms (i). One and only one plane may be made to pass 
through any two intersecting straight lines. 

Axioms (ii). Two intersecting planes cut one another in a 
straight line and in no point outside it. 


To prove: 

1. If a straight line is perpendicular to each of two 
intersecting straight lines at their point of intersection, it is also 
perpendicular to the plane in which they lie. 

9. All straight lines drawn perpendicular to a given straight 
line at a given point of it are coplanar. 

8. If two straight lines are parallel and if one of them is 
perpendicular to a plane, then the other is also perpendicular to 
the plane, ft 

Concept of angle between two planes, angle between a 
straight line and a plane. Concept of parallelism of planes. 
Concept of a line being parallel to a plane. Concept of skew 
lines, 


CO0-ORDINATE GEOMETRY : 


Rectangular cartesian co-ordinates in a plane; Lengths of 
segments ; Section of & finite segment in a given ratio ; Area of a 
triangle ; Straight line, 


MENSURATION : 

Parallelopipeds, Right Circular cones, Prisms and Pyramids 
( Expressions without proof, of the surfaces and volumes of these 
solids ). 
TRIGONOMETRY : 


Trigonometrical ratios of any angle; Trigonometrical ratios of 

angles associated with a given angle ; Addition and subtraction 

. formulas : Transformation of products and sums ; Multiple and 
sub-multiple angles. 


Note—It is recommended that Solid Geometry and Mensura- 


tion of Solids be taught through the drawing board, and the 
Making and handing of Solid models. 


CHAPTER I 
MENSURATION 


SOLIDS 

Definitions : 

You know that a book or a brick or a ball is a solid body and 
each occupies certain space. 

A Solid has length, breadth and thickness (or depth or 
height ). 

So a solid is of three dimensions. 

1. Any portion of space bounded by one or many Surfaces, 
plane or curved, is called a solid body or solid. 

‘Thus solids are bounded by surfaces. 


[N. B. A surface has length and breadth, but no thickness. 
It is of two dimensions. It may be plane or curved. ] 


2. Polyhedron: A polyhedron is a solid bounded by several 
plane faces. 

[N. B. Just as at least three st. lines are necessary to bound 
a portion of a plane, so at least 4 planes (i.e., plane surfaces) are 
necessary to bound a certain space. ] 

These surfaces are called the faces of the solid and the straight 
line in which two surfaces intersect or meet is called the edge. 


Example. A box or a brick is bounded by six plane surfaces 
and these surfaces intersect in 12 straight lines. 


A cricket ball, however, is bounded by a single curved surface. 


8. A solid bounded by three pairs of parallel plane surfaces 
( or faces ) is called a parallelopiped. 
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Each of its faces is @ parallelogram and each two opposite 
‘faces are equal in all respects. 


EE 
[ 


Fig. 1 Fig. 2 

4, A parallelopiped whose faces are rectangles is called a 
rectangular parallelopiped or a rectangular solid or a cuboid. 

As for instance # wooden box. It has six faces, one at the 
bottom, one at the top and 4 faces on the four sides. 

In fig. 3, the faces are OAQB, CRPS, OASC, OBRC, BRPQ 
and AQPS. 

A rectangular parallelopiped has length, breadth and thickness 
( or height). 

Volume : The volume of a solid is the space contained within 
its bounding surfaces. 

The volume bas three dimensions (length, breadth and 
thickness ), while a surface has two dimensions (length and 
breadth ). 

Hence a volume is expressed in cubic units and an area of a 
surface is expressed in square units. 

Let the length of a rectangular parallelopiped be a units, the 
breadth b units and the hight c units of length. Hence 


(a) the area of the surfaces 
of a rectangular parallelopiped 

=(20b-+2bc4- 20a) sq. units 

=%(ab--be--ca) sq. units. 

(b) The volume of a 
rectangular parallelopiped 

= area of the base X height 

=]longth X breadth Xx height = abc cubic units. 
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(c). In figure 3, OP is the diagonal of the EO TT 
FINN 


P* =0Q° +PQ? ['.' LOQP is a rt. angle ] 
= 04° +AQ°*+PQ? ['/.LOAQ is art, angle ] 
= 0°02 +02, 
The diagonal= Va*+ 520 
= N(length)* F(width)* + (height). 
5. It the faces of a rectangular parallelopiped be squares and 
its length, breadth and height be equal, then it is called a cube. 
A cube has six equal Square surfaces, each opposite. pair being 
parallel. Its angles are all right angles. 


If its length, breadth and height C 
each be a units of length, then R 


 fGPE 
(i) the area of the whole 
Surface of the cube 
= 20° + 20° +292 =60*. Nees A 


(ii) the volume of the cube= at. 
(iii) the diagonal of the cube 
= V8: =a 3. Fig. 4 


Examples (1) 


Ex. 1. Find the area of the whole surface, the volume and 
the diagonal of a rectangular solid whose dimensions are 4 ri j) 
Lyd. 1 ft. and 8 ft. 

Here, the length (a)=4 yds.=12 ft., 

the breadth (b)=1 yd. 1 ft.=4 ft. and height (c)=3 ft. 

the reqd. area of the whole surface= %ab--be-+-ca) 
= 12 x 444X848 X12) sq.'ft.=192 sq. ft, 

Its volume= abce= 12 ft. x 4 ft. x 8 ft.= 144 cubic ft. 

Its diagonal = NVa* +6402 = N12: 42787 ft. 

= 169 ft. =18 tt; 
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Ex. 2. Find the area of the whole surface, the volume and 
the diagonal of a cube, each edge of which is 7 feet. 


The area of the whole surface of the cube 
= 602 =6X 7° sq. f.= 294 sq. ft. 
Its volume= a =(7)® cu. ft.= 343 cu. ft. 
Tts diagonal=a V/3=7 X N38 f6.=7 V8 ft. 
VEx. 8. What is the length of the edge of a cube of which the 
total area of the surfaces is 846°56 sq. em. ? [C. U. 1956] 


TLiet each edge of the cube be 4 em. 
Then the area of its whole surface= 60° sq. cm. 
6a* = 346'56 sq. em., or, a = 54556 8q. cm.= 57°76 sq. om., 
= N5776 cm.= 76 om. 
the read. length of the edge= 76 em. 
Ex. 4. Find the length of the edge of a cube whose total area 
‘of the surfaces is equal in magnitude to the volume of the cube. 
Here, the number of sq. units in the surface 
= the number of cubic units in the volume. 
Now the area of its whole surface= 64° sq. units 
and its volume=4° cubic units. 
02= 60, . L.0=6: 
Hence, the length of its edge= 6 units of length. 
LEX. 5. The dimensions of & rectangular solid areas 4:38:92 
and its total surface is 18300 sq. in. ; find its length, breadth and 
height. 
Here, the length, breadth and height are in the ratio 4:38:09. 
So if the length be 40 inches, the breadth and height will be 3 
and 20 inches respectively. 
Now, the area of its total surface 
= U40 x 80+ 4a Xx 20-30 X 2a) sq. in.= 52a? sq. in. 
,  5202=1300 sq. in., or, a2 =25 8g. in., . a=5 in. 
Hence, the reqd. length= 44= 4 X 5 in. =20 inches, 
the breadth=5 Xx 8 in.=15 in., and height=5 X 2 in.=10 in. - 
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5. 6. Three cubes of metal whose sides are 3, 4 and 5_inches 
respectively are melted and formed into a single cube, show that 
the edge of the new cube will be 6 inches. LP.U 


The total volume of the 3 cubes = {(3) 4+(4)2.4(5)°} cu. in. 


=216 cu. in. 
the volume of thenew cube = 216 cu. in. 
its (edge) =216 cu. in. 
the length of its edge 
,/  =N216 in.=V6xX 6X6 in.= 6 inthes. 
x, 7. Find the length of the longest rod that can be placed 
in a room 30 ft. long, 24 ft. broad and 18 ft. high. [P. U.] 
Here, it is evident that the length of the longest rod = the 
diagonal of the room. 


Now, the diagonal= Va* +5262, here 4=30 ft., b=24 ft, 
¢=18 ft. ক 
The regd. length of the rod = V30°4+24°418° it. 

=. NI800 ft.= 30 V2 tt. 


tl = 49°42 ft. ( App. ). 
X. 8. A closed box which externally measures 16 in. long, 
12 in. broad and 8 in. high, is made of wood half an inch thick, 
Find the cost of painting its inner surface at 1a. 6 7. per sq. foot. 
As the wood is 3 inch thiek, the internal dimensions of the box 
are each less by 3 in.X2 or 1 in. than the external dimensions. 
Hence, internally the length=15 in., breadth=11 in. and 
height=7 in. 
The whole inner surface= 215 x 11-11 x 7-15 X 7)8gq. in. 
= 694 sq. in.=224 sq. ft. 
The cost for 1 sq. ft.=3 annas, 
.". The reqd. cost of painting=3 a. XII4= HEL 4.=17 0. 24 D. 
[N.B. If the box be without any lid, the internal height 
syould be ¥ inch less, but the other dimensions would be 1 inch 


less than the external dimensions. J 
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¥, 9. A school room is to be built to accommodate 70 
children, so as to allow 8% sq. ft. at floor and 110% cubic ft. of 
space for each child ; if the room be 34 ft. long, what must be its 
breadth and height. [S. Al 


Each boy requires 83 sq. ft. of floor, 
the area of the floor of the room= 8s sq. ft. x 70 
= 595: 8d. 16. 
the length of the room = 34 ft., 
its reqd. breadth = 55 f6.= 173 ft. 
Again, each boy requires 1103 cu. ft. of space, 
The volume of the room = 1103 cu. ft. x 70=7735 ou, ft. 
but its length = 34 ft. and breadth => ft. 
the reqd. height = 2x35 ft.=13 ft. 
(XH 10. The three conterminous edges of a rectangular soli 


are 36, 75 and 80 inches respectively ; find the edge of a cube 
which will be of the same capacity. [B. E.] 


Here the dimensions of the rectangular solid are evidently 
36 in., 75 in. and 80 in. 


The volume of the cube = the volume of the solid 


= 86 xX 75 x 80 cu. in. 
The edge of the cube= 36x T5x80 in. 
= VST XLS 5s in. 
= 83 xX 4X5 in.= 60 inches. 


be) 1 Ex 11. A rectangular reservoir is 100 ft. long by 64 ft. broad ; 
at what rate of speed per hour must water flow into it through 
@ pipe, whose cross-section is a square of side 2 inches, in order to 
make the water rise 2 ft, in 8 hours ? [B. U.] 


Here, the length -of the: reservoir=110 ft., and the 
breadth = 64 ft, 
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The water that flows into it in 8 hours is 2 feet deep. 
The volume of the water = 100 ft. x 64 ft. x 2 ft. 


=12800 cu. ft. 
The volume of water that enters in 1 hour = 280° cu, ft, 
= 1600 cu. ft. 
Now, the cross-section of the pipe= 2 in. x2 in.=4 sq. in, 
al 0 
=ন্তৰ 580. ft. 


The speed of the flow of water = (1600-- gis) ft. per hour 
=o m. D. hb. 
=1042 miles per hour. 


Exercise 1 


1. Find the total surface, the volume and the diagonal of 
a rectangular solid whose dimensions are 8 ft., 2 ft. and 4 ft. 

2. Find the whole surface, the volume and the diagonal of a 
cube whose edge is 5 ft. 

8. Find the total surface and the volume of @ cube whose 
diagonal measures 3 V8 ft. 

‘V4. What is the length of the edge of a cube whose total 
SUMELS is 87°5 sq. ft. ? 

5. The di of a rectangular Sells are 8 {fb., 6 ft. and 
5 ft., find its total surface. 

6. The diagonal of a cube is 30i in. ; what is the solid 
content ? [S. Al 

7. The dimensions of a rectangular solid areasd:3:2 and 
its total surface measures 558 sq. in., find the dimensions. 

8. The whole surface of a cube is equal to the sum of the 
Whole surfaces of three other cubes whose edges are 3 in., 4 in. 
and 1 ft, respectively. Find the edge of the first cube. 

9. The total surface of a rectangular solid of square base is 
506 sq. ft. and its height is 6 ft., find its length and breadth. 


PYRAMID 


7. A pyramidisasolid bounded by plane faces, of which 
the one face called the base is a Pp 
rectilineal figure, and the other faces 
are triangles having a common vertex 
at some point outside the’ plane of A“ 


the base. € 

Hence, the base of a pyramid is 
a triangle, or a quadrilateral or a F > 
Polygon and its side faces are several 


triangles having the same Vertex, 
which is also the vertex of the Fig. 7 
pyramid. [ Fig. 7] ? 

The perpendicular from the vertex to the base is the height 
of the pyramid. 

The straight line in which any two triangles meet is called 
the edge of the pyramid. Kk 

If the perpendicular drawn from its vertex to its base passes 
through the central point of the base (ie., the centre of the 
circumscribed or the inscribed circle), Pp 
then it is said to be a right pyramid. 
If the base. of a right pyramid be a 
rectangle or a square, the perpendi- ° 
cular from the vertex meets the base 
at the point of intersection of its 
diagonals. 


If the base of a right pyramid be 
a regular figure, it is called a regular 
pyramid. Its side faces are congruent Fig. 8 
isosceles triangles. 

Other pyramids are called, Oblique pyramids. [ Fig. 9]. The 
‘ perpendicular from the vertex to any side of the base of an 
oblique pyramid is called its slant height. 


‘IN. B. Infig. 9, PO is the height and PK is the slant 
height of the pyramid.] 
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Tetrahedron: A tetrahedronis a pyramid on a triangular 
base, So itis bounded or contained Pp 
by four triangular faces. [Fig. 10] 
When the base of a tetrahedron 
is an equilateral triangle, it is called 
a right tetrahedron. 


A tetrahedron has four faces, four 


vertices and six edges. F DC 
When all the four faces are 

equilateral triangles, it is called a A K B 

regular tetrahedron. Fig. 9 


Tf the sides of the base of a right pyramid be @, b, 0, dd... 
units long, and the height be h units and the slant height bet 
units, then 

(a) The total area of the side P 
faces of a pyramid 

= Fal Fl IclT FALL... 

= (a+ bce dT ...)l 

= Semi-perimeter of the 

base X slant height. 


The whole surface = 
the slant surfaces the area of the base. 


(5) The volume of a pyramid 
= x area of base X height. Fig. 10 


Examples (2) 


Ex. 1. The base of @ right prism, 12 ft, high, is an equilateral 
triangle on a side of 8 ft. ; find the area of its rectangular faces, 
The area of the rectangular faces = perimeter of the base X height. 
Here, the perimeter of the base= the perimeter of the equila- 
teral triangle=3 ft. x 8=9 ft., and the height = 12 ft. 
The required area of the rectangular side faces 
=9 ft. X 12 16.=108 sq. ft. 
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\ 2. The base of a right prism is a triangle whose sides 
are 17 cem., 25 cm. and 28 em. If its height is 20 cem., find its 
volume. 

Here, the semi-perimeter (s) of the triangular base 
=3(a+0+0)= (28425417) cm.= 35 cm. 
-. The area of the base= Ns(s— alls = b)(s—c) 
= 35(35 — 26)(35 = 25)(35 = 17) sq. om. 
= N85 X7TXI10X18 8q. cm.= V5 x68 X7° sq. em. 
= 210 sq. cm. 
The reqd. volume of the right prism = area, of base x height 
t = 210 sq. cm. x 20 cm.= 4200 cu. em. 


bh 8. Find the volume and lateral Surface of a right prism 
8 inches high Standing on an isosceles triangle, each of whose 
equal sides is 5 inches and the other Side 6 inches. [C. U. 1945] 
The perpendicular from the vertex to the base of an isosceles 
triangle bisects the base. 
Let the perpendicular beh. Then h2=52 - 3510, HE 4 
So the height of the triangle=4 inches. 
The area of the triangle=Z Xx 6 in. X4in.=12 50. in. 
The’ regd. volume= 12 8g. in. x 8 in. =96 cu. in. 
‘The reqd. lateral surface of the right prism 
= perimeter of ‘base X height =(54+-54-6) in. x 8 in. = 198 5d. in, 
[ Here, the . area of the isosceles triangle can also be 
determined from the formula : area= ~/ (8s — a)(s — b)(s = ¢;) ] 
VEx. 4. The base of a right prism, 10 inches high, is an 
equilateral triangle on a side of 8 in. ; find the volume of the prism. 


N/8 


The area of an equilateral triangle=— @* (9 being its side) 


‘The area of the base of the prism= ab 8q. in. 


=16 V8 sa. in. 
‘The red. volume= area, of base X height 
=16 V8 sq. in. x10 in,.=160 NS cu. inches. 
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Ex. 5. The volume of a right prism is 3830 cu. cm. and its 
base is a triangle whose sides are5 cm., 12 cm. and 18 cm. 
respectively. Find the height and the total surface of the prism. 

Here, since 52+ 19° = 169 =18°, 

the triangle is right-angled and the sides containing the 
right-angle are 5 cm. and 12 em. 
The area of the base of the prism= 3 X12X5 sq. em. 
= 30 sq. om. 


volume _ 330 cu. cm._ 1] om 
area of base 30 sq. em. i 


The regd. height = 


Again, the perimeter of the base=(54+12+13) cm. = 30 om. 
The area of the side faces= 30 em. x11 cem.= 380 sq. om. 
The total surface of the prism 
=area of the side faces-H-area of the two ends. 
=(330 sa. em.4+-30 sq. em. X2)= 390 sq. em. 
[N. B. You may apply the formula A= JNs(s-a)(s-— b)(s- oc). 
‘ The whole surface means the sum of the side faces and the two: 
ends. The two ends= base X 2.] 

Ex. 6. The area of the lateral surface of a right prism is. 
882 sq. cm. and its height 14 cm. ; if the base is a regular polygon: 
of seven sides, find the length of each side. 

Let each side of the base be a em. 

The area of the side faces of the prism 
= perimeter of base X height = 7a X 14 em. =980 sq. em. 
984= 882 (hyp.) .. a= 58:=9. 

‘“. each side of the base=9 cm. 

Ex. 7. The base of a right prism, 5 NS ft, high, is a regular 
hexagon whose side is 6 ft. Find its volume. 

Here, the base being & regular hexagon (i.e, «a polygon of 6 
sides), the area of the base is equal to 6 times the area of an 
equilateral triangle whose each side is 6 ft. 
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the area of the base of the prism = X 6° x6 sq. ft. 


= A N38 sq. ft. 
its volume= area, of the base'x height 
=54 V8 sq. ft. X 5 V8 1t.=810 cou, ft. 

Ex. 8. The base of a right prism is a trapezium whose 
parallel sides are 7- cm. and 13 Ccm., the perpendicular distance 
between those sides being 8 em. If the height of the prism is 
10 cem., find its volume. j 


The area of the trapezium = 3 X Sum of the parallel sides x prep. 
distance= (713) x 8 sq. em. =80 sq. em. 
the volume of the prism = area, of base x height 
=80 sq. cm. x 10 em.= 800 cu. em. 


[ Pyramid ] 


ME. 9. The base of a right pyramid, 6 in. high, is an 
equilateral triangle of side 4 inches. Find its volume and the 
area of the side faces. 


Let. P be the vertex and the equilateral A ABC be the base of 
the pyramid. Draw ADILBC, then AD is the median of the 
AABC. Let O be the centroid of 
the triangle. .‘. PO is perpendi- 
cular to the plane ABC. .'. PO is 
perpendicular to the median AD. 

Suppose PD=! and PO=h, then B 
h=6 inches. A 

Now, AD° = AB? - BD? =42 — 92 DPD 
=12, .'. AD= VI2 in.=2 V8 inches. 

: OD=AD=hin = 2 in, Fig. 11 

N83 
=n? +O0D°=(364+$) sq. in.= £2 5g. in. 


LR UE A 


RP 
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‘the volume of the pyramid = 3 X area of base X height 
=F XI X4X2 V8 X6 cu. in.=8 V3 cu. inches. 
‘The area of the side faces = Zz X perimeter Xslant height 


= X12 in. x in. =38 N21 sq. inches. 


Lx. 10. A right pyramid stands on a base 16 cm. square and 


its height is 15 crn. ; find its slant surfaces and the volume. 
[H. S. '64(c)] 


Here the base is a square ABCD of side 16 cm. Let its 
diagonals AC and BD intersect at O and let OP be perpendicular 
to AB. 

Then OP bisects AB, and OP=AP=8 om. 

The height of the pyramid = 15 cm. 

its slant height I= V/824152 em.=17 om. 
the area of its slant faces= Zz X perimeter Xx slant height 
=X (16 cm. x4) X17 em.=544 sq. em. 

Its volume = 3 X area of base X height 

fs = (16 X16) sq. em. x 15 em.= 1280 cu. em. i 

Ex. 11. Determine the volume of a pyramid whose height is 
10 V7 ft. and which stands on a triangle of sides 16 ft., 11 ft. and 
9: ) [O. Uz 41 

The semi-perimeter of the triangle (s)= 3(164-114-9) ft.=18 ft. 

the area of the triangle= Vs(s— a)(s — b)(s =) 
= V18(18- 16/18 — 11)(18 = 9) sq. ft. 
= VNI8X2X7X9 sq. ft.=18 V1 sq. ft. 
the reqd. volume= 3 X area of base Xx height 
=F X18 VT sq. ft. x 10 VT ft,=60 X 7 cu. ft, =490 cu. ft. 
Ex. 12. A right pyramid stands on 2 square base of side 12 ft, 


Find the height of the pyramid, if its volume is 576 cu. feet. 
EC. 0. 43] 


Here, the area of the base of the pyramid 
=12 ft, X 12 1t,= 144 sq. ft., 
the required height 
volume EE DITO; GULL: 


= Xarea of base 3 X144 sq. 2 ft. 
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Vx. 18. A pyramid on a square base has four equilateral 
triangles for its four other faces, each edge being 20 ft. ; find the 
volume. [S. A.] 

Here, the area of the base=20° sq. 1t.=400 sq. ft. 

The height i is to be determined. Suppose the 8q. ABCD is the 
base and P the vertex of the pyramid. 

Let the diagonals AC and BD intersect at O. Then PO is the 
height of the pyramid. 

Draw OELAB, then OE= AE=TAB= 3 X20 ft.=10 ft. 

Now, OEP is a right-angled triangle. Its side PE= the height 

of the given equilateral triangle= ~~ 8 S- X20 f6.=10 V8 ft. 


LLIB 
PO* = PE? ~ OE? =(10 V3) - 102 =900, 
PO= V200 f6.=10 V3 ft. 
the volume of the pyramid = ¥ X area of base X height 
=F x 400 sq. ft. x 10 V2 ft. 
= cu. ft. 


=1885°6 cu. ft. (appx.) 
i 


‘Ex. 14. The faces of a tetrahedron are four equal equilateral 
triangles. Find the area of the faces of the tetrahedron, if the 
Jength of a side of each triangle is 4 ft. Find also the volume of 
the tetrahedron. [C. U. 38] 


Here, the slant height of the tetrahedron 
=the height of the equilateral triangle of side 4 ft, 


= Ya 84 f6.= 2) 8 ft. 
the area of the side faces 


= X perimeter of base X slant height 
= X12 ft. X 2 V3 {6.512 V3 sq. ft., 


and the area of the base = NS @* [a being the side of the A] 


=: Sq. f6.=4 V3 sq. ft. 
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the reqd. area of the faces of the tetrahedron 
=(12 34-4 V8) sq. 16.=16 V3 sq. ft. 

Again, let the base be the equilateral A ABC and the vertex of 
the pyramid be P. Draw ADLBC, so that AD is a median of 
AABOC. Let O be the centroid of AABC. .'. PO is perpendi- 
cular to the plane ABC, .'. PO is perp. to the median AD. 


Let PD=1=2 V3 ft. and PO=h. 


Now, DO=% AD=3 Xslant height=3 X2 V8 ft.= = ft. 
2 
n= -0D:=(2 (55) = 4-82 


or V3 35 0=3 V6 


‘. the regd. volume= 3 X area of base X height 
= X4 V8 80. ft. X 8 V6 ft.=*3° V2 cou, ft. 

ক 15. Find the cost of painting the vertical sides of a 
wooden column, 10 ft. high and standing on a regular nonagon 
whose side is 6 inches, at 2s. per sq. ft. 

The base of the column is a regular polygon of 9 sides 
(nonagon), each side of which is 6 in. or 3 ft. 
the perimeter of the base= 3 ft. X9=% ft. 
“. the ares, of the vertical faces=# ft. X 10 {t.=45 sq. ft. 
“~. the required cost = 2s. x 45=90 s.= £4. 10 s. 


Exercise 2 


1. The base of a right prism, 9 in. high, is an equilateral 
triangle whose side is 1 ft. 4in. Find the area of its lateral 
Surfaces. L 

2. The base of a right prism is a triangle whose each side 
measures 6 cm. If the height of the prism is 16 VS cm., find 
its volume. 


Ele. M. (X) A—2 
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8. The base of a right prism is an equilateral triangle whose 
each side isa. Tt the height of the prism is h, shew that its 
As 


volume is Te 


‘4. The ELE of a right prism is 80 cu. ft. and its base is a 
triangle whose sides are 8 ft., 4 ft., and 51ft, Find the height 
and the total surface of the prism. LE. 8.64) 

5. The area of the lateral surface of a right prism is 1080 
8q. ft. and its height is 12 ft. ; if the base is a regular nonagon, 
find the length of each side of the base, 


6. Find the volume of a pyramid when its base is a regular 
hexagon, each side measuring 6 ft. and height 80 ft. [BU] 
yl The base of a right prism is a trapezium whose parallel 
sides are 10 ft. and 12 ft. and the perpendicular distance between 
them is 10 ft. If the height of the prism is 8 ft., find its volume. 
8. Find the total surface of aright prism, 18 ft. high and 
Standing on a regular hexagon whose each side is 8 ft. long. 


9. A pyramid on a square base has four equilateral triangles 
for its four other faces, each edge being 80 feet ; find the volume. 
[R. E.] 
40. Find the area of the surface of a right prism, whose 
ends are squares of sides 3 inches, the height of the prism being 
one foot. [C. U. '86] 
11. The base of a pyramid, 12ft. high, is a rectangle 10’ by 15', 
Find the volume. 
12. The base of a pyramid, 10 ft. high, is a regular hexagon 
of side 6 ft. Find the volume. + 


AAS. In a2 regular tetrahedron of side %) show that the height 


6 5 

14. The base of a pyramid, 12 em. high, is a triangle whose 
Sides are 8 cm., 15 em. and 17 cm. Find the volume of the 
pyramid. [C. U. "46, '48] 


is equal to ¥ 6% and volume is equal to — 
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15. A right pyramid stands on a base 8 ft. square and its 
height is 8 ft. ; find its slant surface and volume. 


16. The base of a right prism, 10 cm. high, is a triangle 
Whose sides are 17 cm., 10 cm. and 9 cm. Find the volume and 
the whole surface of the prism. [C. U. '40] 

17. The base of a right column, 192 ft. high, is a regular 
pentagon whose side is 4 inches. Find the cost of White-washing 
the vertical sides of the column at 4 annas per sq. ft. 

A18. A right pyramid stands on a rectangular base whose 
sides are 12 cm. and 9 em. and the length of the slant edges is 
8'5 em. ; find the height and volume of the pyramid. 

[E. 8. '62; G. U. '48] 

19. A right pyramid stands on a rectangular base whose 
Sides are 24 cm. and 18 cm. and each of the slant edges is 17 em. ; 
find the height and volume of the pyramid. [N. U. '47] 


CONE 


8. A right circular cone: The solid generated by the 
revolution of a right-angled triangle about one of the sides 
containing the right angle as axis is called a right circular cone. 

In fig. 12, AABC is right-angled at B. If the triangle 
revolves about the side AB as axis, the 
point C traces out a circle. This circle is > 
the base of the cone. BOC is the radius of 
the circle. The point A is the vertex of 
the cone and LCAD is its vertical angle 
Which is twice the angle A of A ABC. . AB 
is the height and AC or AD is the slant Cc D 
height of the cone. 

The sharpened end of a pencil is an Fig. 12 
example of a cone. 
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Every plane section of a right circular cone parallel to the 
base is a circle; and every section of the cone made by 2 plane 
through the axis is an isosceles triangle whose vertical angle is the 
vertical angle of the cone. 


If h be the height, 7 the radius of the base and l the slant 
height of a right circular cone, then we have 


(i) The area of the slant surface of a right cone 
= g(circumference of the base) X slant height 
=F X2%r xX 1= rl sq. units...(1). 
0r, =r Vh* +r? sq. units...... (92). 
['"  LABO=1 rt. angle, ". AC* = AB? +BC?, -. 2 = hire] 
(ii) The whole surface of a cone 
‘=are9, of its curved (slant) surface-Farea of its base 
= 71+ m2 =r(lr) sq. units 
(iii) The volume of 2 right circular cone 
= X area of the base X height= F2r*h cubic units. 


Examples (3) 
[Assume #=22, if not otherwise stated] 


Ex. 1. Find (a) the slant height, (b) the curved surface, 
(c) the whole surface and (d) the volume of the cone whose height 
is 15 inches and the diameter of whose base is 16 inches. 


Here, the height h=15 in., and radius 7=8 in. 
(a) .'. the slant height ()= Vh#+r2= V15°-+8° in.=17 in. 
(2) The area of the curved surface= 77! sq. units 
=X 8X17 sq. in.=4277 sq. inches. 
(c) The whole surface of the cone= 1r(1-?) sq. units 
= X 8(174-8) sq. In. = 6284 sq. inches. 
(d) The volume of the cone= 3%r*h cu. units 
=F XX 8° X15 cu. in. 
= 10057 cu. inches. 
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Ex. 2. Find the vertical height and the slant. height of a 
right circular cone whose curved surface is 704 sq. inches and the 
diameter of whose base is 2 ft. 4 inches. 


Here the radius (7) of the base=2 ft. 4 in. X3= 14 in. 
‘* the area of the curved surface of a cone = rl, 


curved surface_ 704 
Tr 2214 


Again,‘ =n, WMS, hs NE-1. 


the reqd. slant height = in.=16 in. 


The read. vertical height= Vh2 -72= V16°-14° in. 
= NV60in.=2 V15 in. 
Ex. 83. The slant height of a right circular cone is 1ft.9 in. 
and its curved surface is 396 sq. in. ; find the diameter of the 
base. 


Here the slant height (1)=1 ft. 9 in.=21 in. 
** The area of the slant surface = rl, 


_ area, of slant surface _ 396 sq. in. 


ঃ =6 in 
ES a9) in, 2 


“. The reqd. diameter=2r= 12 in.=1 foot. 


Ex. 4. The volume of a cone is 154 cu. ft. and its height is 
192 ft. Find the radius of the base. 


TI%7*h= the volume of a cone, 
“. here FX XTr® X12 f6.=154 cu. ft. 
r= gr sq. fh.=42 8g. fb, T= tt, 
‘", The reqgd. radius = 3 ft. 6 in. 
Ex. 5. The height of a conical tent is T¥ ft. and itis to 


enclose 200 sq. yds. of ground. Find how much canvas will be 
required. [R. M. A] 


Here, the area of the circular base = 200 sq. yds., 
i.e, Tr2=200 sq. yds., or, 277°=1800 sq. ft 
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7°=8390 5q, ft, .  7=80 VIE ft. 

=72 +2, “. here = 3399 + (15)? = 27675 LTTE Sq, ft. 
1= PY ESA LAS it. = যয Eft. 
Canvas required = ares of the curved surface of the tent 


99 x80 NT 15 Xx 1938 
TEAL AA 


_ 80X15 Lx Esa. 


or, 


5q. ft. 


=H V86I sq. yd.=209"5 sa. yds. (App.). 
রা 6. A right-angled triangle, of which the sides are 
8 ft. 6 in. and 5 ft. in length, is made to turn round on the longer 
side ; find the volume of the solid thus formed. [S. A.] 
Here, since the triangle is revolving about the side, 5 ft. long 
as axis, the height of the cone formed is 5 ft. 
The other given side is evidently the radius of the base of the 
cone and is equal to 3 ft. 


‘+ The reqd. volume=3n7°h=F X22 L(Z)? X5 cou. ft. 
=252 cu. ft.= 642 cu. ft, 

x. 7. The sides of a right-angled triangle are 8 in. and 4 in. 
respectively ; find the volume of ‘the cone formed by the 
revolution of the triangle round the hypotenuse. [S. A.] 

[ Draw a fig. ] 
Let the angle B of AABC be a right angle, and let AB=4 in, 
and BOC= 8 inches. 


Then AC= VJ/AB*+BO?= V/4°7382 in.=5 in, 


Draw BDILAC. ‘." BD is drawn perpendicular from the 
right angle to the hypotenuse of a right-angled triangle, 
BDL BO. BDS bn 

‘. iB AG Or, RS D= 7 inches. 


Novw, two cones are generated when the AABC revolves 
round AC. BD is the radius of the base and AD the height 
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of one cone, and BD is the radius and CD the height of the 
other. 
‘, The total volume of the two cones 
=x x BD: x AD+¥% x BD° x CD 
= tx x BD*(AD+CD)= F.%.BD°.AC 
=I XE XH) XD ou, in.= 2922 ou. in, 
= 30g Cu. inches. 

xX. 8. A right-angled triangle, whose remaining angles are 
60° and 830°, revolves about its ALL which is 12 in. long ; 
find the volume of the solid thus formed, 

** One acute angle of the right-angled triangle is double the 


other acute angle, 
*. the least side (i. e., the side opposite to angle 80°) is 


half of the hypotenuse. 
[ Draw a fig. aS in. Ex. 7 ] Here BC=6 in., AC=12 in. 


“, AB: = AC? - BO? =(19° — 6°) sq. in.=108 sq. in. 
“, AB= NVI08 in.=6 V8 in. 
BD EO. here EDD 
© THB LACS 6NV83 I? 
", The reqd. volume= 3% x BD°*(AD+DC) b 
= Xx BD? XAC= I XX (8 V8) X12 ou. in,. 
=28918 cu. in.= 3397 cu. inches. 


BD=8 V8. 


Ex. 9. A conical tent is required to accommodate 5 people; 
each person must have 16 sq. ft. of space on the ground, and 
100 cu. ft, of air to breathe ; give the vertical height, slant height 
and the width of the tent. BAD. Bs 

Here, the width of the tent or diameter of the base (or 27), its 
height (h) avd slant height (1) are to be determined. 

Now, the space required for 5 persons =16 sq.ft. x 5=80 sq. ft. 

Area of the base, i.e. tr° =80 sq. ft., or, £72 =80 80. ft, 
or, 7°=89357 5d. 16,.= 482 8q. ft., . T= NEE 16.=5'045 ft. 
The regd. width of the tent =2r=5045 ft. x2 
=10°09 ft. (App. ). 
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Again, the volume of the tent = 100 cu. ft. Xx 5=500 cu. ft, 
.6., FMr*h=500 ou. ft., OF, FX XL Xh=5O0O cu. ft, 
AER EEE fb.= 2 ft.= 182 ft. 
Now, idl =? 2 je 380 (t)e 099g sq. ft. 

I= EEE {6.=19'4 ft. ( App. ). 


বব UV Ex. 10. Divide a right circular cone into two parts by a plane 

drawn parallel to the base so that the curved surfaces of the two 
parts are equal. 

Let APB be a right circular cone, the circle AB its base, O 
the centre and 7 the radius of the base. 

Suppose a plane, drawn through the 
pt. Cin AP parallel to the base, divides 
the cone into two parts so that the curved 
Surfaces of the two parts are equal. Then 
the curved surface of the cone CPD is 
equal to that of the remaining part ACDB, 
1.6., the area of the curved surface of the 
cone CPD is half the area of the curved 
Surface of the cone APB. 


Fig. 13 
The parallel plane drawn throught © parallel to the base cuts 


the cone in a circle. Let O’ and +’ be respectively the centre and 
radius of this circle. 


Now, the A* POO', PAO are similar ('" CO'I AO). 

N00: 1PO i HBO 

EKO PRSANOBTEA! 

the area of the curved surface of the cone CPD 
area of the curved surface of the cone APB 


=r. PO_r' PO_PC PO_ Po: 
Tari BA PA PA PA™ PA® 

2 HBOS MEE, 

°° PAz= 2 SANE OR TRAST =PA.IPA. 


‘. The plane is to be drawn at Cin AP 50 thet 
POC is the mean proportional between PA and 3 PA. 
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aD) 
NA Ex. 11. A right circular cone, 20 ft. high, has its upper part 


cut off by a plane passing through the middle point of its axis, 
If the plane of section be at right angles to the axis and if the 
radius of the original cone be 4 ft., find the ‘volume of the 
truncated cone. [ C. U. 1986] 
The volume of the given cone= 3r®h 
= FT X42 X20 cu. ft.=2382% cu. ft. 

Since the cone is cut by a plane through the middle point of 
its axis, its upper part is a cone whose height is 3 Xx 20 ft. or 10 ft. 
and radius of whose base is 3 x4 ft. or 2 ft, 

the volume of the upper part= 3% X 2° X10 cu. ft. 
=p cu. ft. 


Hence, the required ares of the truncated cone 


=(8g0% — 47) cu. fh. =280 XE cu. ft.= 298% cu. ft. 


Exercise 83 


1. The height and the diameter of the base of a right circular 
cone are 12 in. and 10 in. respectively. Find (1) the slant height, 
(2) the curved surface, (8) the whole surface and (4) the volume 
of the cone. 

2. Find the vertical height and the slant height of a right 
circular cone whose curved surface is 330 sag. in. and the diameter 
of whose base is 7 inches. j 

8. The height and radius of the base of a cone are 12 cm. and 
5 cm. respectively. Find the curved surface and the volume otf 
the cone. 

4. Find the radius of the base of a right circular cone whose 
volume is 1282 cu. ft. and height 24 ft. 

5. The slant height of a right circular cone is 1ft. 2in, and 
its curved surface is 264 sq. in. Find the diameter of the 
base. 
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6. ‘The height and the radius of the base of a, cone are 15 cm. 
and 8 cm. respectively ; find its curved surface and the volume 
of the cone. 

7. How much canvas will make a conical tent 11 ft. in 
height and 12 ft. in diameter at the base ? 

8. A right-angled triangle, of which the sides are 8 in. and 

4in. in length, is made to turn round on the longer side. Find 
the volume of the cone thus formed. [S. A.] 

9. A right-angled triangle of sides equal to 20 in., 16 in. and 
12 in, respectively is made to spin round on its hypotenuse as 
axis. Find the volume of the double cone thus formed.  [RB. E.] 

ETA A cone 8 ft. high and 2 ft. in diameter at the bottom is 
placed on the ground and sand is poured.over it until a conical 
heap is formed 5 ft. high and 80 ft. in circumference at the 
bottom. Find how many cubic feet of sand there are. 

11. Find the lateral surface and the volume of a right circular 
cone of height 15 ft., the radius of whose base is 8 ft. 

EG: 0.42] 

12. Find the volume and the area of the slanting surface of a 

right circular cone of height 4 ft. and the radius of whose base 

is 8 feet. (= 2%). [ C0. U. '89] 


[ N. B. For Circular Cylinder and Sphere see Appendix. ] 


CHAPTER II 
ALGEBRA 
ELIMINATION 


1. Elimination and Eliminant. The elimination of one or 
more algebraical quantities from some given equations is the 
process of obtaining from those equations a new equation, free 
from those quantities and containing only the other quantities 
of the equations. 

The equation thus obtained is called the eliminant of the 
given equations. 

2. Process of Elimination: Suppose % is to be eliminated 
from the equations 2%+a=0 and 3%4+40=0. 


Here, ‘' 9%+a=0, +. 2= -ঢ Substituting this value 


of ¥ in the other equation, we have 3X -5+40=0, 


or, -34+8=0, or, 3a -8b=0. 

Now, this equation 84 ~-8b=0 is free from 2 (i. e., there is 
no in it) and it is derived from the given equations and involves 
only the other quantities a and b of the given equations. 

Hence, 3a —- 80=0 is the required eliminant, It is called the 
-eliminant of the given equations. 

To eliminate one quantity (x or y) from two equations, first 
find the value of that quantity from one equation, and then 
substitute the value obtained in the other. The equation thus 
Obtained is the eliminant of that quantity of the equations. 

The elimination is often effected by applying various artifices 
and not by the above method. 

The number of equations in elimination: ‘It appears 
from the above example that two equations are necessary for 
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eliminating one quantity (x). Generally the number of equations 
should be one more than the number of quantities to be 
eliminated. ‘Thus to eliminate n» quantities, n+l equations are 
necessary. For, we require n equations to obtain the values of 
the n quantities and then get the eliminant by substituting those 
values in the remaining equation. 


But if the given equations be homogeneous equations in the 
quantities to be eliminated, the number of equations required may 
be equal to the number of those quantities. 


For example, suppose %» and y are to be eliminated from 
40+ my =0 and nz+8y =0. 


Now, dividing the equations by y we have 


4. 7 m=0...0) and n. 78=0...0). 


From (1) and (2) we have = -® and £= 248 
y 4 v n 


: Or, mN=12. .'. the eliminant is mr = 12. 


[Here Y is taken as one quantity and eliminated.] 


Examples (1). 


Ex.1. Hliminate % from the equations ai1%+b1=0 and 
2% +b: =0. 


GioFbi=0, . 2= A 
Q1 
ACN Br ij bs 
Again, ‘." asa2Fba=0, “. 2=-—. 
[7 
LULL El ‘". (1b2—bi02=0 is the regd. eliminant. 
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py Ex. 2. Eliminate % and y from the equations a4,%+bi1y=0 
and 42% b2y= 0. 


Dividing the given equations by y, we have a1 + b1=0...(1) 
Y 

and a2 ©-+b2=0...(2). From (1) we have ©= - bs, 

Y Y a1 


Substituting this value of in (2) we have 


Ys ( - bs) +0, =0, ‘or, d1b2'—a2b1=0; 
01 


Ex. 83. Eliminate x, Yy, 2 from the equations 
ai2+b1yFc12=0......(1) 
a2%+ bay +c22=0...... (2) 
QstT bay HCs2=0...... (8) 

By the method of cross-multiplication we have from (2) and (3) 


%ে Y 2 


bacs — bsC2 C203 — C302 Q20s —asbs 


Let each ratio= k. 


X= hbacs — bsc2), Y= Mo20s — C302), 2= (020s — 0302). 
Now, putting the values of 2, y, 2 in (1), we have 
kfa(b2cs — bcs) T+ b1(C20s Ti C302) TF C1(020s - 0s02)}=0, 
a1(b20s — bsca)Fb1(c20s 7 Cs02) C1208 Er, 0302) =0. 
[N. B. Given equations may be reduced to the above given 
forms.] 
y Ex. 4. Eliminate m and n from the equations mat ny =A, 
ne —my=b, m2 +n =1. 
Squaring the first two given equations we have 
m2 2° +n2y* +Imnoy = a2......(1) 
and nec? -+m2y? — Imnoy=b...... (2) 
adding (1), (2) we have a°(m* +n2)+y°(n* + m2) = 02 +08, 
the eliminant is 2° -+y*=a* + [°° mtn=1 3 


30 A] TEXT BOOK OF H. §, ELECTIVE MATHEMATICS 


Ex. 5. Eliminate p from the equations 
0° =p +L and A 
br) 2D 


Here vy" =(9+5) = +75 t2=049, ‘.Yy°-22=2. 


the reqd. eliminant is y* ~ 2° =2. 


Ex. 6. FEiminate % from the equation az*+b2-+Fc=0 and 
12° + bit c1=0. 
By the method of cross-multiplication we have.from the given 
equations 
LONNIE? 
boi =b10 cd1=C10. abi =010' 


—bi¢C Cadi C10 
or mE C0 10 gnd w= 61 


abi did abi — 010 


bo, bic _ (Cas — 010) 
abi —-aib (ab - 010)" 


J Crk boi — b10C i 9 
(cas — 010) Ta aX eb 10) 


= (bc; — b,c)(ab — 410), which is the reqgd. eliminant. 


Ex. 7. Eliminate x and y from the equations 
2~-Y=0...... (0) nD EY = 00 (2) "and 2° -y2#=08 0, (8). 


22 -Y*=202, . (G+YyN0-Y)=08, 


3 
or, (sHy)Xa=b2, eV ES (4). 
From (1) we have 2° -+Y? 7 2%y=a*...... (5) 
4 
and from (4) we have 2° +y* + 90y= LA (6) 


i SDE OSG _bt-at 
From (6) (5) we have 40y= ED Se 


Pe 


ALGEBRA 81 


Now, from (3) we have c8=28 -y8 =(z - y)(e° +09 +2) 
=alla+y)* - ay} 
Lr did phd) x) Bd (5 +a) 8b tat 
ol ia } i HE ) 40: 
36+ a* =4008, 
the reqd. eliminant is a* +305 — 4c =0. 


ed 


Ex. 8. Eliminate cos 8 and sin 6 between the equations 

% cos 0+Y sin 0=0, and 2% sin 8 —Yy cos 0=%. 
Here ‘'" » cos 0%HyY 8sin9=a, 

2° cos*0-+-y* sin*904+2%y cos 6 sin 0=02...... (1) - 

Again, ‘." wsin0-Yy cos 8=%, 

‘. 2° sin*0-+Hy* cos*6-—22y sin 6 cos 0=b*...... (2) 
Now, adding (1) and (2) we have i 

2° (sin* 04 cos* 0) +-y*(sin*6-F-cos20) =a +b 

22 +Y*=924+52 ('" sin*6+cos*0=1). 

VEx. 9. Show that p° +g +r* -4=p9r is the oliminant of 


the equations £2=p, P2=g, +251. 
2 AY G2 JY % 


Multiplying the given equations we have 
a2 y° 22 y° 2 “5)= 
24+ (fs +2) + (3 +b) + +s par, 


or, 24+(E42) -2+(242)" -2+(£42) 2-00, 
Y 2% Y 2 2% 
or, 2+7°-294+p°-94+9°-2=2p0r, 
2° + +7 - 4=p0r. 
Hence it is proved that the eliminant of the given equations 
is p* +g +r* -4=pqr. y 
CEx. 10. nd the eliminant of fhe following equations 


2+Yy+z2=0...... (1) 
oy FY2+20=b...... (92) 
284+y8+z28=c...... (3) 

2y2=d...... (4) 
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From (3) and (4) we have %°-+-y8-+-28 - 32%y2=c- 3d. 
(oy 20° Hy 2° —- oy —-Y2-20)=c- 3d, 
or, aflletfy+2)* - SHey+y2+20)}=c- 3d, 
or, ala? - 30)=c- 3d," 
‘. 08 -8ab+3d-c=0, which is the reqd. eliminant. 
Ex. 11. Eliminate x from ax +b5-+c=0...... (1) 
and 28+ %2+4=0...... (92). 
Multiplying (1) by and (2) by a we have 
ax +622 +c = 0...... (3) 
az +Hazx +ad=0...... (4) 
Subtracting (4) from (3) we have b2°+(c ~ a) - ad=0...... (5). 
Now, from(1) and(5) we have by the rule of’cross-multiplication 


EE REE 0: 5 
-abd-c(e—-a) beFa*d ale-a)- be’ 
(bead)? =(abd-+c* -— ac)(a* +5 - ac). [See Ex. 6] 


Exercise 1 


Eliminate x from the following equations :— 


1. fp Hee 2. 29%-m=0 
83%+20=0 nr- 5=0 


8. azx+b=0, a'24+0'=0. 
4, ax? -20°54+1=0, a2 +22 =8Ba0. 
5. 2°*+ax+0=0, 28+cx+d=0. 
6 s+ 2=at+, 2-2=0-0. 
7. 2°4+24+4=0, br +c=0. 
8. st4+ 2+ e+1)=¢, 2t- 3 -(e-1=+ 


Eliminate and y from the following equations’: — 
9. 2%4+ay=0, br+3y=0. 
10. 2-y=a0,224y=b, 2y=c. 
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A. 22 -Yy*=a0- by, 2° +Yy*=1, 40y =b0 Hay. 
12. c5H+y=p,%°+y*=9, 28 +y8=1r. 
13. o+y=m,2°+y°=n,0y=l. 
14. 2HYy=a, 2 +y*=D°, 54+ y*=ct. 
Eliminate x, y, 2 from the following equations :— 
15. ax+by+c2=0,ai2+byF+c12=0, 422+ bay +Cca22= 0. 
16. bx+ay-2=0,cs+a2-Y=0, cy tb -=0. 
17. y=, y2=0*,20=052, 224+ +22 =. 
4. Bayz, =2+0, £=0+9. 
) b 6 
19. Eliminate m and n from the equations 
mz —- ny = Um? -n2), ne + my = 20mn, m2 +n? =1. 
~206. Show that a2-+b2-+c® ~ abe=4 is the eliminant of 
2° +Yy* =c0y, y+ 2° =ay2, 2° + 2° = bey. 
21. Eliminate lL and m from the equations 
2+ m3y=a, 12+ m*=1 and lr -my=0.  [P. U. 1902] 
V2, Eliminate 4, b, ¢ from the equations 
-b2Fcy= 4, co+a2=b, ay FLE=cC. [C.U., A. U.) 


PROGRESSION 


8. If a collection of numbers or quantities be such that each 
is formed from the preceding one by some fixed law, it is called 
a Series. Thus the numbers 8, 5, 7, 9...... ; or 8, 6, 19, 24,...form 
a Series. Each term in the first series is formed by adding 2 to 
its preceding term, while in the second series each term is formed 
by multiplying the preceding one by 2. 


ARITHMETICAL PROGRESSION 


4. A series is said to be in Arithmetical Progression 
(OED LATE. ), if the algebraic difference between any two 
successive terms be the same throughout the series. 

This difference is called the common difference (c.d.) 


Elec. M. (X) A—3 
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Thus, (i) 1,3, 5, 7,...are in Arithmetical Progression, as here 
the common difference throughout is 2. (ii) 10, 7,4, 1l...are in 
A. P., as here the common difference throughout is -3. 
(iii) a,b, a 2b,...form an A. P.,as here the c.d. is b throughout. 

[ N. B. It is evident that each term of a series in A. P.is 
formed by adding a constant quantity (the common difference) to 
its preceding term. ] 

Common Difference (ce. d.): The common difference of an 
A. P. is found by subtracting any term from its Succeeding term. 
Generally it is found by subtracting the first term from the 
second term. 


Thus, (1) In the A. P. 2, 6, 10, 14,..., the common difference 
=6-2=4; 
(2) In the series 7, 4, 1, —2...,the c. 4.=4-17=-8; 
(3) Ina, a+b, a+2%,...,the c.d.=(a+b)- a=; 
(4) Ina, a-b,a-2%%,..., the c.d.=(0-0)- a= 7b. 

5. General Term, Last Term and the Number of Terms : 

Let 4, 6, 8, 10, 12 and 14 be a series in A. P. Its last term is 
evidently 14, and number of its terms=6. Here 14 may also be 
called the sixth term of the series. 

Tf there be several terms in an A.P., the nth term, of the series 
is called its general term, while the 4th, 5th, 10th, etc. terms are 
particular terms. 

Tf, however, the series ends with the nth term, then the nth 
term is also the last term, and the number of terms of the series 
isn. This n (number of terms) must always be a positive integer, 
it cannot be & fraction or a negative integer. 

Generally, the first term of an A. P. is denoted by «, the 
common difference by b (or, d), the last term by l, the number 
of terms by 7 and the sum of the series by 8. 


Again the first term is indicated by t1, the second term by ts, 
third term by ts,.-.., nth term by tn. 
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5 (a). To find the nth term of an A. P. 


Let a be the first term and b the common difference of an A.P. 
Then t, (first term)=4=4+(1-1) b, 
ta (2nd term)=a+D=4+(2-1) b, 
ts (8rd term) =4+26=4+(3-1) b, 
t4 (4th term)=44+-30=44+(4-—1) b, and so on. 
So it is evident that in any particular term the coefficient of b 
is one less than the serial number of the term. 
In any A. P. the (nth term) t,=a+(n-1) b. 
If there be mn terms in the series and l be the last term, then 
we have 1=a-(n - 1)b. 


Examples (2) 


Ex. 1. Find the 12th term of an A. P. whose first term is 8 
and the common difference is 2. 

Here a (1st term )=83, b (common difference )=2 and 
7 (number of terms)=12. ‘" itn=0T+(n-1)b, 

the regd. t12=3%+(12- 1) X2=34+22=25. 

Ex. 2. Find the 15th term of the series, 6, 8, 10... 

Here, the 1st term 4=6, common difference Gi B62! 
1 (number of terms) = 15. 

Now, from the formula t= a(n 1) b we have, 

t1s= 6%+(15 - 1) x 2= 64+28= 84. 
Ex. 8. Find the 20th term of the series 10, 7, 4,... 
Here 4=10 ; b (com. diff.) =7-10= - 3, n= 20. 
ta0=4t+(n- 1)b=104(90-1)X - 83=104+19x - 3. 
=10-57= - 47, 

Ex. 4, The first term of an A. P. is 1 and the 18th term 
is 52 : find the common difference. j 

Let b be the common difference, 

Here tis = 52, 1. e,, e+ (18 - 1)0= 52, 

or, 1%+170=52 [' 4=1], or, 170=51, ‘+. b=8. 

the required common difference= 8. 
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Ex. 5. Find the 21st term of a series whose Tth and 13th 
terms are 23 and 41 respectively. 


Let « be the 1st term and b the common difference. 
Here t+ =23, i.e., a+ 6= 28...(1) 
and tis=41, 1. e., a+ 120=41...(2). 
Now, subtracting (1) from (2) we get 60=18, .'. b=. 
Again, from (1) we have a4+-18=238, ‘. 4=5. 
‘. t21=07200=5%+20 xX 83=547-60= 65. 
Ex. 6. Find the series whose 5th and 12th terms are 8 and 
— 6 respectiveiy. 
Suppose ti =4, and com. diff. =. 
From the given conditions a+ 4b= 8...(1) 
and  a+110= -6...(2) 
‘+ (sub.) -7L=14, ‘“. b=-2. 
Now, from (1) we have a+4Xx -2=8, ‘‘. 4=16. 
*» the requd. series=16, 14, 19, 10,... 
Ex. 7. Which term of the series 2, 5, 8,...is 59 ? 
Let 59 be the nth term of the series. Here a=2, b=5-2= 8. 
-. a+ (n-1)b=59, 
or, 2+(n-1)X3=59, or, 8(n-1)=57, 
00, N= L=19, ae FUE 20; 
** 59 is the 20th term of the series. 
Ex. 8. Is 46 a term of the series 1, 4, 7...? 
If possible, let 46 be the nth term of the Series, 
Here 4=1, and b=4-1=3. 
Now, a+(n-1) b=46,. or, 1+(n-1)x3=46, 
Or, 8(n-1)=45, or, n-1=15, , n=16. 
Hence 46 is the 16th term of the series. 


Ex. 9, Tt the pth and gth terms of an A. P. are respectively ¢ 
and p, find the first term and the common difference. 
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Let the first term= a, and the com. diff.=b. 
from the given data, a4-(p - 1)b=a...(1) 
and at(g-1)b=2...(2) 


(subtracting) (p-ad)b=9-p. “. b= P=. 


2-9 
Now, from (1) we have a+H(p-1)X -1=79, or, 4-p+1=, 
a=pt+g-1. 


the first term=p-+g — 1 and the common difference= — 1. 
Ex. 10. The mth term of an A.P. is n and the nth term is m. 
Find the pth term of it. (0. U. 47; E. B. 8S. B. '51) 
Let t=, and the com. diff. =b. 
here  a+(m-1)b=n...(1) 
and  aF(n-1)b=m...(2) 
(subtracting) (m—-n)b=n-m, be -1, 
Now from (1) we have a+(m -1)X(-1)=n, 
Or, 4-mTl=mn, . a=mtn-1l. 
the regd. pth term=a+(p -—1)b 
=m+tn-1+0-1UXx(-1U=m+n-1-p+1=m+n-2p. 
Ex. 11. Tf a be the first term and 1 the last term of an A. P., 


show that the sum of the pth term from the beginning and the 
pth term from the end is al. 


Let t1 =a, and the common BiffErenco = b. 

the pth term from the beginning=at(p - 1)b 

and the pth term from the end =1- (p-1)b 

the sum of the two terms = a-+(p - 1)b+1-p - 1)b=att1. 


[Note : If any particular term from the beginning is ard, 
then the equidistant term (i.e. that particular term) from the end 
is I!-rd in any A. P.] 
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Exercise 2 


1. The first term of an A. P. is 6 and the common difference 
is 2. Find the 15th term. LOU. 29] 


2. Find the common difference of an A. P. of which the 
1st term is 1 and the 10th term is 10. [0 U.'25 ] 
8. The first term of an A. P. is 2 and the 20th term is 59. 
Find the common difference. COU. 94] 


4, Find the series in A. P. of which the first term and the 
common difference are « and d respectively. 


5. Find the series in A. P. of which the 1st term is 5 and 
the common difference is — 8. 
6. Find the 15th term of the series 16, 18, 10.,...... 
7. Find the 12th and the 7th terms of the series 2, 5, 8,... 
8. Find the 20th and the nth terms of the series 8, 6, 4,... 
9. Find the 10th term of the series 14+-24-134-.. ... 
10. Find the nth term of the series (i) a, (a+ 2), (af 2)... 


and of (ii) 3, EE, PES [ OC. U. 1886 J 
11. Which term of the series 6, 10, 14,...... is 88 ? 


12, Which terms of the series 10, 8, 6,...are 0 and —-10? 

13. Is 29 a term of the series 8, 6, 9,...? 

14. Is 6% a term of the series #, 1, F,...? 

15. The second term of an A. P. is 6 and the fourth term is 
14. Find the 10th term. FG. U. "99: 

16. Find the 20th term of an A. P. of which the 5th and the 
12th terms are —4 and -— 25 respectively. 

17. Find the first and the 10th terms of the A. P. whose 5th 
and 13th terms are 5 and — 8 respectively. 

18. Find the series in A. P. of which the pth term is 3p - 1. 

19. Tf the pth and gth terms of an A. P. be respectively ¢ and 
d, find the first term and the common difference. LO: US84 

20. If the mth term of an A. P.is 7 and the nth term is m, 
find the (m--n)th term. 

21. Tt the pth term of an A. P. is 9 and the gth term is b, 
find the rth term. 


22. Prove that in an A. P. the sum of two equidistant terms 
from the beginning and the end is constant. 


ARITHMETIC MEAN 


6. If three quantities are in A. P., the middle term is called 
the Arithmetic Mean between the other two. The arithmetic 
mean may be written as A. M. Thus, if 0, b, c be in A. P., then 
b is the arithmetic mean between a and c. Similarly 6 is the 
A. M. between 4 and 8, because 4, 6, 8 are in A. P. 

Tf several terms are in A. P., then the terms between the first 
and last are called the arithmetic means between them. 

Thus, if a, m1, M2, Mms,.-.Mn, b be in A.P., then m1, m2,.-.Mn 
are 7 arithmetic means between a and b. 


Examples (83) 


Ex. 1. Find the Arithmetic mean between a and b. 
[6C. U.'’48] 
Let m be the arithmetic mean. Then a, m, b are in A. P. 
m -—a=b — m (each side being equal to com. diff.) 


or, %m=atb, “m= 242, 


[N. B.: The arithmetic mean between two quantities is half 
their sum. J 
Ex. 2. Find n arithmetic means between a and b. 
The n means together with a and b form an A. P. of nt+2 
terms of which the first term is @ and the (n4-2)th term is b. 
Tiet d be the common difference. 
tab aE 2-10, 00, (n+ 1)d=b-a, 


=b-a 
n+i° 


Hence the required means are 
(a+ 252), (042.773), (a+8.259),...(a+n.233). 


[N. B. : The first mean is obtained by adding the common 
difference to the first term, the 9nd mean is obtained by adding 
the com. diff. to the first mean, and so on. Here, the last mean 


is 0.232, ib may also be written as b— d or b- 232] 
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Ex. 8. Insert 10 arithmetic means between 2 and 57. 
POU. 197; D2 B.'28] 


The 10 means together with 2 and 57 at the two ends will 
form an A. P., whose Ist term is 2 and the 12th term is 57. 
Let b be the common difference. 

t12=51, ok, 2FT1b=51, or, “TID=50, Lt b=5. 

‘. lst mean=24+5=7, 2nd mean="17+5=12, thus the reqd. 
means= "7, 12, 17, 22, 27, 82, 87, 42, 47, 59. 

Ex. 4. There are n arithmetic means between 4 and 31 such 
that the second mean : the last mean=5: 14. Find mn. 

The nn means together with 4 and 31 will form an A. P. of 
(n+ 2) terms of which the first term is 4 and the (n+2)th term 


is 81. 
Let b be the common difference. 


tn42= 4+ (n+2 - 1)0= 381, 
a (n+ 1)0=27...... (1) 
Again, ‘." bis the com. diff. .'. the 2nd mean=44+2b 
and the last mean= 81 ~ b. 
4+9_ 5 
81-5 12 
or, 2804+56=155-5b, 0a, 886=99, .'. D=3, 
Now, from (1) we have (n-++1) Xx 8=27, 
or, n+1=9, «<. N58. 


from the given condition 


Exercise 3 


Find the arithmetic mean between :— 
1. 7 and 28. 2. =D and 18, 8. -4and -14, 
4. (9-a)* and(sta)* 56. 2% and 8g. 6. mth and Ps, 
7. Insert 7 arithmetic means between 1 and rl co. U.'14] 
8. Insert 4 arithmetic means between 4 and 824. 
[ 0. U. 1890 ] 
9. There are 7 arithmetic means between 2 and 93 and the 
first mean : the last mean=1: 4; find n. 
10. There are n arithmetic means between 14 and 38 such 
that the 2nd mean : the last mean=4: 7; find mn. 
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7. Sum of aseries in A. P. to any number of terms 
Show how to find the sum of 7 terms of an A. P., being given 
the first term and the commen difference. 
[O. UA80..'83; 87, 41, 43, 44, "45; DB. 84, "88,43; 
[G. U. '49] 


Let a be the first term, b the common difference, n the number 


“of terms of a series in A. P. 


Let S be the sum and { the last term. 
Then, S=at+(a+b)+(a+20)+...+(1-2)+(0-5)+1 


and writing the series in the reverse order, 


we get S=1+(1- b)4+(2 - 20)4-...+(a4+20) +(a-b)Fa 


Now adding the corresponding terms we have 
29S=(a+1)+ (a+) +++ ...+(a+ Fafa) 
=(a+1) Ha 1)+-...to n terms = nla), 
S= (a+ 1)...(1). 
Again, ‘." lis the last or nth term, ‘. I=a4+(n- 1)b. 
From (1) we have S=;{2a-+(n - 1)b}...(2). 
[N. B. Apply the formula-(1) when the first and last terms 
are known and apply the formula-(2) in other cases. Note that 
Sum to n terms may be denoted by San. l 


Examples (4) 


Ex. 1. Sum to 21 terms the Arithmetic progression 
SALES 
Here the first term 4=3, the (c. 4d.) b=7-83=4 and n=21. 
Let S be the reqd. sum. 
S= {20+ (n — 1)b}= 254183 x 24-(21 — 1) x 4} = 5 x 86= 908. 
Ex. 2. The first two terms of an A. P. are 3 and 1. Write 


down the 10th term and the sum of the first 10 terms. 


(0 GC413:d4 
Here the first term 4= 3, the (c. d.) b=1-8= -2, n=10. 
Let S be the sum. 
t1o=0t+(n-1)b=83+(10-1)X(-2)=3-18= -15; 
and S§=2£(a+1)= (3 - 15)=5 x (-192)= - 60. 
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Ex. 8. Find the sum of 3+54-7+-...to n terms. 
Here, 4=3, b=5-3= 2. Let S be the sum 
S= {20+ (n — 1)b} 
=%{2 x 8+(n — 1) xX 2} =m +4} =n +n. 
Ex. 4. Find the sum of the series 54+-74+9++-...4+65. 
Here, 4=5, b=7-5=2. Let the number of terms be mn. 
Then the last or the nth term = 65. 
“. aF+(n-1)b=65, or, 5+(n-1)XxX2=65, 
or, %n-1)=60, or, n-1=80, ‘. n=31. 
‘. the regd. sum= 3M5--65)= 5 x 70= 1085. 
Ex. 5. Find the A. P. of which the sum to n terms is. 
(29n-+1)(2n - 1). 
Liet Sx denote the sum of n terms, 
. Sn=(0mn+1)(On-1)=4n° -1. 
Tf we put 1, 2, 8, etc. for n, we have S1 (i.e. sum of the first 1 
term), S2 (i.e., the sum of the first 2 terms), and so on. 
S1=4.12- 1338, S2=4.2° - 1=15,. Ss=4.8° - 1=85.... 
Again, t,1= S§1= 3 ['." the sum of the first 1 term and the first. 
term are the same.] 
t2= S82 81=15-83=12 [‘'." we get the 2nd term by 
subtracting the first term form the sum of the first two terms ] 
Similarly, ts = Ss = $2 = 85 - 15=20, 
and t4=S4-0Ss=683-35=28. 
the required series is 8, 192, 20, 28,.........,here the terms 
succeeding the first term form an A. P. 


[ Note : In such cases at least the first four terms should be 
found to determine the series. J 


Ex. 6. Find the sum of all the multiples of 13 between 750: 


and 1000. [OL U.-356] 
The multiples of 183 will form an A. P. of which the common: 
difference is 18. 
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Evidently, the multiple of 18 (i.e., the number divisible by 18) 
next to 750 will be the first term and the multiple of 18 just 
preceding 1000 will be the last term of the series. 


18 ) Ee 5 18 \ 1000 ( 76 
65 91 
100 90 
টা 78 
9 [2 
18-9=4 
t1 = 750+ 4= 1754. . last term = 1000 -12=988. 


Let n be the number of terms in the series. 
the nth term,  e., a+(n — 1)b=988, 
or, T544+(n-—-1)X13=988, or, 13(n — 1) =988 - 754= 234, 
or, n-1=18, ‘. n=19. 
the required sum ="2(7544-988)= 1° 1742= 16549. 
Ex. 7. Find without assuming any formula, the sum of 
RAISE ESS to 40 terms. 
Here 4=1, the (c. d.) orf b=3-1=2. Now ti;=9=1, 
=0+1.0=14+1.2=3, ts = 4+2.5=14+2.2=5, 
evidently t+40= 44+ 89.5=14-89.2=79. Let S be the sum. 
8S =1+ 3+ 5%+...+75+77%+79 
also S=79+774+-75+...+ B+ 3+ 1 (writing in reverse order) 
*. 98= 80+804-804-...t0 40 terms = 80 x 40 
S=20540 = 1600. 
Ex. 8. Find, without assuming any formula, the sum of the 
first mn terms of the series 1+83+5%F 7+... 
Here 4=1, the com. diff. b=8 - 1=2) 
Now t1=1, ta=1+1.2=8, ts =14+2.2=5, t4=17+38.2=7. 
Similarly tn= 1+(n-1) 2=%n- 1. E 
AEB LINES + 5B +...4(9n-5)+(2n-38)+(9n-1) 
Also, s=(2n — 1)+(2n — BEF (On 2B) Hs Batlil Bo tL 
(adding) 2s=2n+2n-+-2n+...ton terms= mn X n= n°. 


S=n. 
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Ex. 9. Find the sum of the series’ 394874835 ...7+8, 
ithout assuming the formula, of summation of & series in A. P. 
Here 4= 89, b=87- 89= - 2. Let the number of terms be nm. 
uf(n-1)b=3, or, 39-+H(n- 1) x (-2)=8, 
or, -2n-1)=-836, or, n- 1=198, 00 UNS 19: 
8= 894+374+ 35+ ...... +1+5+8 
also, 3= 8+ BF IF... +354874+89 
+, 2s= 42-4242 ...... to 19 terms [ '." n=19 ] 
= 49119, “,  3=4235= 899. 

[ Note: In Ex. 7 and Ex. 8, no formula can be applied, but 
in Ex. 9 only the application of the formula of summation is not 
permitted, so here the formula for finding n has been applied. J 

Ex. 10. Find the sum of 34+44+84+9-+134+144+184+19+... 
+0 20 terms. [C. U. 1881 ] 

Tere the series can be split up into two series: in A.P. 
(83+84+1347...) and (44+94144-...), 

so the number of terms in each = 10. 

. 8=(34+847187-...t0 10 terms) (44-94 144-...t0 10 terms) 
= 2{6+9 BI E{84+9 X B}= BX 514-5 xX 58= 520. 

Ex. 11. How many terms of the series 3-4+5-4-7-F...must be 

taken in order that the sum may be equal to 624 ? 


[ OC. U.'89 Sup. ] 
Let 624 be the sum of n terms. Here 4=3, b=5- 8=2. 
29a (mn -DD=s, £49 x 8-(n - 1) x 2}= 624, 


or, #(2n+4)=624, or, n2 + 2n= 624, 
or, n2 +n — 624=0, or, (n+ 26)(n — 24)=0, ‘. n= - 96 or 24. 
the number of terms cannot be negative, 
the reqd. number of terms = 24. 


[N.B.: Tt any three of quantities a,b,n and S in the 
formula S§=#i{20+(n- 1b} are known, the remaining quantity 
‘can be found from the formula. J 
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Ex. 12. Find the number of terms of the series 17,5, -T,.... 
Whose sum is - 78. [D. B. '31]) 
Let — 78 be the sum of n terms of the series. 
Here a= 17, (the com. diff.) b=5-17= - 12. 
#{90+(n- 1b}=s, . #840 -1)X(-12)}= - 78, 
or, #(46-12%n)= -78, or, 23n- 6n* +78=0, 
or, 6n* —- 23n —- 78=0, or, (6n4+13)(n - 6)=0, '. n= --5 or 6.. 
the number of terms cannot be a fraction or @ negative- 
integer, .'. the reqd. number of terms = 6. 


Ex. 18. The first term of an A. P. is 9 and the last term is. 


96. Tf the sum be 1575, find the common difference. 
[B..B, 32.) 
Let b be the common difference. 


** S§=%(a41), . 4(94+96)=1575, or, = 02=15, . n= 80. 
Again, here the last or nth term=96, .-. aT(n-1)b=96, 
or, 94295=96, or, 290=87, .. b=. 

the reqd. common difference= 3. 

Ex. 14. The sum of n terms of the series 104+84+-6+...is 28 ;. 
find n and explain the double answer. 

Here the first term a= 10, the com. diff. l=8-10= - 2. 

°° #90+(n-1b}=s, . HOF -DX- 9} = 28 

or, 1In-n2 - 28=0, or, n* — 11n+28=0, or, (n- 4)(n- 7)=0.. 

n=4 or 7. 

Here both the values of n are admissible, because here the 
sum of the terms from the 5th to the 7th is 0. The first. 
T terms of the series are 10, 8, 6, 4, 2, 0, —2, 80 the sum of the 
first 4 terms is equal to that of the first 7 terms. 


Ex. 15. Show that the sum of mn terms of the series 
4, 12, 20, 28,...is the square of an even number. LOU 277889)) 
Here 4=4, b=12- 4=8. 
Sn = #{2.4+(n- 1) x 8}=%#(8+8n -— 8)=4n? =(2n)*. 
Now, since 2n is an even number whether 1 is odd or even, 
, the sum of n terms of the series is the square of an even 
number. 
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Ex. 16. Tbe sum of n terms of an A. P. is 40, the common 
difference is 2, and the last term is 18. Find n. 

[ 0. U.'46 ; Pat. U. '18 ] 

Eo the nth term is the last term. 

4 - a(n -1)b=18, 0x, "ah n= 1) X2=13, 

“. 4=13-2%+2=15-%n. 

Again, (04+ 1)=8, 

“. #(15-2n+18)=40 [ EE the values of a, 1, 8 J, 

or, —-n2+1l4n-40=0, or, Mm 2 _ 14n-+40=0, 

or, (n-4)n-10)=0, ‘. n=4, or, 10. 

[N.B. Here 4=15-%m. .. if n=4, the first term is 
(15-2x4) or 7; and it n=10, the first term=15-2 X10= -5. 
In the latter case the sum of the first 6 terms is zero. Hence 
both the values of 7 are admissible here. ] 


Ex. 17. Find the sum of 21 consecutive odd numbers of 
hich the last term is 51. 
Here, the last term is 51. ‘." the terms are consecutive odd 
numbers, .'. the common difference= 2. 
Now, writing the series in reverse order we get the series 
514+ 494474--..and its com. diff. is - 9. 
the reqd. sum= 52 X ME 0 X-2%} 
2(109 — 40) =5- X 62= 651. 
Ex. 18. ‘lf the 18th term of an A. P. is 89, find the sum of 
35 terms of the series. 
Tet a be the first term and b the com. diff. 
. tis=0T(18-1b=atllb, «. 4+170= 39 ( given ) ; 
Now, Sss=21{20+(35- 1)b}= 3420-4340} 
= 35(a4+ 170) = 35 x 89 = 1865. 
Ex. 19. The sum of 10 terms of an A. P. is 120 and the sum 
of 15 terms is 255 ; find the sum of n terms. 
TLiet a be the 1st term and b the common difference. 
*2 810=120, , #{20+(10- 1)0}= 120, 
or, 5(2a+90)=120, “. 90+ 94=24...... (1) 
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Again, '" S15=255, .'. 55(20+144)=255, or, 204+ 146= 34...(2) 

Solving (1) and (2) we have 4=3, b=. 

Sn =£{2.3+(0n 1) X2}=#(2n4+4)=n(n-2). 

Ex. 20. A class consists of a number of boys whose ages are 
in A.P., the common difference being four months. If the 
youngest boy is just 8 years old, and if the sum of the ages is 168 
years, find the number of boys in the class. [N.B. ’64, C.U. 1872] 

Let n be the number of boys. 

Here the first term=8 years, and tbe c. d.=4 months= ¥ yr. 

". 5{2xX84+(0n-1)X3}=168, or, 3(164-252)=168, 
2 xT —=168, or, n2+47n=1008, 
‘or, n*F47n-1008=0, or, (n-16)(n+63)=0, 
= 16, OTS 03: 
the number of boys cannot be negative, 
the regd. number of boys= 16. 

Ex. 21. In boring a well 200 ft. deep the cost is Re. 1. 2 as. 
for the first foot and an additional anna for each subsequent foot. 
‘What is the cost of boring the well ? [ C0. U. 1984 ] 

From the given conditions we have 

4=18 as, b=1 a. and n= 200. 

‘". the required cost (i.e., S)=£32{2.184(200 — 1) x 1} as. 

= 100 X 285 as.= 23500 as. = Bs. 1468.12 as. 

Ex. 22. Two travellers start together on the same road. One 
of them travels uniformly 10 miles a day. The other travels 
8 miles the first day and increases his pace by half a mile a, day 
each succeeding day. After how many days will the latter 
overtake the former ? LPat, U220d 

Let n be the number of days. The two men will travel the 
Same distance in these n days. 

Now, ‘." the first man travels 10 miles each day, 

‘, inn days he travels 10n miles...(1). 
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The second traveller goes 8 miles on the 1st day, 8% miles on 
the 2nd day, 9 miles on the 3rd, and so on. 


*, Here the first term a= 8, and the common difference b= 3. 
“, inn days be travels #{2.8+(n- 1) x3} miles 

or, #525") miles...... (9). 

, From (1) and (2) we have 2(8 tn) = 10n, 

or, 52=20, or, 31+n=40, ‘. n=. 


Hence the required number of days= 09. 


8. Sum of the Natural numbers 


The numbers 1, 2, 8, 4,...etc. are called natural numbers. 
The first n natural numbers are ELE numbers 1, 2, 8,...... mM. 


I. Find the sum of the first » natural numbers. 
Here the first term 4=1, com. diff. b=1 and the number of 
terms=n. Let S be the sum. 
RO HCC PVEE 


IIL. Find the sum of the squares of the first n natural 
numbers. [00:16 DBS, 84, 457 G0 ol) 
Let s be the sum, then s=1° +2482... +n2. 
Now, n8 -(n- 1)°= 3n2 - 3n+1 [ Identically, i.8., the two 
sides are equal for any value of 1 Jk 
Putting 1, 2, 8,..., 1 for n in the identity we have, 
19-0881 = SFL 
8th 8 = 8i2 SARL 
38 - 2° =8.8° - 8.3+1 
n8—-(n-1)8=8n* -S8nt1l 
URNA 
( Adding) n° ALIN +n?) 
- 8014+ 2434+... n) +n, 
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Or, n8=3s- 


nin 1) Li 


Or, 


8s= ns 4-801) _ n= 20+ Bn +1) — %n 
2 2 
— MUIn? + 8n+1) _nln+1)(9n+1) 
9 2 


s= (n+ 1)(2n+1) 
6 { 

[N. B. On adding the terms on the L.H.S. the sum is n8, as 
all other terms cancel one another. On the RB. H. S. 8 is written 
as the common factor. Adding 1+F1+1f+-...to n terms we get 
1Xmn, i.e, mn.] 

Ill. Find the sum of the cubes of the first n natural 
numbers. [107 UB 


Let s be the sum. Then s=184+2834+384-...4+n8. 
Now, n* -(n-1)*=4n8 - 6n* +4n-1 [ Identically ] 
- Putting 1, 2, 8,...,0 for » in the above identity we have 
14 -0%=4.15 - 6.1°4+4.1-1 
94 - 1%=4.28 - 6.22 +4.2-1 
103 0 Ft SE 6.82 +4.3- 1 
n*-(n-1)*=4.n5- 6.n°+4.n-1 
( adding ) n*=4(1°4+28488+...+n8) fl 
~ 6(124+2° +824... n2)+4(14+24+84-...+n) -n, 
ETE nln On ED nln + 2 
4s= nt + n(n 1)(2n+1) — 2n(n+ 1) +n 
=n*+ n+ nn 1l)2n-+1)- nn 1) 
=n(n+1)(n®? n+ 1)+ n(n 1)(2n+1) - 2mAn-+1) 
=n(n+1)n* -n+1+2n+1-2) 
=n 1)(n2 + n)=nn-+- Umm 1)=n*(nt+1)* 
_n n(n 1): EE 0) 
ERE 


Ele. M. (X) AIL—4 
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[N. B. From I and III we find that the sum of III is the 
square of the sum of I, 1.6., 
1849843884... +n8=(1+24+84+...+n)*] 
The application of these important formulas is illustrated 


below. 


Examples (5) 


Ex. 1. Sum to n terms the series whose nth term is Mn 1). 
Let s be the sum. Here tn=mn-1)=n-n. 
Now, putting 1, 2, 3,...... , m0 for n we get 


( adding ) s= (1°42: 4+-8°+-...+1°)- (1+24+34-...+n) 
_ nln 1(2n-+1) _ nln 1) ant Hon 1) — nln 1) 
6 2 6 


_ nt Hon 2) 2n(n-+ Ln ~1) n(n =D), 
B) 


6 6 
[N.B. In adding the L. H. S. we put s for ti FT ta TF... + tn.] 
Ex. 2. Sum to mn terms the series 1.24+2.84+-3.44-...... 


[C. U. 192, '17, '89 Sup., '44, '651; D. B. '26, '88, "41, '44] 
Here each term consists of two factors. So the nth term 
also consists of two factors. 
Now, the first factors of the terms of the series form.the A.P. 
1, 2, 38,...and the second factors form the A. P. 9, 3, 4,... 
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here ta = (nth term 1, 92, 8,...) X(t, of 2, 3, 4,...) 
=n(n+1)=n2 Ln. Now, putting 1, 2, 8,..., 0 for n we get 


oeoseceeesees 


= (1°+2°482 +... +n2)+(1+94+34+...4n) 
= n+ 1)(2n +1) pnt nn 1U(9n +1) +3041) 
6 2 6 


i nt 1(9n+4) _ nln + Un +2) _ n(n + 1)(n 4-2) 
TDG KI VEL E NEB JAE 2 


[N. B. In all such summations we have to find the nth term 
(tn) first and then to put 1, 2, 8,...for n. By inspection we have to 
adopt a method for finding the t, of a series. In cases where 
each term is the product of 2 or more factors, we adopt the 
method shown above.] 
Ex. 8. Sum the series 12-4+-324-52+...to mn terms. [C.U. 50] 
Here t= the square of the nth term of 1+83+54+...... 
={1+(n-1) x2}: =(2n- 1)°=4n2 -4n41, 
Now, putting 1, 2, 3,..., n for n we have 
ti=4.12 -4.14+1 
t2=4.92 - 4,94+1 
ts =4.382 - 4.341 


He dns —4.n+1 
(addidg ) s=4(1° +22 +324...4n2) < 41494... Ln) hn 
= 4n(n+ 1)(2n4-1) -nlnt 
6 2 


=2nln+1)(2n+1) - Gn(n-+ 1) 3m _ n(dns ~ 1) 
LE SEB Ed PEEP TN 
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Ex. 4. Sum.to n terms 22+5°4+8°+...... [D. B. '35] 
Here t, = the square of the nth term of 2+64+8+-...... 
={24+(n- 1) x 8}2=(8n- 1)? =9n° - 6n-+1. 
Putting 1, 2, 8,..., # for n we have 
t1=9.1° -6.1+1 
ta =9.2° - 6.2+1 
ts=9.8° - 6.3+1 


tn =9.n2 — 6n+1 
(Adding) s=9(1° +22+...+n2)- 6(14+24+...+n)+n 
= et Ot) a ED) Ts, 


_ Bn(n+1)(9n-+1)- Gna 1)+ 2m _n(6n® +8n - 1) 
= বা 


Ex. 5. Sum ton terms 14+44+84+13+194+26+...... 
Liet s be the sum and t, denote the nth term. 
Then, s=1+44+84+13%+194+ 26+ ...... Hin 
also s= . AFAFT SF L8H IIR. -Fin-1-T ta 
(Subtracting) 0=1+34+44+5+64+7+...... T(tn—tn-1)™ tn 
tn=14+3+44+54+64-...t0 n terms [transposing] 
=14+1{834+44+54-64-...4+t0 (n- 1) terms} 
=1+Ho+- x=" FN gn +n 1 
Now, putting 1, 2, 3,..., n for‘ n we have 
t=. 1° +4.1-1 
ta=3.2°4+3.2-1 
ts = 3.82 +%.8- 1 


(Adding) s=3(124+22+...+n2)+3(14+24+...+n)-n | 
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_ mnt 1)(2n+1) Snln+1) _ 
if 19 ee 


_ n(n 1)(2n +1) + 9nn+1)- 19m 
0 12 


_In(n® + 6n -— 1)_n(n2 + 6n-1) 
3 19 6 


[N. B. Here t, is found by a different method. Here, the 
terms of the given series are. not in A. P., but the successive 
differences of the terms form an A. P. H ence the differences are 
found first. Here, note that the differences excepting the first one 
are in A.P. Hence the number of terms of the A.P, series formed 
by them is (n— 1) and not n. ] 


Ex. 6. Sum to mn terms the series 1.9.84+2.8.44+3.4.54-... 
Here t,=(tn of 1,2, 8,...) X(t, of 2, 3, 4,...)X(tn of 8, 4, 5...) 
= nnF1)n+2) =n + 3n2 +2n. 
Now, putting 1, 2, 3,..., 2 for n we get 
ti=184+8.124+2.1 
ta =284+43.9242.2 
ts = 8848.82 42.3 


tn= n° 4+8.n2 +2.0 


(Adding) s=(13+23...4+n2)4+3(124924+...4+n2)+ 
. 2(14-24+-...+n) 


(n--1))?  8n(n-1)(3n4-1) n(n 1) 
a } +2 fl N + 


= (n+ 1° nln 1m +1) Ln 1) 
i 9 


=n(n-+1) {eddy =n(n-+1) { at) 


= Mn+ 1)(n-+9)(n+3) 
SEEN ETB ETE 
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Ex. 7. Sum to n terms the series 1.3° +2.4° +3.5° +... 
Here, tn = (tn of 1, 2, 3,...) xX (the square of tn of 3, 4, 5,...) 
=n X(n+2)2 =n + 4n* F4n. 
Putting 1, 2, 3,..., # for n we have 
ti=134+4.1°4+4.1 
ta = 2844.22 4+4.2 
ts = 8844.82 +4,8 


8=(184+28+...+n3)+4(1° +22 +... +12) + 


4(14+24+-...+n) 
_fnlnF1)\*  4n(n+1N2n+ 1) 4n(n+1) 
“{ ] } 35 6 Ly 2 


tot +t Dont) gn +1) 


= nln 1) {tte 4 On 1) Lg) = Pe (n-1)(3n 4-198 39), 
Ex. 8. Sum to n terms (1)4(14+2)4+(14+-243)+-... 
Here evidently w=(UT2+3+... tn) =D nt +n, 


Now, putting n=1, 2, 8,...... ,t We have 
ti=3.1°4+3.1 
ta =3ন.2° +3.2 
ts = 3.82 +3.8 


tn= 302 +n 


(adding) s= #(124+-22-...+ n°) +3(14+24-...+n 


_ n(n 1)(9n-+1) nn 1) _ n+l, 1 
OE RE =n ( +5) 2 


_n(n+1)(n+2) 
ae TT EE 
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Ex. 9. Sum to n terms (1)4+(24+3)+(44+-54-6)+-... 

Here we get the natural numbers 1, 2,3, 4,5,... by removing 
the brackets. Now we are to determine how many natural 
numbers can be had from the n terms (i. e., the n brackets) of the 
given series. We find that the number of terms in the first 
bracket is 1, that in the second bracket is 2, that in the 3rd is 8 
and so on. Hence the total number of terms obtained from then 


brackets= 14+-94-3+...+n =D), 


the reqd. sum=14+2+3+-...... to ——_— 
_ln(n+1)\® , nn 1) FS _nMnt1)_ 
I) HE VL AREER rt 


here 7 is put for mn] 
_1 n(n+Lfnlnt+1) _mMnt1) n° +nt+2 
EL ELLER FS 
= nt U(n* +n+2) 
; 


Ex. 10. Sum1-24+8-44-5-6--...t0 n terms, 
(i) Ifmnis an even number, then 
the series =(1 - 2)+(8 - 4)4-(5 - 6)+-...to # terms 
=(-1)+(-1)+(-1)+-...to # terms 
the sum= -1X3= -#. 
(ii) Ifnis an odd number, then 


the series= 14+ {(~ 248)-+(-44-5)4+( — 647)4-...to0 "—Horms*} 


=14+11141...t0 nl terms } 


2 
the sum=litlx® tit ntl 


[*Here, as n (the number of terms) is odd, n—- 1 will be. even. 
Now, if we put each pair of terms within brackets beginning from 


the 2nd term, we get " such brackets or terms.] 
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Ep LEA 
TOD BI BLL Ee 


bee) 1 AE: 
(tn of 1,2, 8,...) X (tn 0f 2, 3, 4...) n(nF1)' 


Ex. 11. Sum ton terms 


Here t,, 


ER”, 
n° nfl) n nfl 
be 


HUE BAL 
GS chit AEST 0 [ 


Ex. 12. Sum to n terms —- OO + 7 ‘[W. B. 8. E,'58] 


1.8 8.5 
Here AONE 
(in oF 15.835, OE 8, By Ta) 
i 1 

" (9n- 1)(0n+1)' 

ES Tce ol 

Now, ti 3 টু) 

Te LR 

= 55" 5) 

sen LN 

t= (5-7) 


ae 1 =U EAE OS ) 
# (9n-1On+1) Non-1 Im+l 


CRUE SUE SETI ed ona VL 
(Adding) s=5(t ন) 2% BELEN 


[N. B. Here 1-3=%, . 1° Gan be written a8 j= - ড়). 


1.8 
Note that the sum of the given series to infinity= 3 X 1=73.] 
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Miscellaneous Examples (6) 


Ex. 1. The sum of 8 numbers in A. P. is 27 and their 
product is 698 ; find the numbers. 
Let the numbers be a4 — b, a, a+b. 
Then from the given conditions a — b+ a-+-a+b= 97...(1) 
and (a ~ b). a. (a-+5)= 698...(2) 
Now from (1) we have 3a=27, ‘'. a=9. 
From (2) we have ala - b°)=698, or, 9(81-%?°)= 698, 
or, 81-52=77, or, b°=4, ‘. b= +9. 
When b=2, the terms are (9 — 2), 9 and (94-2), 
ee Mr Go! 0 3 Ba HE 
When b= -2, the terms are 9 -(- 2), 9, (9-92), 5.e., 11, 9, 7. 
The reqd. numbers are 7,9, 11; or, 11,9, 7. 
Ex. 2. Four numbers are in A. P. The sum of the extremes 
is 10, and the product of the means is 24. Find the numbers. 


[LQG 1431 

Let the. numbers be a ~ 30, a — b, a+b, a+3b  [c.d. being 20] 

Then from the given conditions we have 

0 - 36+ a+ 30=10...(1), and (a — ba b)=24:-.(2). 
Now from (1), 20=10, .. a=5. From (2), a? -b*=24, 
Or, 90:2 BR 2401 DE BES L b= TEL 

the reqd. numbers=(5 - 3), (5-1), (5-+1) and (54-3), 
or, (543), (541), (5-1) and (5-8) 

=2,4,6,8; or 8,6,4,2. 

[N. B. (1) Tf the number of terms be odd, take a as the 
middle term and b as the common difference. (2) Tt the number 
of terms be even, take a — b, ab as the two middle terms and 2b 
as the common difference.] 


Ex. 3. Divide 69 into three parts which are in A. P. and 
such that the product of the first two is 4883. 


Let the parts be a—b, a, ab. . 
Then a — b-+a-+a-+b= 69...(1) and (a - b)a= 488...(2). 


58 A TEXT BOOK OF HE. 8S, ELECTIVE MATHEMATICS 


From (1) we get 30=69, .'. a=28. 
From (2) we get (23 - b) x 28=483, or, 23 - 0=21, . b=2. 
The reqd. parts = 21, 23, 25. 
Ex.4. Ifa, b,carein A.P., show that ab--be= 20°, 
0,5,careinA.P,, 
e b-4=0~-b, . ‘2%W=atTo. 
Now, multiplying both sides by b we have 26° =ab+-bo. 


Ex. 5. lTIta,b,careinA.P., prove that A 1 ES 
be ca ab 
are also in A. P. 

Q,0,Ccarein A. P., 


a b ¢ 
ST PTY RT are also in A. P. 


BI SNELL 


1.€., FER are in A. P. 


[ Note. If the same number be added to or subtracted from 
the terms in A. P., or if the terms be multiplied or divided by 
any number, the results are in A. P. ] 


6. Tf a2, D2, c* beinA.P., h At 
Ex. G Cc bein prove that —— ন্তক্ক্ল] ঘা 
are also in A. P. [C.U. '10, '88 ; D. B. '45; G. U. '50] 


[ Other method ] ‘." a?, 52°, of arein A.P., 
", bb -a2=0°- 02, 
1 EL) 
b+ ca Ee 
if ERLE C2 AA STALE 2 
ct+a b+Fc atb cota 


isbe-eca ein EEL) ise 4. C=b 


GCFajCF™ aFbCFa) ™" bro afb 
t.6., if b* -a*=c0°-b° ; which is true from the given condition. 


J aL 
b+ ofa’ 


Now, — —_—_ will be in A. P,, 


or, 


Hence —— are in A. P. 
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Ex. 7. The sum of mn terms of a series in A. P. is 5n2 +7n. 
Find the first two terms of the series. [0. U, 41] 


Let S,, denote the sum of n terms of the series. 
Then, Sn=5n2+Tnm. 
Now, putting 1 and 2 for n we have 
S1=5.124+7.1=12, and S2= 5.22 4+17.2= 84 
t1=81=12( ‘'." the sum of the first term is the first 
term itself ) 
and to = S2 — 81= 34-12=22 ( °*." the difference of the sum 
of the first term form the sum of the first two terms= the 2nd 
term ). 
The first two terms = 12, 22. 


Ex. 8. ‘The sum of @ terms of an A. P. is g and the sum of 
g terms is p ; find the sum of p-+g terms. [0C,U.’50] 


Let a be the first term and b the com. diff. 
Thon from the given conditions we have 
2{20-+(p - 1b} =0...(1) 
and 3{204(g - 1)b} =2...(2) 
From (1) we have 2ap-+-p°b — pb=20...(8) 
and from (2) we have 2ag+q*b — 20=2%p...(4). 
Subtracting (4) from (8) we have 
90(p- 9) +b(p® -q*)- bp — 9) = 29 - D) = -— %p - 0), 
90-+(p-+a)b b= —2 [ Dividing by p- J 
or, 2%-+(p+q-1)b= -2...(5) 
The sum of pq terms=2320+ (p+ - Db 
=234X(-2) [from (5)] = - (9+9). 
Ex. 9. Show that the sum of the latter half of 2n terms of 
any series in A. P. is equal to one-third the sum of 8n terms of 
the same series. [0. U. 1876] 


Let a be the first term and b the com. diff, 
Sn=Z{20+(n- 1)b}...(1), 
Ban = {20+ (2n — 1)b}=ni2a-+ (nm — 1)0}...(2) 
and Ssn= #{20+(8n- 1)b}...(8) 


\ 
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Now, the sum of the latter half of 2n terms= Sen — By 
=n{20+(2n — 1)b} — 2{20-+-(n — 1)b} 
DAE ~ 2b — 20 - bn +b} 
=#{204+3bn — b}=3{20-+(3n — 1)b} 
Again, F X Ssn=% X*{204-(8n - 1)b}= {20-4 (3n — 1b}. 
Hence, the problem is proved. 


Ex. 10. The pth term of an A. P, is 0 and the qth term is b,. 
Show that the sum of the first p--g terms is fala tb +a, 


[ M. U. 1887] 
Let f be the 1st term and d the com. diff, 
then f+(p - ; SEE 


(Subtracting), dlp - IE bE Ca d= Et: 
Again, from (1)4-(2) we get a+-b=2/-+(p4+-q — 2)d 
** The sum of pg terms = 23i4{9f-+- (p+ - Da} 


=e Ladt=2t0 ab 
{f+ (p+ -Na--a} =P {ett 


[N. B. Here a and 5 cannot be taken as t1 and com. diff. as 
they are the pth and gth terms in the given sum. So f is taken 
2s the 1st term and d as the com. diff, ] 


Ex.11. If 0, b and c be respectively the pth, gth and rth 
terms of an A. P., prove that a(g -7)+-b(r -p)-+-e(p —- a) =0. 

3 [0. U. "89, '87, '46, S. F. ’68] 
Let f and d be respectively the first term and the com. diff, 
Then from the data, f4-(p - 1)d=0...(1), 
fH(9-Dd=b...(2), and f(r -1)d=c...(8), 
From (1) - (2) we have (p - Q)d=0 — b...(4) 
and from (2) -(8),,,, (g-7)d4=b-c... (5) 


Dividing (4) by (5) we have 2 _2=2%7 st 
Qt b-o’ 


9g -?)- bg -7)=blp - 9) olp — 0), 


ALGEBRA 61 


or, alg-n)+b-g)-bp-g)+op-g)=0, 
or, «la-N)+br-9-pT+9)+olp-g)=0, 
'. alg -7) +b -p)+olp - 9)=0. 
Ex. 12. If a,b,c be respectively the sums of p, g and ? terms 
of an A. P., prove that $(g 1) + &(r — 2) +4 -9)=0. 
[C. U. '45; D. B.'43,.'45 ; G. U. '49,'51] 

Let f be the 1st term and d the common difference. 
Then from the given conditions we have 

31274 (p - Dd} =0...(1), 

3194+ (0 - 1)d}=%...(2), and Z1{2f + (r - 1)d} =c...(8). 
Dividing (1) by £ we get 2f+(p - 1)d= #3:...(4) 
Similarly from (2) we have 2f-H(g = D)d= 2? ...(5) 
and from (8) we bave 2f4-(r — 1)d=£...(6) 
Now, from (4)- (5), we get (p- 9)d= - 7 =2 =a) 
and from (5) (6) » »(g-Nd=20-3).. i) 


20 
a 


From (7)=(8) we have 2-¢=% 


HOOD la -1)= 2০ - 9) 2(p-—9) [by cross mult.] 

or, £(g-")- a-)7 - 9)+2p- 9) =0, 

or, £(g-r)-g-rtp-a)t#o-0=0, 

or, #(g-7)-Lb-Nt+r0-9)=0, 

or, g-N)Tie-p)tib-0)= 

Ex. 18. The sum of n terms of two Arithmetic series are in 
the ratio of n— 1: n+1 ; find the ratio of their 5th terms. 

Let the two series respectively have 4 and f as their first terms 
and b and d as their common differences. 


ও ৰ 4 
We have to find the ratio of their 5th terms 1.¢., Eo) YG 


9 1)b 
From the given data we have ~ ECE EEE 
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a 2atn- Db n-l 
’ 9f+(n-IDd ntl 
2a+8b_9-1 op Mat) 8 att 

9f+8d 9+1' ™ AfF4d) 10° f+4d 5 

The reqd ratio=4 : 5. : 

Ex. 14. If s1, 82, 8s denote the sums of n terms of three 
series in A. P., the first term of each being the same and the 
respective common differences 1, 2 and 8, show that s1 + ss = 282. 

Liot « be the first term. 

31= #20 (mn - 1) x 1=8(20+n - 1), 

ss = 3120+ (n - 1) x 2}=#(20 + 2n — 2), 

38 = {204+ (n — 1) x 8)=2(204+8n - 3). 

81+ 8s= (20+ n — 1) + 5(204+3n — 8) 
=%(40-+4n —- 4)=2 xX #(20-+-2n — 2) = 252. 

Ex. 15. The angles of a rectilineal figure are in A.P. Ti the 
least of them be 88° and their common difference 10°, find the 
number of sides. ৰ 

Let n be the number of sides. Here 4= 88°, b=10°. 

The interior angles of a rectilineal figure--4 rt. angles = 
twice aS many rt. angles as the figure has sides, 
.  212.88°4+(n - 1).10°}4-360°=2.n.90°, 

or, 88n+5n> -5nt+360=180n, 

or, 5n2-97n+8360=0, or, 5n* -T72n-25n+360=0, 

‘or, (n-5N(5n-12)=0, “. n=5 or FE. 


the number of sides cannot be a fraction, 


Now, putting 9 for n we have 


the reqd. number of sides = 5. 
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Exercise 4. 


Find the sum of :— 


14-8454 7+-...t0 10 terms. [GU .231 
5B+8+117+-...t0 n terms. 

144-104-6+-...t0 12 terms. 

—14-11-8...t0 20 terms. 

14+-154-13-to 19 terms. 

1427+ ...t0 n terms. 

12412'6413'24-...t0 21 terms. 

14+54-94-...t0 (n~- 1) terms. 

n-+H(n- 1)+(n -2)+...to (n-+-2) terms. 

10. N24 VAL V2) NAL NV2)T...to 19 terms. 

11. 2+54+84+-...+152. [C. U. 48] 
12. 9474+54+(- 25). 


Find, without assuming any formula, the sum of 


= 


0:00 DT O° OU 


18. 1,38, 5, T7,...b0 30 terms. (0. U. '16] 

14. 44+74+10+-...t0 112 terms. [D. B. '44] 

15. 5B4+84+114-...t0 51 terms. [RBBB sBLL 

16. 34+74+11+--..t0 n terms. 

17. 1+4+7%+10+...+81. [0. U. 19] 

18. Find, without assuming any formula, the sum of the 
first n natural numbers. 10:0 10,19, D.,B.. 28] 


19. Find the sum of all the multiples of 7 between 320 and 
449, 

20. Find the sum of all the odd numbers between 100 and 
200. 

91. Find the sum of 30 consecutive odd numbers of which 
the last is 127. 

92. Find the sum - of 21 terms of an A. P. of which the 4th 
and 15th terms are 18 and 57 respectively. 

93. Find the sum of 16 terms of the series 10, 8, 6,..., 
beginning at the 10th term. 
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‘94. The 21st term of an A. P. is 43, find the sum of its first 
41 terms. 
95, How many terms must be taken of the series 2, 8, 14,... 
to make the sum 352 ? [0. U. '49] 
96. The first two terms of an A. P.are 13 and 23. How 
many terms of the series must be taken to give the sum LIL? 
[D. B. '40] 
297. Find the sum of 14+44+6+94+114+144-...t0 21 terms. 
298. The sum of n terms of an A. P.isn*, Find the first 


term and the common difference. [G. U. '48] 
29. Find the series in A, P. of which the sum of 7 terms is 
9r* +387. 


30. The sum of a certain number of terms of the A. P. 
91194174... is 120. Find the last term and the number of 
terms. [D. B. 47] 


# 
31. The sum of 1 terms of a series is en, Find the 


rth term. 

32. The sum of 9 terms of an A. P.is 171 and that of 24 
terms is 996. Find the sum of 41 terms. 

83. The sum of n terms of an A. P. is m, and that of m terms 
is n. Prove that the sum of m-+n terms is —(m--n). [0. U. 50] 

34. Show that if unity be added to the sum of any number 
of terms of the series 8, 16, 24,..., the result will be the square of 
an odd number. 

85. The sum of 8 numbers in A. P. is 36 and their product 
is 1140 : find the numbers. 

86. Find four numbers in A. P. of which the sum is 22 and 
the product of the extreme terms is 10. 

87. Find the sum of n Arithmetic means between a and c. 

88. Prove that the sum of n Arithmetic means between two 
quantities is » times the single mean between them, 

89. Sum to n terms the series whose nth term is 2n- 1. 

[D. B. '46] 
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Sum to n terms: 


40. 1X84+8X5+5X7+7X9+-... [W. B. 8. F. '52] 
41. 3.7-F5.104+7.184+9.16+-... [D. B. '36] 
42. 52+8°+11°+... 438. 1.292 4-9.8243.42+-... 
44. 9.84+38.44+4.5+-... [E. B. 5. B. '49] 


4B. 1-8-6 1I0HI0H... 46. 14449416920... 
47. 2.8.44+8.4.54+4.5.64-... 48. (1)+(14+3)+(1+84+5)+... 


JL lL 
49. sitios" 50. F4AtTZ5TEGT 
51, (a) 1.74+8194+5.114+... [C. U, High '50] 


51. (0) 12-2243 -424+52 - 624-...t0 r terms. 


52. If x,y,z are in AL P., shew that yz, 2-Fz, sy are 
INA, 


53, It be eta a+b 
¢ 


bc aTb ji 11 
ন ঢ় are in A. P,, prove tnat 0 


S| 


are in A. P. 


54. If (6-0), (c-a)°, (a-b)°® are in A. P., show that 
% i 


OEE AG ED are in A. P. 


55. Four numbers are in A. P. The sum of their extremes is 
11, while the product of the means is 297. Find the numbers. 
[D. B.'35] . 
56. Ifa, b,careinA.P., show that 
(a4 2% - o)(2b-Fc — a)(e+a — b)= 4abc. [D:B: 31] 
[Hints :—'." a, b,careinA.P., .. a+e=2%)] 
57. If x, y, 2 be respectively the sums of the first p, g and 
r terms of a series in A. P., prove that agr(g-?)+yrplr-p) 
+2700 — 9) =. [0. U.] 
58. A person lends Rs. 1000 to a friend agreeing to charge 
no interest and also to recover the amount by monthly instalments 
decreasing successively by Rs. 2. In how many months will the 
loan be paid up, if the first instalment be Rs. 64? [C. U. '20] 


Ele. M. (X) A.—5 


66 A TEXT BOOK OF H. S. ELECTIVE MATHEMATICS [EX. 4] 


59. The vertical angles of a polygon are in A.P. The smallest 
angle is 120° and the common difference is 5°. Find the number 
of sides of the polygon. " 

60. 100 stones are placed on @ straight road at intervals of 
5 yds. apart. A runner has to start from a basket 5 yds. from the 
first stone, pick up the stones and bring them back to the basket 
one by one. How many yards has he to run altogether ? 

[Pat. U, '19] 

61. A man has to travel 162 miles : he goes 80 miles the 
first day, 27. the second, 24 the third, and so on. How many 
days does he take for the journey ? [D. B. '24] 

62. A tree in each year grows 1 inch less than it did in the 
previous year. If it grew 1 yd. in the first year, in how many 
years will it have ceased growing and what is its height then ? 

63. A man undertakes to pay off a debt of Bs. 65 by monthly 
instalments ; he pays Rs. 2 in the first month and continually 
increases the instalments in subsequent month by Re.1. In 
what time will the debt be cleared up ? [0. U. 30, '50] 

64. A sets out from a place and travels at. the rate. of 
5 miles an hour. B sets out 4 hours ofter A and travels in the 
same direction, 3 miles the first.hour, 35 miles the second hour, 
4 miles the third hour and Soon. Findin how many hours B 
will overtake A. : [E. 8. '65] 


GEOMETRICAL PROGRESSION 


9. Geometric Series. A series is said to be in Geometrical 
Progression, if the ratio of any term to the preceding one is the 
same throughout the series. 

Hence in a geometric series each term is formed by multiply- 
ing the preceding one by a constant factor, 

The ratio (or the constant factor) is called the common ratio. 
It is found by dividing any term by the term preceding it. 


Geometrical Progression is briefly written as G. P. 


Thus, (i) 1,3,9,27,...are in G. P. and the common ratio= $= 8. 
(ii) 1, -3,7, -#,...arein G. P. and the com. Mian 
=-3+1= - 

[N. B. (i) The common ratio is generally found by LL 
the second term by the first term and it is denoted by r. 

(2) In a G. P. the successive terms from the beginning are 
formed by multiplying the preceding term by the common ratio. 
(8) So from the end of the sevies the preceding terms are formed 
by dividing each term by the common ratio. (4) The terms ofa 
series in G. P. are evidently in. continued proportion, ] 

10. General term, Tf a be the first term and 7 the common 
ratio of a series in G.P., then evidently the series is a, ar, ar2, 
ar®,.... This is the standard form of a GP. 


Here the first term t1 =4, ie, 1° i.e, arti, 


the second term t2 =Qr, i.e., a.r2 7-2, 


the third term ts= ar2, i.e., a.r8°2, 
and so on, 1 
Here we notice that in each term the power of 7 is one less 
than the serial number of the term. 
evidently the nth term or ta=Ar""1,it is the SS 
term of the Series. j 
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Examples (7) 


Ex. 1. Find the 6th. term of the series 1, 2, 4, 8.... 
Here, the 1st term a= 1, the common ratio T=3=2, 
and the number of terms n= 6. 
tn EAE; 0 ls = L203 80; 
Ex. 2. Find the 8th term of the series 1, -F, 3, — 3... 


1 
5 


Here 4=1, += A - 3 and n=8. 

Yl Nel, Leo H UE MEANY 

i MA FORT Ly GAM EXE H:= AAG 

Ex. 3. Find the Dik term of the series 4, 8, 16.... 
Here, 0=4, 7=£=2 and n=p. 
HUSAIN Ee ty = LORETO 003 I8T 

Ex. 4, Find the nth term of the series 1, —- 3, 9, -97.... 
Here 4=1, 7===£= - 3. 


tHE ESL (CS BLESS) 

[N.B. Here it is not known whether tn, ie., (-3)"-tis 
positive or negative. If n be an even integer, then n-1 is odd 
and consequently (- 3)" + is negative. If n be odd, n-1 will be 
even and hence (- 3)*-* will be positive.] 


Ex. 5. i the Wg term of the series 


Here 0= V3, and LENG Lis I 


3 = 398.9:-n= 38", 


=ort "= 8. (Gr = I 


"Ex. 6. Find the common ratio of the G. P. of which the first 
torm is 2 and the 10th term is 1, [0. U. '25] 


Here 4=2, tio =1 ; Let 7 be, the common ratio.' 
n= itv. Ho=%t, or,.1=%° 
orn, f°=F. a r=N. 


TE TOE REL EAR , [0: UJ, 


ALGEBRA 69 


Ex. 7, Find the 9th term of the G. P. of which the 4ih and 
llih terms are 2 and sf respectively. 4 
Let a be the first term and r the common ratio. 
Then from the given conditions t+=2, i.6., ar® =2...(1) 
and ti1= wi, i.¢., ar °=#%.- (2). 
Now, from (2)-—(1) we get 7°=5135=(3)", .. 7=. 
From (1) we get (3): =2, or, $4=2, .'. 4=16. 


° ZS eg f Lond AERC Vee 
‘+ the reqd. to= ar =16X75=20 X56 = 7:76 


Ex. 8. Find the series in G. P. whose 5th term is 16 and 9th 
term is 256. 
Let a be the first term and 7 the common ratio. 
Then from the given data we have, 
ar* = 16...(1) and are = 256...(2). 
Dividing (2) by (1) we have +*=16, .. 7= £2. 
Now, from (1) we have 4.16=16, ‘. asl. 
*'. the required series is 1, 2, 4, BVI 3 OF, lL; = 24,158; 
Ex. 9. Which term of the series 9, 83, 1,...i8 ss ? 
Let sis be the nth term of the series. 
Here 0=9 and == 3. 
“. ar-1i= its, Or, 9.(F)" = i. 


1 ih 


1 } চৰ 
Or, 8" X55" 545’ Or, 5H sr OU BEE G2, 


n- 3=5, .'. n=8. .'. 543 iS the Sth term of the series. 


Ex. 10. If there are 6 terms in a G, P., prove that the 


product of the first and last is equal to the product of the third 


and fourth. LRU] 


Let a be the 1st term and 7 the common ratio. 
Here the last term= the 6th term= ars. 
the first term X the last term=aXart ars, 
‘Again, the third term x the fourth term=ar® Xars=0rs, 
Hence the product of the 1st and last terms= the product of 


the 3rd and 4th terms. 


. 
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Ex. 11. Show that the product of any two terms of a G.P., 

equidistant from the beginning and the end, is constant. 
[D. B. '31] 

Let a be the first term, b the last term and 7 the common 
ratio. 

Let us take the pth terms from the beginning and the ond as 
two equidistant terms. 

The pth term from the beginning= are" 1, 


and the (preceding) pth term from the end= 3-5. 
‘. the product of the two equidistant pth terms 


= = =49b which is constant. 


Ex. 12. Ti the pth and the gth terms of a G., P,becanda 
respectively, find the first term and the common ratio, 


[C. U.'35] 
Let a be the 1st term and ? the common ratio. 
Then from the given conditions we have 
ar®-2=c...(1) and ard =1...(92) 
+ { are" 6 EEE TEN G ne 
Now, from (1)-(2) we get Bago TA ”=(£) 
2-1 0-1 ন 
‘.". from (1) we get a (6) = 03 0X bl) ME 
Dal gq 
P-L MDL NTLAG ADEE ve 
=¢ id BEL de Cad da =(6-0.d”-2)"" ৫, 


Ex. 18. Ina sG.P.itthe(p+g)th term is m and (p-g)th 
term is n, find the pth and qth terms. 

[B. U. 1888 ; C. U. "34, *42] 

Let 0 be the 1st term and +? be the common ratio. 
L3 xa = 0) bd. OPEC 0. :(1) 
and ty-a=1, t.6., ar270-1=n...(2). Now, dividing (1) by (2) 
we have r?*ari-prati =, Or, re0= r= (2) 
n 


9 Rn 
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‘1 )9+0- : I+ 0-1 
Now, from 0 al) EELS alt) EC 


Yb jst Lele 1 p-1 
‘, the reqd. t= "=m. 2) 20 x{()) 
' Nn, 
p+a-1 - 3 ty 
=n(*) 2a, (ts =n) £ ER 
m, n m ol 


1 
p+a-1+1-p a 
n\)era-tti-2 0 1 নু 
=m(“) 2g =n.) =m( 2) =" Lie 
mm. fe tA 


Ne 970, p) 
tA £ FEL ry 
=m. n= mn. Similarly tare =n ue; 
mm, 
1 n\i-® ' 
N.B. (2) ( ক)! 
L os nl 0’ rj Te 
n 


Exercise 5 


Find the Gth term of the series 4, 6, 16,... 

Find the 9th term of 1, — 3 RS Fold 

Find the 7th term of £, L, #,--- 

Find the nth term of 1, ¥, B31. 

What is the nth term of 16, Bd 

Find the pth term of the series 3, 9, 21;... 

7. Find the Tth term of the G. P. of which the first term is 


9 and the common ratio iS — ¥. 
8. The. common ratio and the 6th term of a G.P. are 3 and 


1 respectively. Find its 11th term. 
9. The 4th term of a G. P. is 8 and the 9th term is 256, find 


SPE H 


the series. 
10. The 10th term of a G. P. is and the 14th term is স্ব, 


find the 17th term. 
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11. The first two terms of a G. P. are 3 and 1. Write down 


the 10th term. LCEUL 19] 
12. The 5th term of a dG. P.is48 and the 12th term 6144, 
Find the 1st term and the common ratio, [D. B. '28] 


18. Which term of the series 198, 64, 82,...is 3 ? 

14. Is 820 a term of the series 5, — 10, 20,... ? 

15. Find the 10th and nth terms of a G. P. of which the rth 
term is 27°, 

16. Tf the pth and gth terms of a G. P. are a and b respec- 
tively, find its nth term. 


Geometric Mean . 


11. Tif three quantities are in G. P., the middle one is called 
the Geometric Mean of the other two. 

It is generally denoted by G. M. If any number of quantities 
are in G.P., all the terms between the first and the last are 
called the geometric means between the first and the last terms. 

Thus, 8, 9, 27 being in G. P., 9 is the G.M. between 3 and 27. 
Tf 0, ar, ar®, ars,......,ar", b are in G.P., then ar, ar*, ars, 
are the n geometric means between a and 5. 


Examples (8) 


Ex. 1. Find the geometric mean between a and b. 
EO. U, 48] 
Let m be the G. M. between a and b ; then a, m, b are in G.P. 


m_b ur ; 
Ef each =common ratio] 
a m 

OF, ME = 0b, CC MSE N/ab: 


[ Note that the G.M. between two given quantities is the 
square root-of their product.] 
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Ex. 2. Insert n geometric means between a and b, 


Here the n means together with a and b at the two ends will 
form a G.P. of (n+2) terms, of which 4 is the 1st term and b is 
the (n-+2)th term. 


Let the common ratio be 7. 


s [/) n+i 
HA DE ON EGET ONE = Ol =) y 


PRE 2 nn 
The means are a Ce Cs Boal A al). 
0 a 


0 


Ex. 8. Insert 8 geometric means between 2 and 162. 
[0. U. '80, '49] 
If 3 G. M.’s are inserted between 2 and 162, we get 5 terms in 
G. P. of which the first term is 2 and the fifth term is 162, 
Let 7 be the common ratio. 
°° 15=1629, ‘. art=162, or, 2%4*=169, 
or, 7*=81=(+3)4, .. =. 
*. The 1st mean=2x8 or 2xX-3=6 or -6 
The 2nd mean=6Xx3 or -6Xx-3=18 or 18 
The 83rd mean=18x3 or 18xX-3=54 or -54 
The 3 means are 6, 186,54 or -6,18, - 54. 
Ex. 4. Insert 5 geometric means’ between 8% and 403. 
[D.B. '85] 


Here the 5 means together with 3% and 40% at the two ends 
ill form a G. P. of which the first term is 3% and the number of 
terms=5+2=1. 


Let 7 be the common ratio. 


Now, tz = 40%, 46=83=%, ar""1=403, 
32681 tt CY ERP ALE B 
ERENCE TEE 


The regd. means=55, 8, 12, 18, 27; 
or, 53,8, 12,18, - 27. 
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Ex. 5. The arithmetic mean between two numbers is 15 and 
their geometric mean is 9. Find the numbers. [C. U. '26] 


ILet « and b be the numbers. 
*" the arithmetic mean between a and b= 


‘. here 15, or, a+b=30...(1). 
Again, "." the G. M. between 0 and b= + Vab, 
‘". here £NV/ab=9, ab=81...(2). 
Now, (a-b)* =(a4+0)* ~ 4ab= 302 - 4 x 81=900 - 324= 576, 
~ b= £ NVBTIG= £24...(8). 
Solving (1) and (3) we have 4= 27 and b= 3, 
- or, 4=83,0=27 lifta- b= -24] 
The reqd. numbers are 27 and 8, or 8 and 27. 


Ex. 6. Show that the arithmetic mean of any two real 


positive quantities is greater than their geometric mean, 
[C. U. '28, 39, 41, 44, '47, "48: G. U. '52} 


Let «4 and b be two real positive quantities. 
The A.M. between a and b= 32, and their G.M.= + Nab. 


Now, we have “2 - (+ Vab)= _atbF2 Nab _ (Wat Vb) 
2 9 i 


here the numerator i a perfect square is positive, as « and b 
are real, . a2b> + Nab: 
.", the arithmetic mean is greater than the geometric mean, 


Ex. 7. Prove that the product of the n geometric means 
between « and b is the nth power of the single mean between 
them. 

Let 7 be the common ratio. 


The G. M. between 4 and b= Nab=(ad) 
i n 
The nth power of the mean = {(0b)=}" = (ab)*. 


[Sad 


The n G.M.’s between a and b=0r, arf, art,...... , =) ববুঃ + 
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Let 7 be their product. We are to prove that VE 


Now, p=ar Xar® xXare x... X25, SE er 
RACY 


0 


b 
ত্র নক 


b 
Also An Xx চত X...Xars xXar® xar 


i £ 


(writing in reverse order) 


(multiplying), p* =ab X ab X ab X ...to nm factors =(ab)", 


mn 
JSD Fe (0b) 

[N.B. Here ‘* « is the Ist term, b the last term andr 
the com. ratio, .'. from the beginning ar is the lst mean, ar* the 
second mean and so on. Again, from the end the last mean is the 
term preceding the last term b, so the last mean may be written 


as 2 the mean preceding > is 2, and so on. In multiplication 


above (ar x ) (ur? x2), (are Xx 5) and s0 on have been 

0 
multiplied together] ! 

Ex. 8. A is the arithmetic mean and G the geometric mean 
of two unequal positive real numbers p and g. Prove that 
A> a>. [G. U. 50] 

Here A=the A. M. between p and a=2 
and G=the G. M. of p and = Vpg 


Gt po = 20-7 (suppose). 
+g 


A pt 7p 
fe eile. 
Now et + Vo END ং VP 3 V/p- V0); 
as here p and q are real, 5( Np — Ng)” is positive, 
a> Ng, i.e, A> G (proved). 
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: BQ D0 0 GLO 
Again, A.k 2X VEY =pQ= Aer 
but A> G (already proved), 
1 2 13 
ETE NE >. 4 A>G>৪-, 


Ex. 9. The A.M. of a and bis to'their G. M. aS mM i8 ton. 
Shew that a : D=m+ V/m2-n2 :m- Vms - ns. [A.U. 1889] 


A. NM. between a and b=432 and their G. M.= Vad 
+. 2g: Va0=min (given), 


a+b _m atbLT2 Nab _ m+n 
or SR pS Et ne n (by comp. & div.) 


gp (Vat Vb) min or Nat b_ Nmtn 
(NVa- Nb): m-n NG-NVb Nm—n 
(taking sq. root) 

2V/a_Nmtnt mn : 

+ — — (bb lo fA 
ON SEE Es ( by com. & div. ) 
_mtntm-nt2V/mnz =n i lt ) 
EAE dE Le quaring 


LE = n2) 
2m - V/m* -n2)' 


Q:b=mt Vm nt :m- Vm ns. 


or, 


Or, 


Ne 


Ia 
|| 


OF; 


Ex. 10. Show that if p and gq are two unequal positive 
numbers then A>G>BH, where A is the Arithmetic mean and 


G is the Geometric mean and H= a [E. B. S. B. 48] 
nD [ 
CR 
Here, A=234, G= \Vpg and H= =D+0= p+0 
EE Da 


[Now proceed a8 in Ex. 8 above] 
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‘Exercise 6 
Find the geometric mean between :— 
1. 5 and 1925. 2. 3Fand gz. 8. -3 and -27. 
4," -6and -298. 5. 2°3y and x2y°;3NV8 and 9 V8. 
6. Insert 3 geometric means between 4 and 824, 


[C. U. 1890] 
7. Insert 2 geometric means between 5 and 135. 


[0. U. '16] 
8. Insert 3 geometric means between 25 and 164025. 
Pat Teds 


9. Insert 3 geometric means between ¥ and 9. [C. U. 14] 


10. Insert 9 geometric means between 33 and Ts. 


[D. B. 380} 
11. Show that the 2nth term of any G. P. is the mean 
proportional between the nth and 3nth terms. [6C.U. 1877 ] 


12. InadG.P., show that the product of any two terms. 
equidistant from a given term is equal to the square of the given: 
term. LOU 15 

[ Hints: Let a be the lst term, 7? the common ratio 
and let the given term be the mth term. Then tmn=0r""1 and its. 
square=(ar""1)2, Now let us take the pth term preceding and: 
the pth term following the mth term. Evidently the pth term 


preceding the mth term = > 


pL 
7 =r™"-1-9, and the pth term 
7 


following the mth term= ar" 1 xr? = art, 
«+ The product of hs two pth terms = SEER OPUS 
= qa2y2m-2 =(ar a) 
18. If the A. M. and G. M. of two quantities be respectively 
A and G, show that the quantities are A + VA? - G2. 


14. Tt there are an odd number of terms in a G. P., show 
that the product of the first and the last terms is equal to the: 
square of the middle term. 
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15. If the number of terms in # G, P. be even, prove that the 
product of its twa middle terms is equal to the product of its first 
and last terms. 

[ Let the number of terms be %n. .'. the nth and the 
(n--1)th terms will be the two middle terms. J 

16. Find two numbers such that their A. M. is 25 and 
G. M. 24. 


12. Sum of a Series in G. P. 
Examples (9) 


Ex.1 Find the sum of the first n terms of a G. P. 
[C. U. 19 '29. "89, "40, '49 : D. B. 32] 
Or, Find the sum of » terms of a G. P., being given the first 
term and the common ratio. [0.047] 
Or, Find the sum of the first n terms of a'G: P., the first 
term being 4 and the common ratio 7. 
[C. U. 82, '85, '87, '46 ; D..B. '39, °49] 
Or, Find the sum of a+ arfHar* Hare +...... to n terms. 
[0.0581 BD; B36] 
Let a be the first term, r.the common ratio and s the sum. 
Here the number of terms=n, so the nth term=ar"-1, 


hi . s=atutTar ft... Hari aaaaখe”'es (1) 
and from (1)Xxr,sr= artart...+ar-ifar".,....(2) 


Subtracting we get s— $?=0- ar", 


or, 1-n)=all-m), ssl), 
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Again from (2) - (1) we have sr - $= a7" - a. j 
tual ind) =) 
hie (4) 

“[N. B. (i) Of the formulas (8) and (4), we apply 
(4) when 7? is positive and greater than 1, and we apply (3) in 
other cases, i. ¢. when 7<1 or negative. (ii) If 1! be the last 
term, then l= ar", 


Ud — 
from (4) we have s= ES YEE 7’ this formula 
wt r tla 


is applied when the last term is known.] 
Ex. 2. Find the sum of 14+24+-4+-...t0 20 terms. [C. U,'22] 
Here the 1st term 4=1, the common ratio 7=2=2 and the 


number of terms n=20. Let s be the sum. 
LONE TT) UO 1) 1 


Ex. 8. Sum the series 14 EE + 3 ---t0 # terms. 


[0C.U.'12;'89 Sup. ] 
Here, 4=1,7=5-1=3. Let s be the sum. 


ff 
EAL) NLS (E jl i, ELM al irr! 
ERE et 7 1- ড 2 ন) 
Ex. 4. Find the sum of 1-349 -27+-...t0 18 terms. 
Here, 4=1,7=-9- ef n= 13, let s be the sum. 
SAA) TLE (ABW 18 NY 18 
PTE Ee 5504 
Ex. 5. Find the sum of 1-24-87 ...t0 n terms. 
Here, a=1, and r= -2. Let s be the sum. 
Calz-r)tl-(-2 HCN 1100 
ET nT ECSDES 8 #1 (0-20. 
[ N. B. In Ex. 4 above, (- 3)*? is negative as its power (13) 
is an odd number. But in Ex. 5, it cannot be definitely known 
whether (- 2)" is positive or negative. It will be positive if n be 
" even and negative if n be odd. ] 


80 A TEXT BOOK OF H. S. ELECTIVE MATHEMATICS 


Ex. 6. Find he sum of the series 3+64+12--...4384. . 
Here 4=3, += 6-+3=2, and the last term 1= 384. 

_hr-a_2x884-83 

the read. FUME TT EE TT FOTETE 


Ex. 7. Find, without assuming any formula, the sum of 
14+4--164+-...t0 10 terms. 
Here 4=1, +=4-—-1=4. 
Now, t1=1, ta =4=1.4, ts =16= 1.42, 
evidently t,o =1.4°=4°, Jet s be the sum, 
8=1%+44+4°+...... ন Er En (1) 
es 48= 448. +4°+4:0...(02) 
taking (1) from (2), 385=410- 1, 8= (420-1), 


= 165. 


Ex. 8. Find, without assuming any formula, the sum of n 
terms of 15 T-- LO: U. '10, "18, "28; '88.; D. B, '84, '40] 
tb 


Here t,=1, tse 5 be দহ -. evidentiy t,= a 7 
Let s be the sum. 
les A E58 (1) 


and Fs= 373 EA +g ডল - (2) [Multiplying (1) by 3] 
UO Ls SOP il 
Subtracting (2) from (1), 3s=1 - a’ T= 1 = 5) 


Ex. 9. Find the sum of n terms Of a G. P. of which the: 
4th term is zr and the 7th term is বত 


Let 4 be the 1st term and 7 the common ratio. 
te Or are = Tras (1) and t, or are =ক্ৃইত...(2). 
From (2)-—(1) we get ar t-are= 2, Or, 


78 = ন = (})$, 
‘tt. 7=8. ‘'. from (1) we 0.A(3) = a, 


0531. 


1 ¥ 
=) is ia) 3 1 ONES oh 
Now, sn= চল NS 31-3) = LE 
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Ex. 10. Find the sum of 10 terms of the series whose pth 
term is 8+ 3p. 


Here t,=3°+8p, . putting 1, 2, 8, ..., 10 for p we have 


ti=8:4+8.1 
ta = 324+8.2 
ts = 8243.8 


t10= 8:08.10 
the SL = (84884884... 8%0)4+8(14+-24+84-... +10) 


IO 
=38°° 13 X342(10+1)=#(87° - HOH, 


Ex. 11. Find the sum otf (a-2)+(a? -x°)+(a® -28)+... 
+a" - a"). [C. U. '30] 
We get two series in G. P. from the given series 
Let s be the sum 
s=(a+a*+a+...+a")- (5+ 22-+%84+...+%") 
=(a+a* +0 +...to nterms) — (2-4-2 +28 + ...to nterms) 
_ ala" =) oot =) 
a-l 2-1 
Ex. 12. How many terms of the series 1, 2, 4, ...must be 
taken so that the sum may be 255 ? 
Let 255 be the sum of n terms of the series. 


Here a= 1, +=2+1=2, and 8= 255. 
alr = YL Ol) AR EE 
ন; 800 Se Deg | 955, or, 2" -1=255, 
Or, 9%=956=28, . n=8, *, the reqd. number of terms = 8. 


Ex. 13. A certain sum of money produces every year twice 
as much interest 2S it did the previous year ; if ib produces Rs. 50 
in the first year, how much will it produce in 10 yrs. ? 


Here the total interest for 10 yrs. 
= Rs. (604+1004+200 + ...to 10 terms) 


BS BOC D ons, 50(9%0 -1)= Bs. 51150. 


Ele. Math.(X) AIS 
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Exercise 7 


Find the sum of :— 


1. 1+24+4+8+..... to 8 terms. IGAUL'21] 
2. 128+644+39-4-...... to 9 terms, 

8. 1+3+9+27+...... to n terms, [C. U, "94, 47] 
4. 1~-38+9=-2%7..e to 2n terms, 


A RPE to 8 terms. 
Itt to PEE to n terms. 


RR ASHES... to 18 terms. 


8. 1+2°:+4-:4+8-24-...t0 10 terms. 

9. '54-'054-'005+-...... to (n — 1) terms. 
10. fotitotiootioEOTT...... to n terms. [00.711] 
118 OEE BL 12. IFITETL......L 5k. 


Find the sum of the following without assuming any 
formula :— 


13, 4FA2FTIF...... to 10 terms. 
14. 294+44+8+...... to mn terms, 
15. Ith UE to mn terms. [C. U. '19] 


16. 64+12+24+...... +768. 


17. The sum of the first and second terms of a GE. i819, 
and that of its fourth and fifth terms is 324, Find the sum of 
the first six terms of the series. [E. B. S§. B. '49] 


18. Find the sum of 25 terms of a G.P. whose 4th term is 
20 and 7th term 160. [D. B. 45] 

19. A mango tree yields every year twice as many mangoes 
as it did the previous year. If it yields 100 mangoes in the first 
year, how many mangoes will it yield in 8 years ? 


20. Divide 21 into three parts such that they are in G.P. 
and their product is 64. [G. U.'53] 


ECO NUEUNIN 


13. Miscellaneous Sums on Progression 


Examples (10) 
Ex. 1, Ifta,b,c,dare in G.P., show that a2 +52, b Fo? 
and 62 -+d* are also in G. P. [C. U. '19] 
Here, a, b, c, d are in G. P. Let 1 be the common ratio. 
b=4n, 0= 0, d= ars. 
a? +52 = Har =a2(1+12), 
b2-+02= utr Har*=0r(1+7r°), 
c+ d= 02+ are =art(1+r2). 
Now, the terms a*(1+7°), a2r*(1472), arr*(14+12) are in 
G. P., the common ratio being 7°. 
a2 +052, L260, ce Fd? are in G. P. 
Ex. 2. Ifa,b,careinG.P., prove that nt 1, 1 are 
a+b % b+ce 
in A. P, [D. B. 46; G, P, '48] 
Here a, b, c are in G. P. Liet 7 be the commn ratio, 


b=, in 


1 
5 25 nn, willbe in A. P., if we can proye that 
1 {UT od 
STG 25 
1D rials S35 EEDA BATU RAE HRY 
Nঞয TE TNE ET Ha) ai 4) 
TR rin 
ar(lltr) ar. bd 
Hence, 1 1 rei in A. P. 
Et 9%’ be 


Ex. 8. Ifa,b,cbeinA.P. and 4,b,din G.P., Show that 
[C.U.'10] 


4,0-b,d-careinG.P. 
a,b,c areinA.P., u+c=2, or, a- W= -c...(1) 


84 4A TEXT BOOK OF H. S. ELECTIVE MATHEMATICS 


Again, '" a,b, dare inG.P., b* =ad...(2). 
0,9-b, d-c will be in G. P., if it can be proved that 
(a — 6) = (d — 0) = ad - ac. 
Now, (4 - b)° =a? - 90b-+52 = 2 ala - 20) 
=ad+ax -c=ad-ac [from (1) & (2) ] 
4,a-b, d-c are in G. P. 
[ This sum can be worked out aS Ex. 1. and Ex. 2. above. ] 


Ex. 4. Insert between 6 and 16 two numbers such that the 
first three may be in A. P. and the last three in G, P. 


Let b and c be the numbers. 


Then from the given condition 6, b,c are in A. Resi) 
and b,c, 16 are in G. P. Rt 


From (1) we get 26= 6+0...(3), and from (2) c? =160...(4). 
Now, from (8) & (4) we have c2 =8.20=8(6--c) = 484-80, 
Or, 6° -8c~-48=0, or, (c- LOH HO, Le GEAR OL: — 4, 
If c=19, then from (8) we get b=9, 
IEG (SJB Eb 

The reqd. numbers =9 and 19, Mom land = 4, 


Ex. 5. Insert 2 numbers between 5 and 135 so that the four 
may form a G. P, [C. U. '16] 

The G. P. formed will have 4 terms, the first term being 5 and 
the fourth term 185. Let r be the common ratio. 


*. 195=1,=578, or, 78=97=(3)3, r=. 


The regd. numbérs=5 x 8 and 5 X8°=15 and 45. 


Ex. 6. The sum of three quantities in G.P, is 244 and their 
product is 64; find thom. [A.U.;E.B.S.B. 50 ] 


Let the quantities be 3 0, ar. 


1 X0Xar=62...(1) and 7 Fatar=248...(9). 


Now from (1) we have GE 61 CES 
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From (2), we have £444 Le E 
tyr =t Lt or, itr 
or, = রর A 5, or, 1-36, 


or, br*-26r+5=0, or, (r-5)(5r-1)=0, 
-, The three numbers=£, 4, 20; or, 20,4, %. 


r=5 or 5. 


Ex. 7. It a, b, c¢ be respectively the pth, ath and 7th terms 
of a G. P., prove that @®-", "7, 6?7¢= 1, 


[C. Pre-U.’68; CO. U. '51; G. U.'50; W. B. 5. F. 58] 
Let f be the 1st term and d the common ratio. 
a=fd®-2, b=fdt * and c=fd"™?, 
aa. brs, ce a=(fd? 2), (fae 2)". (fa?-)?- 
=f, TOU G DLAT ON Dar TO DULDS fora grec 
STOTT DDE RAP ar SHE HOT CRITE 


=f° xX d°=1Xx1=1. 
Ex. 8. If a,b,c be in A. P., and %, y, 2 in G. P., prove that 
DUO Ors ge Ll: [OU 24,"50; GU; ’49] 

0,0,careinA.P, . 9b=aFc, or, 4-b=b-c. 
2,y,2ar0inG.P., Y= %2. 

Now, wb oye tan b= 20 tyoc0.gnt [ ud b-০c=09-b] 
2 (GAR Lg UE LUE 
=y°*°-*0=y*0-*১= y=], 


Ex. 9. Sum to n terms the series 44+ 444+ 444 


[Pat. U. '18] 
Let s be the sum 


3= 44444 4444-...t0 n terms 
=4(1+11+111+...ton terms) 

= $(94-994-999+-...t0 0 terms) 

= ${(10 - 1)+(10° - 1)+(108-1)+T...t0n terms} 
=${(104+10° +108 +...t0 n terms) — (n times 1)} 


OUEST NED Ona DL 
! 10=1 -n)=pt 0" 1-g 
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Ex. 10. Sum to n terms '9-+-'99+'999+...... 
[C. U. (D. M. HE.) '51)] 
8='94+'994+'999+-......t0 n terms 
=(1-'1)H1 -‘01)+(1 - '001)+-......to 1 terms 
=(n times 1) - (1401+ 001+... to n terms) 


=" (J + fst ৰ to n terms ) 


“lt idl i) ni) 
EEE IE 10" 
Ex. 11. Sum1+4+10+224+-46--...t0 n terms. 
Let a be the sum and t, denote the nth term. 
Then 8$=14+44+104+22-+46+-...+tn 
Also s= 1+ 4F+10%+92+...Ftn-ittn 
Subtracting, 0=(14+34-6-4-124-244-...t0 n terms) — tn 
tin= 1+3+6%+124-...t0 n terms 
=174+13+6412-4-...t0 (n-—1)* terms} 


ETRE MIG LeU EB det 0; 


(2-1) 
Now putting 1, 2, 3,...... , 0 for n we have 
f= 90 
t2=8.2- 9 
ta =3.9°-9 
FG eS 


8=8(1+24+224+...+2"-2) —- 2% 
=3(1+9292+...t0 mn torms) - m= xD 


= 3.2" - 8 - 9m. 


*Hore, as 1 is not included in the G..P., the number of terms of the 
series 8+6+12...is (n—1). 
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Ex. 12. Sum tomnterms 1+3+EIT ET... (0.0. 
sSS1I+T3ITIT ET... in 
Alsos= ITT 2TF...tta-1tin 
(Sub. ) 0=(14+34+24-3+-...to n terms) — tn 


lol 1 
tn=1T3FFET...t0on terms = =9 (1-5) 
1-3 2 


Putting 1, 2, 3,...,10 for n we get 
t= 21 -ক্ৰ) 


u=2 (1-2) 
AER 


I 
=2(n a 290 %n- 1+} 2 - 94+ 


Ex. 13. Sum 1+204+30° +408 +...... to mn terms. 


Here evidently tn =a", 


s=14+ 204+ 30° +40 +...T m0 


and 34= a+ 90° +8084 ,..+(n- Da" +n.a" 
[ Multiplying by a J] 


n-1l 


(Sub.), s(1- a)=(1l+ata* +a8+...+an-2)-nan 


IO) ont Tl HE 
ESR LE OE EEE ES 
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Ex. 14, Sum to mn terms (1)+(1+3)4+(1+3432)+ 
(1+34+8° +88)4+...... LOU: 81] 


Here evidently tn = (1 on +884-...t0 n terms) 


= 5 2) 


Now, putting 1, 2, 8,...,0 for n we have 


SE EL ose El SR 


=18"- 1-3-2 3-2 Han: = 8 — 2n). 


Ex. 15. Ita,b,c be in G.P., and z,y be the arithmetic 


means between a,b and b,c respectively. Prove that “+ =2 
ty 


2 
and Pr [P. U. 1892] 


&,b,careinG.P., '. b=ar,c=ar® [r being com. ratio] 


Again, '." » andy are respectively the A. M.'s between a,b 
and between b, c, 


Lath na be 
t= 2 and y= ঢ] 
0.0L ¢ a GM LD ar? 
Now, $+ = EM At) Ee) 
9 
olartar®) 
=e or) = 
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EOE LE 
HL TET ts) 
2 9 
' 1 ls” r+1l 
A(t) (=) ) 
EE 5 30 ME te 
ESET ar b' 


Ex. 16. If S be the sum, P the product and RB the sum of the 
n 
reciprocals of n terms in G. P., prove that (5) AH 


[ C. Pre-U. ; B. U. E. '64; OC. U. 1888] 


Let a be the 1st term, r the common ratio, L the last term, 
and n the number of terms. 


ত S=atart... t= 


Ff 
The reciprocals of the terms are 
ot EU hs i 
aEar CAPE kl 
1 LE - abst 
h TL = ~~ = -rd i 
‘+. R= i HS (1-r)arl (-Dal 
r yb 
. 5)" “ু Q cna = (al)" 
+e (5) X rl a) (al) f 


I) 
Now, P=axarXar X...X XX! 


Also, PES Xe. Xr XarXa [ writing in reverse 
Fe 
order J 


P= alxalxalX...to n factors = (al)". 


a 
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Ex. 17. Show that the pth, gth, rth terms of a geometrical 
progression are in geometrical progression if p, gq, rf be in 
arithmetical progression. [ W. B. 8. FE, 1952 ] 


Let f be the 1st term and 4d the common ratio of the series. 


its pth term=/d""t, qth term=/fdt-1, and rth term 


=/d"" 2, 
Now, fd®"™1, fda", and fd™-* will be in G, P., 
if (fae 2)? i Tr LT or, if f2d2a-2= fd", 
or, if df a-2=grtr-2, or, if 99 -2=p+71r-2, or, if =p, 


tie, 


2 


0 
(as) 
(151) 


ifp,q,rareinA,P. 


Exercise 8 


If 2, Yy, 2 be in G. P., Show that o°y2z2 (3 he ) 


=%8+y°4+2°. 
If 0, b, c, d be in G. P., prove that 
6° -b2, b2 - 02, 02 - 4? are in G. P. 
af +52 +02, ab-becd, b2 +o +d? are in G. P. 
(b- 0) +(c- a): +d - D5)? =(a - d):. 
[LC.U.'48;D.B.'25,'26] 


Find the sum of :— 


© 0 NS np eo 


THFTIFTITE. to mn terms. 

24+224+222-4-...... to mn terms. 

'9-+'294-'229-+...... to n terms, 

1,9+2.8+4.44+8.5+-...... to » terms, 

1-+F8+17HI1F...... to » terms. [D. B. '25, '26, 38 ] 
1+-4+184+404+1214+-......t0 n terms, 

Iu be the first term of a G. P., I the nth term and P the 


4 7 
product of first % terms, show that P=(al)2, 


[-0:°U:.18:; DB. /80; 83,48, 47 ] 


10. Sum to n rierms the series of which the rth term is 


21-97, 


[D. B. '41] 
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11. If of three consecutive terms of a G. P. the middle term 
is 6 and the first and third terms are together equal to 15; find 
the series. [ 0: U2 

12. Sum to n terms the series 143 Tats: 

13. Three numbers whose sum is 15 are in A, P., if 1, 4 and 


19 be added to them respectively the results are in G.P. Find 
the numbers. [N. B. Pr. 63; C. U. "50 1 


14. From three numbers in G. P. three other numbers in 
G. P. are subtracted and the remainders are found to bein G. P. ; 


prove that the three series must have the same common ratio. 
[B. U. 1890 ] 


15. If si, s2, 8s be respectively the sums of mn, 2n and 8m 
terms of a G. P., prove that s1(ss — $2)=(s2 — s1)°.  [B. U. 1882] 


16. What must be added to x, y, 2 to bring them into G.P. ? 


17. Tf G be the gecmetric mean, and M and N be two A.M.’s 
between two given quantities, show that G* =(2M - N)(29N - M). 

[ Hints: Let the numbers bea,b. +. G* = ab. 

Again ‘" a, M,N, b areinA,.P, 0, M, N and also 
M,N,bareinA.P. . 2M=NCfTa and IN =M+-0... ] 

18. If the” A.M. between »p and g be twice their G.M., then 


p_2+ N38 Jiahte NS. 
TRIES OB 
PEEL sl ahs ClndepEe cl 
[ Hints টী 42 NVpg, or, i STAT =4pq, or. 0 নু-( ) 
(pa) -4pg 3 us (p-90)* 8. (9 
TEAR ( by dividendo ), or, TT 5" )s 
ee! (po)? _4 0 26.52 
Dividing (1) by (2) we have 0S os ন) Or, er 
i en. ( by comp. and div. )... 
(9-2): co 
If we write (2) as lp TE we may similarly have 
D_2- V8 ] 
g 2+ N83 


19. Three numbers whose product is 512 are in G. P.; if 8 be 
added to the first and 6 to the second, the resulting numbers, are 
in A. P. Find the numbers. [ 0. U. (High) '50 ] 


HARMONIC PROGRESSION 


14. Definition. A series of quantities is said to be in 
Harmonic Progression if their reciprocals are in Arithmetical 
Progression. 


Harmonic (or Harmonical) progression is briefly written 
as H. P, 


Thus a,b, careinH.P., if, 1 lireinA.P. 
000 


So also ¥, 7, F are in H. P., for 5, 7, 9...are in A. P. 


Corollary : Suppose a, b, c are three consecutive terms of an 


Then 1 L ELS in A, P 
CA SE 
ITIL a-b_b-c bd 
LNB RED (4), or, a EE b-c c 0) 
f bas 1 EE 
Again, from (A) we have Bin (92) 
¢ 


Selly He SPAY ha EL 9ac 
d PELE ED Eee! 
and 7 FU Ee b I (3) 
Hence from (1) we may define that three quantities are in 
H. P., if the first term is to the third term as the difference of 


the first two terms is to the difference of the second and third 
terms. 


N.B. Ita, atb,at+2...bein A. P,, 


1 1 1 
EEE 


Again since the nth term of a, a+b, a+2%,...is a(n - 1)b, 
the nth term of the H. P.= 


‘are in HE. P. 


ও সত 


ELEN nT CEN Nr EONAR EEE 


HARMONIC MEANS 


15. If three quantities be in harmonic progression, then the 
middle one is said to be the harmonic mean between the other 
two. Thus, if a, b, c bein H. P., then b is the harmonic mean 
between « and c. 


i LL oder 0. ly te0 
Lu BRA LaGh i 200, a+b 

Hence, we obtain here the relation between two terms and: 
their harmonic mean. 

[N.B. (1) ‘ The reciprocals of the terms of an H.P. are 
inA.P., ‘". to find any term (say nth term ) of a series int 
H. P., we first find the nth term of the reciprocals of the terms of 
the series and the reciprocal of the nth term obtained is the nth. 
term of the series in H. P. 

(2) Similar is the process of finding harmonic means. 
between two given quantities. ] 


VARIATION 


16. If the value of a quantity in an expression remains. 
always the same, t.¢., does not vary with the changes in the 
values of other quantities in the expression, then this quantity is. 
called a constant quantity ( or a constant ). 

So the value of a constant quantity does not depend on the 
value of any other quantity. The quantity in an expression 
Whose value varies is called a variable quantity or variable. 


17. Variation. One quantity is said to vary directly as 
another, if the relation between the two is such that when the 
value of one of them is changed, the value of the other is also 
changed in the same proportion. 
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Examples : (i) Suppose a train runs uniformly at the rate of 
20 miles an hour. Tf the time be doubled (i.e., 2 hrs. ), then the 
distance covered will also be doubled (i. e., 40 miles), Tf the time 
be halved (i.e., 3 hr. ), the distance will be halved (i.e., 10 miles). 
Hence, it is seen here, that ‘Distance covered is directly propor- 
tional to or varies directly as the time’. 

(ii) It? be the radius of a circle, its circumference is equal to 
27 (7 is a constant here). If the radius be doubled, trebled 
etc, the circumference will also be doubled, trebled ete. Hence, it 
may be said that ‘the circumference of a circle varies directly as 
its radius’. 

[ N. B. Generally the word ‘directly’ is omitted. Thus, we 
Say “‘s varies as y" and thereby mean that ‘‘s varies directly 
28 YY". 

18. Variation symbol. The symbol of variation is ~. 
Thus, to denote that ‘z varies as y’ we write oy ( here x 
denotes ‘varies as’ ). 

19. Variation Constant. In the above example (i), suppose 
the train travels uniformly % miles in Y hours. 

As the train runs uniformly. the ratio § will always remain 
any value of 
corresponding value of y 

always be the same. .'. ¥ iS constant, 

Suppose y= ( %; being a constant ), 2= hy. 

This constant k is called the constant of variation (or variation 
constant). 


the same. ‘So if z varies as y, then will 


Note: If kis a constant and if 2=ky, then wy. Again, if 
2= by, then y= Fe Where j; is a constant quantity, Hence yw. 
Different constants are used in different Variations. 

[ N. B. Two quantities, which are so related that when one 
is increased or decreased, the other is also increased or decreased, 
are not necessarily proportional and hence one does hot vary 
directly as the other. R 
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For instance : If the side of a square is increased, its area 
is also increased, but the side and the area of a square are not 
proportional : for on doubling the side, we get 4 times the aren, 
and on trebling the side, we get 9 times the area. ] 

We know that the graph of the equation x= hy ( where k,is 
constant) is a straight line passing through the origin. So the 
ordinate of every point on this st. line is directly proportional to 
the abscissa. 

Conversely, we may say that if the graph, drawn with the 
corresponding values of two variables as absciss# and ordinates, 
passes through the orign, then' one variable varies dirctly as 
the other, 

20. The value of the variation constant can be found, if 
one pair of corresponding values of the variables be known, 

Example 1. If 2 varies directly as y, and 2=7 when y=13, 
find (i) the value of the variation constant, (ii) the relation 
between and y and (iii) the value of x when y = 3%. 

(i) ‘“ zy, «. 2=hy (ks being variation constant ). 

Since #=7 when y=13, 
7= X13, , L=IT. 
the value of the variation constant = 1's. 
(ii) ‘" =i, .'. the relation between % and y i8 %= j'sy. 
(iii) Herey=8f, ‘. putting this value of y in = 1'sYy, 
we have C= Is XU= IT X38 =. 
“, the reqd. value of =. 

Example 2. The time of oscillation of a pendulum varies as 
the square root of its length. Tifa pendulum of length 40 inches 
oscillates once in a second, what is the length of the pendulum 
oscillating once in 2'5 seconds ? 

Let t be the time for one oscillation and 1 be the length of the 
pendulum. 

From the given condition t x Jl. 
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Let t= fk V1( k being variation constant ). 


*  t=1 when l=40, .'. 1=1% N50, or, = তদ 


“S oe Nl; putting t=2'5 in the equation, we have 


9'5= Nl DB 


Oe 2+ 
“.  1=& XX 40 in.= 250 inches. 


Reciprocal. If the product of two numbers be 1, then each 
number is the reciprocal of the other (i.e., the reciprocal of # is 


3, the reciprocal of n is Fo etc). 


21. Inverse variation. One quantity is said to vary 
inversely as another, if the first varies directly as the reciprocal 
of the second. 

I 


is the reciprocal 


Thus « varies inversely as b, if aes Ui ঢ় 


of b). 
Here a= kL ff (k being variation constant), . ab= tk. 


Again, ‘" ab=b, ee b=, 80 b also varies inversely as a. 

Hence if one quantity varies inversely as another, the 
product of the two quantities is constant ; and conversely, if 
the product of two variable quantities is constant, each varies 
inversely as the other. 


Instances: (1) When we travel @ distance the greater the 
speed, the less will be the time required. If the speed be 
doubled, the time will be halved and if the speed be halved, the 
time required will be doubled. That is, if the speed be multiplied 
by any number, the time must be divided by the same number. 
Here, the speed and the time are in inverse variation. 


DEEN 
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(2) In rectangles of constant area, the lengths vary inversely 
as the breadths, 1.¢., the bases vary inversely as the heights. 


(3) If a certain number of men take a certain number of days 
to do a piece of work, then the double number of these men will 


do it in half the time, and 80 on. 
Ex.1. Tf oxy and act, shew that xa ol. 
eo “.  2=my (m being variation constant ) ; 
AGAIN, et acc, F a=n. = ( n being variation constant) 


. Y 


Y 
LAX. 
i) 


bi *‘ mn is a constant, .. 


[N. B. Here (20% and a5) in these two cases we have 


Now, 2a=my X= 


to take two different variation constants m and mn. ] 


Ex. 2. If A is equal to the sum of two quantities one of 
which varies directly as B and the other inversely as B ; and if 
A=7 when B=1 and A=i105 when B=3, find the relation 
between A and B and the value of A when B=2. 


Here A is the sum of two quantities, of which one varies 
directly as B and the other varies inversely as B. .'. The first 


quantity =m2B and the second = where m and n are constant. 
HARB 
BT 


+" A=7 when B=1, ‘. T=m.l+I=mtn...(1) 

Again, '" A=10%, when B=3, .. 105=m.8+ 
or, 81=9m+n...(2) 

Solving (1) and (2) we have m= 8 and n= 4. 

Hence, the relation between A and Bis A=3BT+ % 

Putting B=2 in this equation we have A=67+43=8. 

Ele. M. (X) A.—1 
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22. Graph. Itz varies inversely as y, then % varies directly 


as 3 If the points plotted with the corresponding values of x 
and ; lie in a st, line passing through the origin, i. e., if the graph, 


drawn taking the values of a variable as abscisss and the corres- 
ponding values of the reciprocal of another variable as ordinates, 
be a st. line passing through the origin, then it may be said that 
the two variables are in inverse variation. 

Again, here xy=k, and the graph of xy= is a rectangular 
hyperbola. Hence, if points are plotted with the corresponding 
values of two variable quantities, which are inversely propor- 
tional, as abscisse and ordinates, then the points will lie on & 
rectangular hyperbola. 

28. Joint variation. Sometimes we find that the value of 
one variable quantity depends on the values of more than one 
independent variables. 

One quantity is said to vary jointly as a number of other 
quantities when it varies directly as their product. 

Thus, it A=BOC (k being a constant), then A varies jointly 
as B and CO. 

Instances: (1) The area of a triangle= 3b X h (here Fis a 
constant, b the base and h the altitude of the triangle). 

.". The area of a triangle varies jointly as its base and altitude. 

(2) Amount of work done varies jointly as the number of 
persons engaged and the number of days they work. 

[N.B. (1) It varies jointly as a, b, c, d,..., then 
t= X abcd...(where tb is a constant ). 

Conversely, it = xX abcd...(k being constant), then x varies 
jointly as a, b, c, d, etc. 

(2) If a quantity varies directly as a second and inversely as 
a third, then it varies jointly as the second and the reciprocal of 
the third. Thus, x varies directly as y and inversely as 2 


if ocd, 1. e., if a=mt (m being a constant). 
z 
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For instance, the altitude of a triangle varies directly as the 
area and inversely as the base. 


Example. If A varies as B and C jointly, and if A4=2, when 


B=#, 0=3? ; find C, when A=54 and B= 3. [00201] 
‘‘" AcBO, ‘'. A=hBC (tk being variation constant)...(1) 
Putting A=2, B=, C=3? in equation-(1), 
we have 29=hX3XIT=3k, “. E=9. ., A=9BC...(2). 
Now putting A=54 and B=3 in (2) we have 

B4=9X83X0, . =87=2. 


24. Theorem on joint variation. If x varies as y when 2 1s 
constant, and % varies as 2 when y is constant, then will » vary as 
the product of yz when both y and 2 vary. 

Proof. Here, the variation of x depends partly on the varia- 
tion of y and partly on that of 2. Suppose the variations of y and 
2 take place separately, each in its turn producing its effect on 
%. Let a, b, c be certain simultaneous values of 2, Yy, 2 respec- 
tively, 5. e., the original value of % becomes a when the variation 
is complete, and that of y becomes b and that of 2 becomes c. 

(i) Let 2 be constant while y changes to b, at this stage 
% undergoes a partial change only dependent on y and will not 
change to a. Suppose % has the value a’ on this partial change. 


(ii) Let y be constant at its value b, while z changes to c. 
At this stage x completes its change, i.¢., its value changes from 


@ to a. 


or, B= £XYy2. Hence 0yz2, since 4, b, c are some fixed 
be + 


quantities. 
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[N. B. The theorem holds good, if there be more than two 
variables. If A, B,C, D....be several quantities such that another 
quantity % varies directly with each of them while the others 
remain constant, then x will vary as their product when all of 
them vary. ] 

Instance: The area of a triangle varies as the base when 
¥he altitude is constant and the area varies as the altitude when 
the base is constant and hence the area varies as the product of 
the base and the altitude (i.e., varies jointly as the base and 
altitude). 


Cor. If AcB when Cis constant and Aco ড when B is 
constant, then Acs when both B and O vary. 


Example : Apply the principle of variation to find how long 
16 men will take to plough 25 acres, if 6 men take 10 days to 
plough 20 acres. 

Let n be the number of men, d the number of days and A the 
number of acres. Evidently the number of men will vary directly 
as the number of acres, when number of days is constant, and 
if the number of acres is constant, the number of men will vary 
inversely as the number of days. 


Hence n%® A when d is constant and nol when A is constant. 


bs no when both A and d vary. 


n=. z ( k being variation constant )...(1) 


.* From the given data n= 6 when d=10 and A= 290, 
5 NAO RY 
MRE I10=2% E31 


Now, putting A= 25 and n=15 in (1) we have 
TEE =: 2 or, 150=15, . d=5. ) 
+. the reqd. time= 5 days. 
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25. Some Elementary Properties. 
4. It Av, then Bx A. 


Proof. ‘'" AcB, .'.A=.B (when k is variation constant). 


a B=t4, KUBO AL iis constant ). 


2. Tf AcH, then A" Bp", 
Proof. ‘'“" AxcB, ‘. A= #.B (k being variation constant) 
(4)"=(#B)", or, A™=%npn, 
Amo B™( ', Amis constant ). 
8. If AcB and BoC, then AoC. 
Proof. ‘“ AcB, ‘“. A=.B (k boing variation constant) 
and ‘“" Bx0, “. B=m.C (m being variation constank ) 
A= EB= h.mO= kmC 
A020 ( ‘." km is constant here ). 


4, It Aco BC, then Bes Std 04. 


Proof. ‘" Ac BOC, “. A=LBOC (where k'is variation constant) 
১! HS r:. Pt PoE es 

=, +. Be= { 

0 Gg ( here 7; is constant ) 


Similarly, C= ‘0 0 (5 5 is a constant ) 


5B. IfAcB, then AC%BOC ( where © is either constant or 
variable ). 
Proof. ‘“ AoB, .'. A= HBA being variation constant ). 
AC=.BO, ‘.  ACw0BC( ‘. kis constant ). 
6. It AcOand BxC, then (A+B)cC and ABO, 
Proof. ‘“ Ac(, ‘“. A=m.C (where mis constant)...(1) 
and ‘“ Box0, ‘. B=n.C(mn being constant) ...(2) 
Now, taking the sum and difference of (1) and (2) 
we have AE B=(m£n)C, 
(4%£B)c0 (Since m,n being constants both m+n and 
m- n are constant). 
Again, AB= mC xXnC=mn.C*. 
ABX 0? ( ‘ mn is constant ). 
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7. It AcB and CcD, then ACcBD, and 5 
[ 0. U..'28 ] 
Proof. t+" Ack, .'. A=mB(m being variation constant)...(1) 


and Cc D. :. C=nD (n being variation constant)...(1) 
+. from (1) X(2) we get AC=mnBD, 
++ ACOBD (:. mn is constant ). 


; A_mB 
Again from (1)—(2) we have UG: 


ALB ‘' 7 is also constant )2 
C D n 


Examples (11) 


Ex.1. It A varies as B and also as C, shew that A varies 
as B-OC. LC. U.'25] 


ACB, '.A=kB (k being variation constant), .. B= 
Again, '.'Ao0C,.'. A=mC (m is Variation iconstant), .'. CO =4.. (2) 


Subtracting (2) from (1) we have 
s HafEe8 


B-0=3-2-40-2)=45) ~ 4=iin (8-0). 


Hence, AcB-C (here 


lem is constant, k and m being 
m-k 


constant ). 
Ex 2 joa ANLLOL = b/s Shon TEBE a*-b? is 
[7 
invariable. 


5s a+b, = (a+b) where k is variation constant ; 


9 
b 
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Again, Y0a-b, nla — b) where m is a constant ; 
REALS E 
Ti ্য km(a+b)(a — b) 
or, 1=hm(a? - 52), a? -b:= Ee a constant. 
km 


Q* - b° is invariable. 
Ex. 3. Complete the following :— 


(i) If x00, then ax 


(i) It ac —L, then aco 


TOT 
(i) ‘" 2002, ‘. z= ka* (where k is variation constant) 
20.  থ Na 
af=57, . = NY, 
Fk Nh 
Nk is constant, .. ac Ns. 
Tf 2x0, then ac Vs. 
COA tat Ae 2 + eh ( k boing variation constant ) 
kK kK: ib 
or, Ce 0 BE el al 
k* is constant, ac: 
% 


If 2x ie then ax 5 
Ex.4. If Ac B? andiftB=4 when A=4, find B when A=8 
and also find A when B=9. Find also B in terms of A, 
ACB, ‘'. A=HB? ( where kis @ constant ) 
Putting the given values of A and Bin A= kB* we get 
4=h(4)2, ‘= A=3B:°. 
Now, if A4=8, then 8=3B°, or, B’=12, ‘', B=3+2 8; 
Again, putting B=9 we have A= x9 == 901, 
Again, °C KB=A4, 2B°=4, or, B’=44, 
B= + N44= +2 V4. 
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Ex. 5. If A°4-B?* varies as A* — B°, shew that A varies as B. 
(0: 0228] 

+ A+B -B, 

“. A°+B:=(A4°-B?) [ where k is variation constant ], 


2 2 
ন = f whence by comp. & divd. we have 
A+ BEA BS CMG LE ach 
A? +B? - 4°+B: B= 1 2B: BE 
Ae HF 2_ kl rs: 
or, Bঃ jt Or, A =7_12 ’ 


(0) se E= kt1 7, aA B ( ৰ RUE is constant). 
k-1 k—-1 


Ex. 6. Given that #4-y varies as 2+ 2nd that x — y varies 
aS 2 = ; find the relation between % and z provided that 2=2 
when %=83 and y=1. [ P. U. '48] 


tye 


“. +Y=h ( a+) where k is variation constant...(1) 


Again *‘" -yx2 ( - £) 


SEE Ut (. = ) Where m is variation sONSLanb...(2) 


Adding (1) and (2) we have a= H+) +m ( - :) des (9); 
z z 


Now, since £2=2 when = 3, y=1, 
‘. from (1), 3+1= (243), or, FE=4, .. =. 
Again, from (2), 8- 1=m(2- 3), or, $m=2, , mMm=$. 


.. {rom (8) we have 2% =8 (243) +3(*- il 


1 4 9 
9 = (8 +4 ESO CERT =22 
or, 2%=(#+3)2+(8 8) 1824 Or, 3 bz RET 


or, 152=2994+ Which is the required relation between 


% and 2. 
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Ex. 7. It axb* and 1+b Voc, find ain terms of ¢ if c=9 
and b=5 when 4=1. 

** awcb?, . a=mb? (here m is variation constant)...(1). 

Again, '" 1b No, . 1Fb=n Vc (here m is a constant)...(2) 

Putting, the values fo! 0 and b in (1) we have 1=m(5)*, 

ee M= ্রঠ. 

Again, putting the values of b and c in (2) we have 

1+5=nN9=8n, ‘«. n=2. 

Now, from (2) we have 1+5=2 Ve (' n=2), 

or, b=2No-l, «. b2=40-4 Notl. 

Hence from (1) we have a=mb*, or, ত (‘" m= gs) 

40-4 etl 
25 

Ex. 8. If x varies directly as the square of y and inversely a8 

the cube root of 2, and if #=2, when y= 4, 2=8, find the value of 


La 


y, When 2=8 and 2= 27. LOL Gh td 
z0y* and sx 5) 
as =e V here % is variation constant 
EL ye A 


Putting %= i Y=4 and 2=8 we have 
2= hi = hit =6h, LAN Ts 


| 
Er) s=2b, yp , now putting = 8 and 2=2 97 in this we have 
RLS Lin 2 ডু Ls or, y*=86, ‘. Y= +6. 


Ex. 9. ‘If boa, find the ratio in which b is increased if ais 


increased in the ratio 8: 2. 

If a is increased in the ratio 3: 2, the value of a8 increases in 
the ratio 27 : 8. 

Now, ‘ beat, 
if a is increased in the ratio 8: 2. 


b will be increased in the ratio 27:8 
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Ex 10. If % varies inversely as y, show that Fy is least 


When 2=Y. 


Wr a চং =), or, y= ( where b is a constant ) 


Now, (54y)* =(z- y)* +40y =(@ -y)* +4 
Here 4k is constant, 

the value of (4-y)* will be the least when (z - y)* =0. 
Hence, if (x -Yy)* =0, i.e., if #=Y, then x+y will be the least. 


fEx.1l. ITtotyce-y, show that (i) s* +y* 0z2y, 


(ii) ax+bycpr+py, a, b,p, dg being all constants. 
[ C. U. '36, P. U. '47] 


() * s+ycs-y, “. oFY=Kt-Y), where k is constant : 
“. (2+y)*=#*(2-y)* [squaring], 
or, 2°+y*+22y=k*(5°+y*)-2k oy, 
or, 22y+2k*2y= k°(2°+y*)- (0: +y*) [by transposition] 
or, 2k -+1l)ey=(k? -1)(¢* +92) 


2k +1 


2° +y* ©%y (since k is constant). 


(i)  otycs-y, t+y= k(x —Y) where bk is a constant, 


Ee ",. by comp. & div. we have 
kl 
EET Ve J), e 2=my. 


ast+by _ amy + by _ylam-+b)_amt+b, 
petqy pmytqy Yomtg) mtg 


Now, 


_ amb 
cha es coi (px+ 99). 


0, b, p, q Are constants and m is also a constant k being 
a constant, .". it is proved that ax+ by pzx+qy. 
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Ex. 12. If sx+y%cz when Yy is constant and if 2z+x%0y 
when 2 is constant, show that when both y and 2 Vary, 
then 24+ Yy +z 0yz. [B. U. E. '64: G. U. '49] 

-+y 2 ( when y is constant ) 
.', 2+ Y= k2( k being variation constant ) 
2+ Yy+z2=hkz+z2=(k+1)z ; hence k+l being constant 
2-+y-+z2Cz2 ( when y is constant ). 
Again, ‘." x+z2%0y ( when z is constant ) 
", +2=my ( here m is variation constant ) 
2+ 2+y=my+Y= (m+ 1). 
*. m+ 1 being constant xyz Yy (when 2 is constant). 
Hence, from the theorem of joint variation we have 
-+y+2z%0C yz, when both y and 2 vary. 


ন, 13. If z,y,2z be variable quantities such that Yy+z2-% is 


constant and (5+Yy — 2\e+2-Yy)Cyz, prove that x+y +20 Y2. 
[P. U.'40 ] 


Let yz - =k ( a constant ). 

‘(2+ -2Nets-y)Cyz, 

*, (+y-2Ne+2-y)=myz (where m is a constant J 
or, 2*-(y-2)*=mye, 

or, 2: -(y-2)* -4y2=myz- 4y2, 

or, 2° -(y+2)*=(m- 4)y2, 

or, (s+y+2Ne-y-2)=(m- 4)yz 

or, (e+y+a)x(-B=(m-4)yz [°° ytz-0=], 


mst, oo 4d-m 
Chm des EE yz ঢ় Y2 5 


sl is constant m and k being 


Hence, a+Hy-+z2y2 ( 


constants.) 
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Ex. 14. ‘Two globes of gold that have their radii equal to 
7 and 7’ are melted and formed into a single globe ; find its radius 
(the volume of a globe varies as the cube of the radius). 
[0. U. '81] 
Let V and v» be the volumes of the globes. Their radii are 
r and r'. 
Vor8, .. V=mr® ( where m is the variation constant ) 


Again, ‘** war's, . vY=mr'® (m being variation constant) 
«. V+o=mlr8t+r8). 


Now the volume of the single globe is V-Fv. Let R be its 
radius. 


‘. V+0=mR: ( m boing the variation constant ) 
Hence, mR =mlre +r), . R=MrsFrs. 
Ex. 15. The time of oscillation of a pendulum varies as the 


square root of its length. If a pendulum of lengih 8 feet oscillates 
once in 8°1 seconds, find the time for a pendulum 10 ft. long. 


Let t be the time for one oscillation and 1 feet be the length of 
the pendulum. 


‘+ From the given condition to le 


t= V1 ( where k is variation constant ) 
‘*  1=38'1 secs., when 1=8 tt., 


0 81=EAGE HAASE 381 
NB Nl B= চTY 


SE 
‘. We have t= 2/5 Nl. Now putting 1=10 in this equn., 


We have RL: VI XA VE g5 (nearly). 
‘. The reqd. time= 35 seconds (App.). 


Ex. 16. The mass m of a body varies as density d when the 
yolume v is constant and varies as the volume v when density 4 
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is constant. If unit mass be defined as mass of a body of unit 
Volume and unit density, Show that m= 0d. [0. U, 26] 


m0 d when is constant and mv when d is constant, 
mxvd, “. m= hd (where k is variation constant)...(1) 
from the given data m= 1, when v=1 and d=1, 
*, from (1) we have 1=hX1X1=#h. 

Hence, from (1) we have m= hud=vd [£0 k= Ll). 
xf Ex. 17. A playground, whose length and width are in the 
ratio 8:7, has two-thirds of it reserved for accommodation. It 
the width is to be diminished by one-ninth, in what ratio should 
the length be increased in order that the accommodation may be 


trebled ? [U0 3321 
TLiet and Y be respectively the length and width of the play 
ground. '. xy is reserved for accommodation and sy for the 


play ground. 
The area, of the ground reserved for play is a constant, 


‘“, to treble the accommodation, the new a:e2 of the whole 
ground should be (oy xX 8 Fay) or say. IH the width y is to be 
diminished by one-ninth, the width becomes (y — TY) or $Y. 

‘", The length becomes (Gxy-—23V) or “sa. 

Hence, the length should be increased in the ratio 8 : 21. 


Exercise 9 
1. Tf bora and b=50 when a=5, find b when 4=1 and find 
a when b=6f. Find also b in terms of a. 
2, It yl and it y=9 when 5=10, find y it 5=6 and 
find x if EL Find also y in terms of %. 


3. If A varies as B and © jointly and if A=2 when B=} 
and C= 32, find © when A=54 and B=8. [C. U.'20] 


4 Tf a? +b? cab, show that a-+bca- bd. 


CTT 
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5. ‘The resistance (R) to the motion of a train of given 
weight is partly constant and partly varies as the square of the 
velocity (v). Express the statement by symbols. 

6. Complete the following :— 

(1) Lf a0 05, DC nt 
(in) Ite Vl Ie... 
M4. Tt awd and bcc, show that a3 +58 +08 cc 3abo. 

8. If x varies directly as y and inversely as 2, and &=% 
when '/y=5 and 2=9, find the relation between x, y and 2. Hence 
find the value of % when y= 6 and 2= 75. 

V9. If #-ytz when y is constant and x -z%2y when zis 
constant, show that %—Y —2%yz2 when y and 2 both vary. 

10. If b is equal to the sum of two quantities one of which 
varies ‘directly as a, and the other inversely as a, and if b=5 
when 4=1 and b=12'5 when a= 6, find the relation between a 
and b. Find the value of b when a= 8. 

11. A varies as the sum of two other quantities, one of which 
varies directly as B* and the other inversely as C. Tf A=16 
when B=2 and C=1, and if A=5 when B=1 and C=2, find the 
value of A when B? =3 and O° = 16. 


YL2: coos, find the ratio in which is increased if y is 


increased in the ratio 7: 4, 

13. The area of a circle varies as the square of its radius ; 
if the area, is 173 sq.ft. when the radius is 2 ft. 4 in., find the area 
when the radius is 8 ft. 6 in. 


14. Itz vary directly as the square of y and inversely as the 
cube root of 2, and if +=2 when y=4 and 2= 8, find the value of 
y When %= 38 and 2= 097. [C. U. '87] 

15. Apply the principle of variation to find how long 25 men 
will take to plough 80 acres, if 5 men take 9 days to plough 10 
acres of land. [C. U. '84] 


L 


ee 7 TENNESSEE EEE 
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16. The length of a pendulum varies inversely as the square 
of the number of beats it makes per minute. Tf a pendulum 16 ft. 
long makes 27 beats per minute, find the length of the pendulum 
that makes 24 beats per minute. 


17. If xyz, yab* and 22, find how % varies with a, b. 


hs. If in the variation 2= ky and y=k'z, 9, b,c and a, 0, 0’ 

be two sets of values of 2, y, 2, 

a* +02 -+0* _aa'+bb'+co' , 
TTT 0; 0, 

aca +bb Feo a*+b*+c* (0, U0, 22] 


show that 


19. If a stone falls s ft. in t seconds from rest, soe 12. Ttitis 
observed to fall 64 ft. in 2 secs., find how far it falls in 4 seconds. 


20. The pressure of wind on 2 plane surface varies jointly as 
the area of the surface and the square of the wind's velocity. If 
the pressure on 9 square foot is 11b. when the wind's velocity is 
16 miles per hour, find the velocity of the wind when the pressure 


on a square yard is 1475 Ib. 


21. Pressure (=p) in 2 liquid varies a5 depth (=d) when the 
density (= D) is constant and if varies as density when depth is 
constant. The pressure is 1 when the depth is 32 and the 


density 1. Find the depth at which the pressure is 2 when the 


density is 16. [OU 


99, The electrical resistance of @ wire is proportional directly 
to its length and inversely to the square of its diameter. Compare 
the resistance of two Wires of the same material, one of which has 


a diameter of 1'5 mm. and is 4m. long while the other has a 


diameter of 2 mm. and is 5m. long. 


23. The volume of a sphere varies 28 the cube of the radius 
and the surface of & sphere varies a8 the square of the radius 


Show that the square of the volume varies a8 the cube of the 


surface. [C. U. 1924] 
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24, The cost of a dinner is partly constant and partly varies 
as the number of guests. If the cost is Rs. 275 for 150 guests 
and Rs. 320 for 240 guests ; find the cost for 250 guests. 


25. The cost of boring a well, f feet deep, partly varies as 
f and partly as f*. Such a well costs Rs. 130 if the depth is 
40 ft. and costs Rs. 255 if the depth is 60 ft. How deep is the 
well if the cost is Rs. 420 ? 

V26. In a certain machine a force of P pounds will support 
a load of W pounds and it is known that P is partly constant and 
partly proportional to W. It P=14 when W=44 and P=26 
when W=92, draw a graph to show the value of P for any load 
between 40 Ibs. and 100 lbs. Find the value (i) of P when W= "16, 
and (ii) of W when P= 20. 


LOGARITHM 


26. Definition. The Logarithm of any real number with 
respect to a given base is the index of the power to which the 
base is to be raised in order to be equal to the given number. 


We know 2° =8, here 2 is the base and 3 is the index of the 
power of 2, 1.¢., 8 is the index of the power to which the base 2 is 
to be raised to produce 8. Hence 8 is the logarithm of 8 to the 
base 2. 


It is briefly written as 83=log28. Similarly ‘.' 82=9. 
‘. 2=logs9. Generally, if a®=N, then = log. M. 
Conversely, if 2=logaM, then a®* = M. 


27. Some properties of Logarithms. 
(a) loga(MN)=logaM-HlogaN ; 


- (0) loga Y= logaM — logaN 


(c) logaM"=nlogaM ; 
() logaM=log,M Xlogab; 
(e) logal=0: (f) logaa=1. 


Es 
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Proofs: (a) Let %=logaM and y=logaN. 

Then 4°=M ...(1) and a*=N......(92). 

Multiplying (1) by (2) we have a®.a” = MN, 

or, g*tV=MN, .'.. loga(MN)=2-+y=logaM--logaN 


Cor. logalvyz...)=loga%-logay FHlogaz+.... This is 
for any number of factors. 


(2) Let %=logaM and y=logaN. 
Then a*=NM...(1) and a’ = he (2). 


ক) M Sy M 
Dividing (1) by (2 have — == t-U= 
£ (1) by (2) we ave 2 HN’ a 5) 


MoE মল -y=logaM - logaN. 
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Cor. log nD =logat-Hlogay FH loga2 Tt... — logam — logan 
SUlOB GD 00 
(c) logaM”’=loga (MM.M...... to n factors ) 
=logaM +logaM +HlogaM +-...... to n terms 


=n logaM. 


(d) Let %=logaM and y=log,M, then a®*=M and bY =M 


& 
OE bY, 1i0r; 200,10 7 =logab, Or, 2=Y logab, 


logaM =log,M X logab. 
LN. B. Here the base has been changed from a to b. 


Thus 


to change the base from a to b, we have to divide the given 


logarithm by logab. J 
Cor. Putting M=4 in the above formula, 
We have log,@ X logab =1. 
(e) Weknow a°=1, .'. logal=0. 
Hence, logarithm of 1 to any base (excepting 0) is 0. 
(Ff) BE 0 Als rH lOBa C= Li 


Hence, the logarithm of any number to itself as base is 1. 


[N. B. The logarithm of 0 to a base (say a) less than 1 is-+- 


and that of 0 to a base greater than 1 is — ©. ] 
Ele. Math. (X) A.—8 


116 A TEXT BOOK OF H. S§. ELECTIVE MATHEMATICS 


(i) Suppose the mantissa of the logarithm of 37 is to be 
found. We find from the table that the number noted in the row 
to the right of 87 and under the head 0 is 5682. So the mantissa 
of log 87 is "5682. 

(ii) To find the mantissa of log 8374, we have to note the 
number in the row to the right of 87 and under the head 4. 
It is found to be 5729. Hence the mantissa of log 374 is 
‘5729. 

(ili) ‘The mantissa of the logarithm of 8746, a number of 
4 digits : 

Asin (ii) we find the mantissa of log 374 to be "5729. The 
fourth digit of the given number is 6, for which we have to move 
farther to the right to find the figure tabled under the head 6 in 
the second section of small types. The number 7 is noted there 
Which denotes ‘0007. So the difference for 6 is "0007. Hence 
the mantissa, of log 3746 is (57294-0007) or ‘5736. 


N. B. The characteristic of the logarithm of 3746 is 3 
(i.e., one less than the number of digits in 3746 ) and its 
mantissa is "5736. 


Hence log 3746=8'5736. Similarly, log 37=1'5682 and 
log 874 = 25729. 


84. Mantissee of logarithms of numbers having the same 
digits. 

The logarithms of numbers consisting of the Same significant 
digits arranged in the same order but differing only in the 
Position of the decimal point have the Same mantissa. 

‘We have already found log 8746= 8'5736. 

Now, log 874'6=log 3746 = log 8746 - log 10 

=8'5786-1= 95736 ; 
log 8746=log 15t-=log 8746 log 100= 95736 - 2= 15736 ; 
log 8746=l0g TF$5= log 3746 log 1000= 35736 - 3 "5736; 
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log "3746=l0g Zo0'o = log 3746 — log 10000=8'5736 - 4 
=34-'5736 - 4= "5736 - 1=T°5736. 


[ N. B. log '3746='5786-1 which is equal to 4264, but 
a8 the common logarithm is always written with decimal part 
( mantissa ) positive, log "3746 is written as I1'5786 and not a8 
~'4964. In T'5786, only the characteristic ( 5.6., I ) is negative, 
but the mantissa (‘5736) is positive. To denote that only the 
characteristic is negative 2 bar is put over 1 here. It is read as 
bar 1. Thus 3 is read as bar 2 etc. In I,2 etc. 1, 2 etc. are 
negative. If we write-1'5786 it will mean that the entire 
number 1'5736 is negative. 


35. Antilogarithm or Antilog. 


Tf the logarithm of the numbor m is mn, then m is the 
anti-logarithm ( antilog) of mn. So the number corresponding 
to 2 given logarithm is called its antilogarithm. 


Tnus log 837°46=1'5736. 
antilogarithm of 1°5786 is 87°46. 


86. To find the antilogarithm of a given logarithm. 

See the Antilog Table at the 6nd of this book. In the first 
column of this table numbers with two places of decimals are 
given one below the other. These are the first two digits in the 
mantissa of a logarithm. 


(1) Suppose the antilogarithm of 1°5736 is to be determined. 
Tts mantissa is ‘5736. We find the number 3741 tabled under 
the head 83 in the horizontal line to the right of '57. Farther to 
the right in the same line we find the number 5 tabled under the 
head 6. Thus for the mantissa ‘5786 we have (874145) or 
3746. Hence ‘5736 is the mantissa of the logarithm of a number 
Whose significant digits are 3746. Now, 8since 1 is the 
characteristic here, there must be two figures in the integral part 
of the number obtained above from the table. 


118 A TEXT BOOK OF H. §S. ELECTIVE MATHEMATICS 


Hence antilog 1'5786= 87°46. Similarly antilog 2'"5736=874'6 
and antilog 2°5736= "03746. 
(i) Find the antilogarithm of - 5878. 
Here -'5878= -14+1-'5378= - 14+'4622=71'4622. 
the antilogarithm of ~'5878 is the antilogarithm of 
T4692. Here ‘4622 is the mantissa of the logarithm of the number 
whose significant figures are 2898 as found from the antilog table. 
Now the position of the decimal point in the number we seek is 
determined by the characteristic I here, 
antilog 14622 = "2898. 


Examples (12) 


Ex. 1. Find the logarithm of (a) 78, (6) 324, (c) 1'362 and 
(d) "035. 

(a) 78 consists of two digits, so the characteristic of its 
logarithm vill be 1. To find the mantissa of log 78 from the table 
We take the mantissa of 780 and from. the table the corresponding 
Significant digits are 8921. So the mantissa is ‘89921. 

log 78 = 18921. 

(0) As 824 consists of three digits the characteristic of its log 
will be 2. Now, from the Table the mantissa, of the logarithm of 
324 is found to be ‘5105. 

log 824 =2"5105. 

(c) As the integral part of 1362 consists of 1 digit, the 
characteristic of its log is 0. 

From the log table we find 1335 under the head 6 in the 
horizontal line with 18. Again farther in the same line under the 
head 2 we find the number 7. 18854+7=1349, 

log 1'362= "1349. 

(d)' In ‘035. there is. one. zero after the decimal point and 
hence the characteristic of its log is —2i.e., 5. 

From the table we have the mantissa of log 35 = "5441. 

‘. log 085 =3"5441. 


} 
| 
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Ex. 2. (a) Subtract (i) 2'5732 and (ii) 22714 from the sum 


of 1'7654 and 14351. . 


Sum 
1°'7654 
1°4851 


5'2005 


Now (i) 2'2005 
9°5782 
B'6278 


(ii) 2°2005 
49714 
19291 


Here after adding the decimal 
figures we have to carry 1. Hence 
the characteritic is the sum of —4, 1 
and 1 i.¢., — 2 which is written as ঢু, 

When we come to the integral 
part (in the subtraction), we have to 
subtract (241) or 8 from —2. The 
result is — 5 which is written as 5. 

Here in the integral part (- 4+1) 
Or —3 isto be subtracted from = 2. 
The result is 1. 


(6) (i) Multiply 24265 by 5 and (ii) divide 3°5304 by 4. 


(i) 24265 
X5 


8'1325 


(iii) #53044 
=+(8'5304) 
= 4({4-1'5804) 
=17-'8826 
=1'3826 


Multiplying 4 by 5 in the decimal 
part we have to carry 9 to the product 
of —2 and 5. The characteristic 
is 10-2 or —8 written a5 8. 

In dividing a logarithm with 
negative characteristic we have to 
write the characteristic so that its 
negative part is divisibleby the divisor. 
Here 3 is not divisible by 4. Hepvce 
§ is written as £41. 


Ex. 8. Using table find the antilog of (a) T2468 and 


(b) - 28254. 


(a) Here the characteristic is I and the mantissa is 2468. 
From the antilog table we find that ‘9463 is the mantissa of the 
logarithm of the number whose significant figures are 17683. Now, 
the position of the decimal point in the required number is 
determined by the characteristic I, which shows there is no 
integral part in the number and the first figure after the decimal 


point is 2 significant figure. 


". The reqd. antilog="1768. 
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(2) Here -2'8254= - 341 -'8954= - 34-'1746=5'1746. 

From the antilog table we find that ‘1746 is the mantissa 
of the logarithm of the number whose Significant figures are 1495. 
Here the charactristic is 3, so there will be two zeroes after the 
decimal point in the required number. 

*. the reqd. antilog= "001495. 
Ex. 4, CEE log tables find the value of lA 
[P. U. '50] 

মং 


Let = U5) 


log e=log TUE = 08 1- log (1'045)20 


=log 1-20 log 1'045=0 - 290 x '0191= - ‘382 
= -1+1-'382= - 14+-'618=l0g "4150 
( from antilog table ) 
<* 2='415. ., the regd. value= "415. 
Ex. 5. Using the log tables find the value of 9415 t 
: 06240) 
[P. U. 1948] 


$9415 DATE 
Leb a= V2U5 1 log a=log N24 


“ (0°824)+ (0°894)* 
=l0g (2415) - log (824)* 
=3 log 2°415 - 4 log "824 
= X 0'8829 — 4 Xx 1'9159 
= 0765+ 4 - 8'6636= "4129 
=log 2587 ( from antilog table ) 
%= 2587. ‘. the reqd. value= 9°587. 
Ex. 6. Tt log %=2'51785, find x, 
Here the characteristic of the given log is 2. 
the integral part in the value of x consists of 3 digits. 
Now ‘5785 is the mantissa, of the logarithm of a number whose 
Significant figures are 3788 ( from table ). 
2'5785=l0g 3788. . 2= 8788. 
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Ex. 7. Find the value of (1'035)" 2° from the log table. 
Let %=(1'035)"- 28 
‘. log 2=log (1'0385)"-*€ = - 16 log 1'085= - 16 x ‘0149 
= ~-'2884= - 141-2884 
= - 14+-'7616=1'7616 
=log "5776 ( from-antilog table ) 
= "5776, .'. the regd. value= "5776. 


Ex. 8. Find the number of digits in (6)*®, having 
given log 2= "3010 and log 8= "4771. 

log (6): = 25 log 6=25 log (2 x 8)=25 (log 210g 3) 
=25 ('30104-'4771)= 25 Xx 7781 = 19°4525. 
the characteristic of log (6)°° is 19, 
(6)2® consists of 20 digits. 


Ex. 9. Find the position of the first significant figure in the 

value of 2-80 ; given that log 2= "3010. 
Let »=2-80 
“, log #=log 2-80°= - 80 xlog 2= - 80 x'3010 
= -9'03= - 1041 -'08=10'97 

.' the characteristic of log x is 10, 

". there are (10-1) or 9 zeroes after the decimal point. 

“, the first significant figure occupies the 10th position. 


Ex. 10. Find from the log tables the value of 
8°78 xX '082 x 109'2 x 19°895, 


‘00078 x 981 
log of the numerators log of the denominators 
JOBE OTB DLT log '00078= 48921 
log  ‘'082=3'5051 log 981= 29917 
log 109'2= 20382 ATE 6858 
log 19'895 = 1'2987 
9°'4195 


Now 2°4195 - (1'8838)=2"4195--1 - '8888=2'5857 
‘*  Antilog 2"5857= 3434, 
the regd. value= 3434. 
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Ex. 11. Find the square root of ‘0265. 


La 1 | 
N/'0265=(0265)%, Now log ('0265)*= 3 log ‘0265 
= X 2'4232=1'2116= log ‘1628 
f 
(0265)#='1628. .'. . the reqd. square root = "1628. 
Ex. 12. Tt log 2= "30103, find log 5. 
log 5=log *£=log 10 — log 2=1 - ‘30103 = "69897. 
Ex. 18. If log 2="'3010300 and log 13=1'1139434, find 
log 65. 
log 65=l0g (5 x13)=l0g 5-Hlog 13=10g 42 -+log 18 
=log 10 -log 24+-log 13=1- "30103004 1'1139434 
= 18129134, 
Ex, 14. Find the value of 85°28, given that log. 2="3010, 
log 3='4771, log 7= "8451 and log 2038°9 = 23095. 


| Ee) 39 2 LE 
85:28= 7 =2 < ; let e= YV3528, 


28 82 72)উ 
10° 
= [8 log 242 log 34-92 log 7-2 log 10] 
= 3 [3 x'301042 X'4771+2xX 8451-9 x1] 
= ['90804-'95424-1'6902 - 2] 
= X1'5474="'3095 [to 4 places of decimals] 
Now ‘." log 208'9=2'3095, . l0g 2'039= "3095, 
2=2'089. .'.  {/85'28=2'039. 
Ex. 15. Find the value of 1'231 of £ 2. 14s. 7d. to the nearest 
penny. 


kt 
log w= log (35°28) = 10g { 


The given exp. = 655 d. X1°231=% ( suppose ) 
log %=log 655--1l0g 1231 
=28162+ 0902 ( from log table ) 
= 2'9064=log 806°1 ( from Antilog table ) 
%=806'1 ; .'. the regd. value= 8061 4.= £ 8. 7s.2d. (App.) 
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Ex. 16. Find (to the nearest rupee) the amount at 
compound interest on RBs. 2150 for 8 yrs. at 5%. 


rate Dp. 2) 
100 fl 


=2150 x (1+ 180) = 2150 x (1°05)$, 
Now, log {2150 x (1°05)°}=log 215048 log 1°05 
= 8882448 x 0212 = 83960 = log 2489. 


the regd. amount = Rs. 2489. 


The amount = principal (a El 


Ex. 17. Ina right-angled triangle, the sides containing the 
right angle are 27°4 inches and 82°5 inches. Find its area. 

Area of the A =F X274X 825 sq. in.=187X 82'5 sq. in. 

Now, log (138'7 x 82°5)=log 137+ log 82°5 

=1'136741'5119=2"6486=l0g 445°2 

‘". the regd. area=445'2 sq. inches. 

Ex. 18. The population of a town is 3000. Tf it increases 
annually at the rate of 10%, what will be the population at the 
end of 8 yrs. ? 

The red. population = 3000 x (1+-2¢6)® = 3000 x (1'1)° 

Now, log {3000 x (1'1)°}=log 300048 log 1°1 

=3'477143 x ‘'0414=3'6013=1l0g 3998. 
the reqd. population = 3998. 


Ex. 19. Prove that log $4--log iz =log 5 - log 2. 
log $3=log 65 —log 14=]og (5 x 13) — log (2 x 7) 
=log 54+ log 13 -log 2 —log 7; 
and log 33's =log 77 — log 143 =log 7--log 11 -log 11 -log 18 
“. log $8-log 17s =log Blog 13 — log 2 -log 7 
+log 7-Hlog 11 — log 11 — log 18 
=log 5- log 2. 
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Ex. 28. Tt log (%°y°)= 34+ 2b and log (z°y)= 204-80, find 
log » and log y in terms of a and 5. EO-0 48] 


log c°y* = 30420, 
8 log +2 log y= 3a+20...... (1) 
Again, ‘log 2°y8 = 20+30, 
2 log %+3 log Y=204+380......(2) 
Novw solving (1) and (2) we have log z= a and log y= b. 


Exercise 10 


1. Find the logarithms of 88, ‘1234 and °003256. 

2. Find the antilogs of 1362, — 12463 and 28954, 

8. Iflog 2='30103 and log 8='477192, find the number of 
digits in 227 and 320, 

4. Find the position of the first significant digit in the value 
of 872, given that log 3= "47719. 


5. Find the square root of 2°7 ane the 5th root of 8'216 and 
the square of 7. 


6. Find from the log table the value of :— 


(1) V45'37 x (7692). [P.U.'49] 
0) 82°47 X48 x 8732 Gn) 49°86 x 8'809 x "524 
5284 x '04236 x 391 578'3 x 8'129 
7. Given log 2= 3010300 and log 3="4771213, find the 
value of log 45. kG: Ur 0h] 


8. If log 2='80103, fi 
79 log SE. 
9. Find the value of £ 18. 6s. 8d. x 5°25, 
10. Find the price of 196 articles at Rs. 4. Da. 2p. each. 


11. Find the mean Proportional between 55 and 1375. 


12. Findin acres the area of a rectangular field 2953 yds. 
by 269 yds. 


nd the value of 7 log ¥2-9 log 34 


18. Find (in Dearest rupees ) the amount from Rs. 495 in 
8 yrs. at 4% compound interest. 
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14. If the present population of a town be 6000 and if it 
increases annually at the rate of 5%, what will be the population 
in 2 years ? 

15. Find the radius of the circle whose area is 35 acres. 

16. Find log 324 when the base is 8 V2. 

17. Prove that 7 log 284-5 log 3448 log 85 = 10g 2. 

et U861 
18. Show that log ,02416 log1o3#+ 12 log, o#% 
+7 logio85= 1. [00,401] 
19. If 1 metre= 39°37 inches, express 1 sq. metre in sq. yds. 
0. I log »_ log y_log 2 
YI-2 =D E-Y 


, Shew that 2y2=1. 


[H. 8. 61 (Compl.)] 
21. If three numbers be i in G. P., show that their logarithms 
are in A.P. 


2. Solve: . (i) ‘2°.3°°=100 [0.0.25] 
(ii) BUTS +452 = 78%+14}22%+6 
by the help of log tables. [OF U Ald 
28. Find the ls) of rl to he base 2 V8. 
24. Show that log blog 7 Tog ¢ —=0. [C, U. 44) 


25. Ifa,b,c,dbhbeany 4 hE bc, prove that 
logva X logob X logac= logad. [0C. U. 42] 


26. If log (%°y°)=4 and log ) =D, find log % and logy in 


terms of a and b. [0. U. '19] 
Tf logab = 10 and l0ga(320)=5, find a. [0. U. 49] 

98. Tf a8-"b5®=at5b8%, show that % log (2)=108 a 
[Or U8 


Solve. the following’ equations by the help of log-tables when 
required :— 


20. 600A EB: [C. U.'45] 
30. 2%.7"= 80000, 8” = 500. [C. U.'47] 


31. 55-3০44 8 57-৪5 _ 90+ ( correct. to 8 places of 
decimals ). [C. U. 48] 


IRRATIONAL QUANTITIES 


37. Quantities that can be expressed as the ratio of two 
integers are called rational quantities ; and the quantities that 
cannot be so expressed are called irrational quantities. 

These have been dealt with in the previous class (vide “‘surds” 
in part I). 

88. Some Properties of Binomial surds. 


I. (a) The product and the quotient of two similar quadratic 
Ssurds are rational. 


Proof. Let asx 2nd b Vz be two similar quadratic surds, 


Their product=4 Vz xb Vz=abz, which is rational ; 


their quotiont= 2X0, Which is rational. 


(b) Conversely, if the product or quotient of two surds be 
rational, then they are similar. 

Proof. Let the product of two surds J% and Ny bea 
rational quantity D. 


Nex U=p, “. Ne= 2 =? yy 


=rational quantity (2) Ny. 
Y 

Hence Vz and Vy are similar. 

Similarly it can be proved in the case of quotient also. 

Cor. The product and quotient of two unlike quadratic surds 
are irrational. 

IL. A quadratic surd cannot be equal to the sum or difference 
of a rational quantity and a quadratic surd. 


Proof. If possible let /a=b2 Vc. 
By squaring we get 4= b? +c+£920 Vc, 


Dee 
ein URE 2 Which is rational. 
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Thus here a surd is equal to a rational quantity, which is 
absurd. 

Hence the supposition being absurd, the theorem is proved. 

TIL. Tt 24+ VNy=0 Vb, where x and ¢ are rational and Ny 
and Nb are irrational, then = 0 and y= b. 

Proof. If % and a are not equal, let #=a+m. 

Now, a+ Jb=%+ /Y= at m+ Ny, 

° Nb=mT+TNY,L ea quadratic surd is equal to the sum of 
a rational quantity and & surd, which is absurd. 
2=0. Hence Jy= Nb, +. Y=b. 


Cor. Similarly it can be proved that if %- NY=0- Nb, 


then %=0 and y=. 

[N.B. It is evident from (III) that in equations of the 
forms 2+ Vy = 0 Nb, the rational parts of the two sides are 
al and so also are the two irrational parts of the two sides. 

So 2+ NYy= 0 lb is equivalent to two equations =a and 
NYE bor Y= b, provided Jy and wb are real irrational 


equ 


quantities. l l 
IV. It Mo+N9)= Jot Vb, then VNG- NN)=NVa- Vb. 
Proof. ‘." NJG+ N= Vat Vb, 

Squaring both sides we get 2+ Jy =aT+ b+ 2 Nab: 
2=atb and JY=2N ab: 
s~ Jy=at+b-INab=( Nar Nb), 
ANG - VY)=Na- Vb. 
Cor. If V(e- NVY9)=No- Vb, then V+ N= Vet Nob. 
V. TH YG+NVY)=at Nb, then Me - VV)=a- Vb. 
Proof. *“ Moe+ W=at Vb, . cubing both sides we 
have 2+ Y= a8 +80 b+ 8abt+bVb [ (YUs=(V/ bY. Nb 
= (43+ 300) +(8a* +0) Vb. =b V0] 
2=084+8aD......(l | Equating the rational parts 


vs ) 
and y= (Bat b2.(2) and the irrational parts of the 
two Bides. 


Ele. Math.(X) AI—9 
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Now, subtracting (9) from (1) we have 

2~- y= - 80° /b+3ab-b Vb=(0- Vb), 

1 Ye- NY)=a- Nb. 

Cor, HUG -VY)=a- Vb, then Wet VY)=Ut Nb. 

89. Square root of Quadratic Surds 

We know that the square of the expression Vat w/b is the 
sum of a rational quantity ( here, +b ) and a quadratic surd 
( here, 2 ab ). 

So, the square of Jat Nb can be expressed in the form 
2- Ny. Hence the square root of expressions like e+ Vy will be 
in the form Vat Nb. 

Ex. 1. Find the square root of c+ Ny, where Vy is a 


quadratic surd. 
Let VG+NY9)= Not Vb. Squaring both sides we get 


2+ NY=a+0+2 Vad. 
J. 2=07+%...(1) and 9A ab= NY; or, 400 =Y...(2) 
(a-0)° =(a+ 0)? - 4ab=s° -y 
Ea b= os —y--(8) 
Adding (1) and (83) we have a= Vz# —y), and 
subtracting (3) from (1) we get D=YHe- V2 -y)- 
The required square root 
= + [Net N25 EN - Ne — 9). 


[ Similarly to find the square root of © — Ny, put Va - 9) 
=Vo-Nb.] 


Ex. 2. Find the square root of a+ /b+F ct hd. 
Tf the given expression has a square root it must be of the form 


Net Nyt Ne. 
So, let a+ /bF Jet NdA)= Jet UT Vy 
Squaring both sides we have 
a+ JbF Jot Vd=e+HYT2TON oy FLV yet 2 Ven; 
Here a=2+y +2, JD=2 NV oy, NC=2 Nye, 
and J/d=2 V2. 
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“ 


Now bx Ve=2 Voy X2 yz “.  Nbo=4y Ve, 
JE to + bE TEEOO'S O40 LORD 
ER 1 j Bs VNd=2 V2z ], ee Y= Fh 


Similarly we have =1 bd and Eh cd 
is NE ত b 


the required square root হ্‌ ] ন - 
== E+ / GS) GS) 


[N. B. This square root can be found, if the values of %, y, 2 
obtained above satisfy the condition e-+FYy-F-2= 4, i.¢., 


go Ea AE 


Otherwise the square root is not found.] 


if a= Vd Vb, Nod, je. it 20 NVbod=bdtbetod. 


Irrational Equations 
To solve equations involving surds, they axe to be reduced to 
rational forms and then solved by various methods. 

Example. Solve Vx+6%F Ns-2=4. [0. U. '47] 
Tyansposing we get /24+6=4- RPE 
Squaring both sides, #+6=16+%-2- 8 Ns-2, 

or, 8V/%-2=14-65=8, or, VJ2-25=1, 
Again squaring we get % — bY OMS SO YS 2 

Examples (13) 

[ Square roots ] 
Ex. 1. Find the square root of 44+2 8, 
Let M(4+2 V/3)= Vo+ VY. SE 
Squaring both sides we get 442 /8=2+Y+2 Vay: 

2+y =4...(1) and 2 Voy =2 N/BYc0F; 2 =3...(2) 
Now, (2-9) =(04+y)° - 402y = (4)° - 4 X8=4, 

2 Y= £2...(8) 
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Solving (1) and (3) we have 2=8, y=1 or %=1, y=. 

the reqd. square root= £(V 3+ V1)= £(V3+1). 

Ex. 2. Find the square root of 7-4 V3. 

Here, 7-4/8=7- 9.9 /3=7-2 /1X3 

=4483-29V/4Xx3=(02- V3) 
the reqd. square root = +£(2 - V3). 

[N.B. In this method first reduce the given expression to the 
form a-F2 Vb. Then find two quantities whose sum isa and 
product is b. In the above example 4--8=" and 4X 3= 12.] 

Ex. 8. Find the square root of V/484- V5. 

Here ./484+ /3B= V8(/ 16+ VIB)= V 8(4-4- VIB) | 


= Ix EFL [To reduce 44 VIB to the form a-+2 Vb] 


Jax 34853 Ix St 8) 
2 


:", the reqd. sq. root = + HH U3 has N= [al a+ 5)} 


‘ Ex. 4. Find the square root of LS Vony. 
The given exp. =9%48y+2.6 V/2%y 
=9%4+8y +2 VT22y=( V90 + V 8p) 
the reqd. sq. root= +( 92+ V8y)= (3 Vo 2 V9). 
Ex. 5. Find the square root of 942/644 /24+40/53." 
Let VO4F2 V6 VIFAVB)= Vet Vu Ne. 
Squaring, 94-2 644/244 V8 
=t+y2+2 Voy FN nz tL Nye 
Now, this will be possible if 
-+y+2=9, 2NV0y=2N6, 2. Nn2=4 V2 and 2 /yz= 4 V8. 
Now, * 29N/2y=2N6, - .2y=6...(1) 
9 V32=4 2, +, 22=8...(2) 
and." ANPR=4N8, y= 12...(8). 
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From (1) X(2) x (8) we get c2y22°=576, ‘.  0y42=24. 
2=%=2, /=*4=3, (ৰ RB These values. of ,Yy,8 
Satisfy the equation %+Yy+2= 
fe ihe reqd. sq. root= E(N2+ 8+ V4)= £( N24 84-2), 
Ex. 6. Find the square root of 17 - 6/2+4 6-8 V8. 
Let M(17-6NV/2+4 6-8 NV8)= V2- NUT 2, 
Squaring, 17 - 6 V24+4 /6- 8/83 
=2+y+2-2 Nyt 2 Nae 2 Nye 

This will be possible, if e4+-y+2=17, 
=2Nsy= 7 6 V2, 2 Voe=4 V6 and — 2V/y2= - 83. 
Hence wy = 18, %2= 24, y2=48, .. 2y2=144, 

2=3, y= 6, 2=8. 
. The reqd. sq. root= £( V/8- V6+ VB). 
Ex. 7. Find the square root of 3(3%- 1)4+ V/ 97° +z - 6- 
The given expression= 3{(87 - 1) +2 V/29%2 +s - 6} 

= 3{(2% — 8) +(24-2) +2 V/ (2% = 3)(6 + 2)} 

=F V9 - 8+ NV 5+ 2}. 


“. the regd. square root = +A NETIEEL e329). 


[Note : Here 2%- 8 and %-F2 are the factors of 9% +75-6 
and 3% - 1 is the sum of these factors. 
Ex. 8. Find the square root of 10° + V( Faas). 
The given exp.= 1+ a° + VO Fa+ad -a+a*) 
=3124+ 20° +2 VU Fa a) - ata} 
= F(A + a+ 0°) H(1 - a+ a) 
+2 VO a+ a) - aa} 
=F VOUT a+a)+ V0 - ata? 


. the reqd. square root 


== VO+Fa+a)+ V0 - ata). 
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4. [Rationalising factor of Binomial surds ] 
Examples (14) 
Ex. 1." Find the rationalising factor of X/x — Uy. 


Let 2/x or % 5 and &Yy or Pedy sh then the given exp.=4 - b. 

Now, if the L. C. M. of p and g be n, then a” and b? will both 
be rational, so the expression a” — b? will be rational. 

Here a" -br is divisible by a-b, whether n be an even or 
odd integer. 

Now, a -b"=(a-bNan-1-Lat-*b+an- 8b T-...... +bn-2) 

and a? - br is rational. 


The product obtained by multiplying 0 — b by 


(an--+ar-2b-Far- 36° L...... +5") is rational, 
Hence the reqd. rationalising factor & 
=a" Fan-2b+an- 8b T+... Fb. 


[ N. B. In the above example, ‘." the L.0C.M.otpandg 
isn, .. ifmnis divided by and g the quotients will be integers. 
1 LL) 
Let the quotients be m and 1? respectively. Then a" EL) 
n 
== 2", which is rational. .'. af is rational, Similarly b" is 


rational. ] 


Ex. 2. Find the rationalising factor of Wa+ Wb or PE Rl 


Let nb and bhp then the given expression= %4+Yy. 
Now, if the L. C. M. of m and n be 7, then x” and y” are both 
rational and consequently c°-+y”® is rational. 
(i) Here, if p be even, %® ~y” is divisible by --y and then 
2° -y°=(5+y)o®-- 09°... +2y”-2-y"-2). 
Bo the product obtained by multiplying %--Yy by the factor 
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(02-2 002. +ry® 2 -y® 1) is rational, 
The rationalising factor 


=i 20 Hee +ey® 2 -Y272, 


(ii) It be odd, sx” --y” is divisible by #+y and then 


22+y®=(0+ yarn -ty hc... 0y tty") 
The reqd. rationalising factor 
7 UE OH A LUPE coy Pye 


Ex. 8. Find the rationalising factor of 24-38. 


8 "| 
The given exp.=224-8%, Here the L.C.M of the deno- 
 & Fb 
minators of the two indices is 6. Let a=2° and b= 35, 
1\6 1\6 
Now, a= (28) =2=8, and b¢ =(38) = 194-9, 
", q6, b° and a® —b° are each rational. 
a8 — be =(a+b)(a® — a*bFasb* -a*be + ab - 5), 
the rationalising factor of a+b 
=05 - a*b+asb® -a°be +ab* - be. 
The rationalising factor of /2+ 83 
1\5 1\4 1 1\)\8 1\2 
=(38)' - (98). 38-+(98)"(88) 
1\2 1\8 1 1\4 1\5 
-(98)'(38)"+(98)(38)" (88) 
B 1 5 2 2 4 Es 
=98 - 9384-925, 88 - 9.34925. 88 - 8 
=4 /3- 48/342 2.5/9 - 6+3 V2.8 - 89/59. 
Ex. 4. Find the rationalising factor of 8/9 - 341. 
1 2 4 
The given exp.=9° - 8841=388- 88+1 


= (88) -88-41=0° - a+ putting 0 for ৪) 
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Now, multiplying a - a+ 1 by a4-1 we get a°--1 and itis 
1\8 
here equal to (85) +1 or (341) which is rational, 
The reqd. rationalising factor= 4+ 1= ¥3 +1. 


Ex. 5. Find the rationalising factor of Vat Vb+ Ne. 

We have (Va Vb4+ Vo) x (Vat V/b- No) 

=(Vat+ Jb) -( Ye)? =a+b-c+9 a5. 
Again, multiplying (a+b - 0)4+2 Vab by (a+5-0)- 2 V/ab, we 

have (a+b - c)* (2 Vab)* =(a+-b -— 0)? - 4ab which is rational. 

Now, (a4+b-0)- 2 /ab=(a+b- 2 V/ab)-e 

=(Vao- Vb) -( Vo) 

=(Va- b+ Vo Va- Vb- Vo). 

The regd. rationalising factor 


ats Vol Na- bt V/olVa- Vb Vo). 


Ex. 6. Express 5 248 with rational denominator. 


- 4/8 


1 
Here the denominator is 2 — 3° and the indices of the terms 
are l and 3. The L.C.M. of the denominators of the indices is 3. 


08 - b8 = (a - b)(a* +ab+b£), 
4 
here the rationalising factor of 2 - ¥/3=(2)? 4+-2.354-(85)* 


(9-312: +2. 38+ ty পু 
(2- 38){2: 4-2. 38+ (5) | 


LES 3844. 98 SE RETAYS 
8-3 


Now, the given fraction = 


[Irrational Equations] 


For irrational equations see the chapter on Quadratic 
Equation. 
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Exercise 11 
1. Find the square root of :— . 
(a) 414-6/82;(25) 28-63; (0) 3(24 V3) [0. U. '24] 
(dq) NVB0- 48; (e) NITS+ VIET; (f) 10348 V7. 
2. Find the square root of :— 
(a) H4e-8)+ V/3%5-Te+2, (0D) 1+2t+ Nas +o, 
(ec) 1642 V/15%+4V G+ V10, (d) 11-2N/6+6V/2-408, 
(e) -Y+24+2 Naz - ye. 
83. Find the rationalising factors of :— 
(a) Y8+1 (0) V8+92 (0). V4+N2+1 
(d) Net NVy- Ne. 


4. Express with a rational denominator :— 


#/2+1 3-2 
(a) Ti (2) 37 YT 
LS OE is 2 

(0) J834+V5-2N2 (a Y9- 341 


5. Find the value of :— 
a2 +abtb* h AMS nd b= 2 = 


TTB OU Ai eA NEES 
61 Show that (AEE VIB) +4 - VIB) =17 VIO. 


34+ V5 
7. Find the value of SDs BEDE) 


of decimals. 
8. Find the simplest value of 
VL[V8+ N5+8 (9-4 V5] 
9 dt (e+) ++) +e) =0, Show that 
(a+y+2)=90 ty +28). 
10. It 4% V/83=10, find the value of to 8 significant 


figures. 
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IMAGINARY AND COMPLEX QUANTITIES 


42. The square of all. positive or negative numbers 
(or quantities) are always positive. 

So a negative quantity can have no real square root. Thus, 
JV — {4 can never represent +2 or -2, or J-° is never equal 
tot or -%. So NV -—4 or N-szx° has no real value. 

But as in higher mathematics quantities such as A= 4, or 
V=7 are often used, they must have some meaning. 
Just as 2% denotes @ quantity whose square is 2, 5. ¢., (2) =2, 
so also = may denote a quantity whose square l88= 2, 
t.6, (A- 2} = 0, 

So these quantities, as distinct from real quantities, are called. 
imaginary quantities. 

VT is an imaginary quantity and it is denoted by the 
symbol i. 

d. (N-D=V-1XNV-1=-1te,0)=-1. 

We may express any imaginary quantity as the product of a 
real quantity and an imaginary quantity. 

Thus, V=3= N3X -1= N8X V-1=5 V8; 

VEa= NaxX -1= Vax A -1=iN a, ete. 


43. Geometrical interpretation of the symbol i 


We know that any magnitude of a quantity can be expressed 
by lengths along a straight line. 


i 
—_—— ci — 


x AOU ty E 


180° 


Let OX be a straight line. We can express any magnitude 
(say 2 mds., 83 mds, etc.) by chosen lengths along OX. Suppose k 
centimetre denotes 1 md. 
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Now, the length of 2 centimetres from O towards X along OX 
will represent 2 mds., the length 8 ems will denote 3 mds., etc. 

Tf we have to represent an income of Rs. 5, we may do it by 
5 units of length from O along OX, but if we have to represent 
an expenditure of Rs. 5, we cannot do it by lengths from © to X 
along OX. As the expenditure of Rs. 5is an opposite operation 
to income of Bs. 5, it must be represented by 5 units of length 
from O in the opposite direction of OX, t.e., along XO produced 
to X'. It is, therefore, evident that when the segment of the 
st, line OX denoting an income of RBs. 5 turns 180° and is in the 
same st. line with OX in the opposite direction, it will represent 
an expenditure of Rs. 5 in its new position. 

We know that a quantity (positive or negative) changes its 
sign, when multiplied by — 1. So -1 denotes an operation which 
when performed upon any quantity changes its sign. 

We have seen before that J —-1X NV -1= - 1, 60 it is evident 
that if the operation N—1 be successively performed twice in the 
same direction on any quantity, its sign is changed. In the figure 
above, let the length OA represent the quantity a. If the 
operation V/—1 on 0 along OX be performed twice in succession, 
it will rotate the line OA by 180° (two right angles) and OA will 
come to the position OA’ directly opposite to OX. 

So the operation »/-—1 means rotation through a right angle 
anti-clockwise and this is the geometrical interpretation of the 
symbol 1. 

So the operation denoted by —t is rotation through a right 
angle in the clockwise direction. 


44, This i is subject to all the laws of Algebra. 

(a) Psitive powers of i. 

():=43 JEL OEE DEEL WUE SET 
()*=(2)? =(- 1): =1; (0) =()*1= 1155; 
(i)=()*4=1X -71=-1,; 
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Thus, if n be any positive integer, 
then (i)? =(*)" =(1)"=1; (nT =i I=; 


ANTS =1i4n12 22 = ch (0)*?18=48= Ho 4. 


(tb) Negative powers of i 


AN SAC il 
4 th dar vg tint Sede se 
Maria RED EG DR 
[ $ 5 tht ciogetipi looted JL Lb 
-4-(i"2)2=(-1)?=1:4 === a SOE = 
ff HDA Ps TERE 


Thus generally it n be any positive integer, we have 


EAI No SER LS TEES A Ds" WE 28 EL ih le গ্্‌ 
ky EN ds = nti jin 5 ত 
HE nia je = —1 ; ete. 


(c)() 814+2i=5i; (ii) 8i-5i=83i; 
(fli) BiX8=15°=15x -1= -15; (iv) 5178158; 
(Vv) aiXai=a212=02X-1=-02; 


(vi) «i xbi=0bi?= - ab. 


45. Complex Quantity 


If two real numbers (say a, 0) are connected in the form a-ib 
then a-Fib is called & complex quantity. This is the general 
form of a complex quantity. A complex quantity consists of two 
parts, of which one is real and the other imaginary. Thus in 
a+ 1b, the part a is real and the part ib is imaginary. 

Here, if b=0, then a-F1b=4 and consequently the complex 
quantity reduces to a real quantity. Again if 4=0, then a-+ib=1b 
and so the complex quantity becomes a pure imaginary quantity. 
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46; Conjugate Complex Quantity 


Two complex quantities, which differ only in the sign before 
the imaginary part, are called conjugate complex quantities. 


Thus, a+b and a — ib are two conjugate complex quantities,. 
each being conjugate of the other. 


47. Geometrical representation of a complex number. 


(1) Representation of a real number geometrically by a: 
point. 

TLiet » be a real number, which is to be represented. 
geometrically by a point. Y 

Take a straight line XOX’ 
(fig. A). It is called the -axis 
or real axis. A point on it 
represents a real number. 

Let O be a fixed point on 
XOX’, which represents the 
number 0 and is called the P-4 
Origin. 

Now take two points A and ১ 
M on OX such that OA=1 Fig. A 
and gx" So, hero the point M will represent the real 
number x. If x be negative (i. e.,-%), then M vill be on the 
straight line OX’ in the opposite direction of OX. 


P(,y 


Hence any real number may be represented by a point on the 
roal axis XOX’. 


(2) Representationof a complex number geometrically 


by a point. 
Let iy be a pure imaginary number in which y is real. It is 


to be represented geometrically by a point. 


a 
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Let YOY' be perpendicular on XOX’ through the origin O 
(fig. A). YOY’ (y-axis) may be called the imaginary axis. Take 


two points B and K on YOY' so that OB= OA=1 and 05” V. 


As the operation i (or ~1) on any quantity means its anti- 
clock-wise rotation through a right angle, so the point K will 
represent the imaginary number iy. If iy be negative (i.e.,- iy), 
it will be represented by a point K' on OY’ opposite to OY where 
‘OK'= OK. Hence any imaginary number may be geometrically 
represented by a point on the imaginary axis YOY’. 


(83) Representation of a complex quantity geometrically 
by a point. 


Let s-+-1iy (2=%-iy) be the complex quantity to be represented 
geometrically, where sz and y are real. 

In fig. A, let perpendiculars be drawn from the points M and 
K to XOX' and YOY' respectively and let them intersect at P. 
‘Then the point P will represent the complex quantity --iy. 


So we find thatif # and y be real and i= V-—T, then to 
represent a complex quantity 2=%4iy, we require 2 plane on 
which XOX’ and YOY' are cartesian axes of co-ordinates. This 
Plane is called the complex plane. 

Hence if (z%,y) be the co-ordinates of a point in the plane of 
the axes XOX’ and YOY', it will represent the complex quantity 
ATF. 


[N. B. The complex quantity a--iy is denoted by 2. The 
‘Complex plane may also be called the z-plane and the figure (A) 
is called the Argand Diagram. Also note that the origin O 
represents the complex number 0 +50.] 


(4) To represent geometrically -—iy, the complex number 
‘conjugate to %-Fiy, produce PM (in fig. A) to P' so that MP'= PM. 
This point P' represents the complex number iy (i.e., 2). 


I EE 


HNN Ss LE 
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48. Modulus and Amplitude of x iy (i.e., Zz). 

In Fig. A, the point P represents 24+iy. Soit may be said 
that the st. line OP represents the complex quantity 2 (i.e., 2 1iY). 
Any straight line equal to OP and drawn parallel to it in the same 
sense may also represent the complex quantity 2%. 

Let 7 and 6 represent OP and LXOP respectively. Then 
72 =ON° +PN°=2°+y* ; and tan gEEN EY yr, 0=tan- *L; 

ON 2 ) 

Now, the positive square root of 2° +y°, t.¢., + Naty? is 
called the modulus of x+iy (i.e.2). Ib is written as mod 2 or 
as | 2] , also as mod (¢+iy) or] 2+]. 


And 0=tan"* is called the amplitude of 2 and may be 
written as amp Z. 


49. Geometrical representation of addition of complex 


quantities. 
Let the points P and Q (in fig. B ) represent respectively the 
: খা R (ate, b+d) 
0 


Fig... B 

complex quantities aTib and cid. Join OP and OQ and 
complete the parallelogram OPRQ. 

Then the point RB will represent the sum of the two complex 
quantities, 1. €., (ac) + (b+ d). 

Proof. Draw PM, QN and RS perpendiculars to OX and PT 
perpendicular to RS. Let RP produced meet OX at K. 

/ RPT= Z PKM= corresponding Z QON. 
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Now, in ARPT and OQN, L PTR= LQNO (being rt. angles), 


LBPT= LQON and PR= 0Q (opposite sidos of a parallelogram) 
the triangles are congruent. 
ON = PT =MS, and QN= BT; 
08= OM + MS= OM+#-ON= atc, 
and RS=ST+RT=PM+QN=D+ad. 
R represents (a--c)--i(b-+d) which is the sum of atib 
and c+id. 


50. Geometrical representation of Subtraction of complex 
quantities. 


r 


Let P and Q (in fig. C) represent respectively the complex 
quantities. a--ib and c4-id. 


v Q(e,d) 


Fig. C 


Join PQ and complete the parallelogram OPQR. Then the 
point R will represent the difference of aib and c+ id. 


Proof. Draw PM, ON and RS perpendicular to XOX’ and 
PT perpendicular to QN. Let QP produced meet OX at K. 
Now in A°‘POQT and ROS, LQPT= LPKM= £ ROS, 
LQTP= / RSO, and PQ=OR, the A are congruent. 
in the first fig., OS= PT=NM=O0N - OM=c-a, 
and in the second fig., 0S=PT=0M - ON=4-c, but OS 
being negative, 0S = -(a -c)=c- a 
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Again in both the figs., BB= TQ=0QN - PM=d-b. 


'. the point R represents — (a ~c)-+5(d - 6) or (c- a)+(d - b), 
1.6., the difference of a+-ib and c+i1d. 


51. Geometrical representation of multiplication of 
complex numbers. 

In figure D, let OA=1, OP=p;, and LPOA=0, ; 

also OQ=p2 and LAOQ=0:. Let LQOR be drawn equal 
to 6; so that OR= pips. 

Draw PM1LOX. 

Proof. OM=p:; cos6; and 
PM=72,; sin 61, so P representé 
the complex number 

D1 (cos 6; +1 sin 6;). 

Similarly Q represents the 
number p2(cos 02 +i sin 02). 

Now, 0OA=1,O0P=7;,, 0Q =p2 
and LAOR=60, +02. Fig. D 


OA 1 Ps. 00 APS 
OPT BG. TOR and LAOP=0,= LQOBR, 


AAOP and AQOR are similar. 

By drawing 2 perpendicular from R to OX, it canbe shown that R 
represents the complex number D1D2{co8(6, +02) sin (0, +02)}. 
Again, the product of the two complex numbers D1(cos 6,1 8in 0;) 
and palcos 62 +1 sin 02)=D1p2i(cos 0; cos 62 —Bin 01 sin 62) 

+i(sin 01 cos 02+c0s 01 sin6a)} [= -1] 
= p1p2{008(0, +02); sin (61 +02)}. 
It is proved that the pt. BR represents the product of two 
complex numbers. 
(8) Itin fig. D, LAOR=02-01 and OR= 7, it can be 


29 
proved that the pt. R will represent the quotient of the two 


complex numbers p1(cos 61 +4 sin 01) and ps (cos 625 Sin 02). 
- Ele. Math.(X) A—10 
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52. Some properties of complex quantities. 

(1) Tt af ib=0, then a=0, b=0. 

Proof. ‘" atfib=0, «. 4=- ib, 
squaring we have 4° = - b2, or a2 +5° =0. 

Now, a* and 5°, being perfect squares, none is negative and so 
their sum cannot be 0 (zero) unless each of them is 0. 

Hence 4=0, b=0, 

(ID) Tt atFib=c+id, then a=c and b=d. 

Proof. ‘“ utfib=ctHid, “. a-c=-i(b-d). 

(a~-c)*= -(b-d)? [by squaring, and ©‘ $= -1] 
(a-c)*+(0-d)*=0. 

Now, since (a-c)* and (b- d)* being perfect squares, none is 
negative, their sum cannot be zero, unless each of them is zero. 

4-c=0and b-d=0, ‘“. a=cand b=d. 

Note : From the above we find that if two complex 
quantities are equal, then the real and the imaginary parts of the 
One are respectively equal to the real and the imaginary parts of 
the other. 

(IID) The sum and the product of two conjugate complex 
quantities are both real. 

Proof. Let atfib and a-ib be two conjugate complex 
quantities. 

(i) Their sum=a-ib +a -ib=2, which is real. 

(ii) Their product =(a-+-ib)(a ib) =a? - i252 =a* +52, which 
is real. 

[N. B. The difference of two such quantities is however 
imaginary. Thus (a-+ib) - (a ~ ib)= 2b (imaginary)] . 

(IV) The sum or difference of two complex quantities is 
a complex quantity, 

Proof. Let a-ib and cid be the two complex quantities. 

Now, their sum=(a-ib)-H(e4-id)=(a-+c)+(b+d), which is 
& complex quantity. 
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Again, their differonce= (aid) - (ce+id)=(a-o0)+ ib - d), 
Which is 2 complex quantity. 

Corollary : The algebraic sum of several complex quantities 
is a complex quantity. 

Let a+ib, cid, — (z+ iy)...be several complex quantities. 
‘Their sum=(a+ce-2+...)+UbTd- YT ...), Which is in the form 
A-HiB and is therefore a complex quantity. 

(V) The product of two or more complex quantities isa 
complex quantity. 

(i) Let a-ib and c-+id be the quantities. 

Now, (a+ ib)(e-Hid)= ac ibc iad ibd 

Hoa lb ad) = 00 tise ET TL 
=(ace— bd)-Fi(beFad), which being of the form ATiB is 
@ complex quantity. 
(ii) Let a--ib, cid, #4 iy, be three complex quantities. 
Now, (a+ ib)le-+id)(e + iy) = (ac ibe + iad +i bdo + iy) 
= {(ac — bd) + i(be Had) + iy) 
= (ac — bd)e-F lac — bd)y +ilbe-Fad)e-+i*(beFad)y 
=(ac — bd)s-+ilacy — bdy Fbex + ads) — (be ad)y 
= (ac — bds — boy — ady)Filacy = bdy bea adz), which 
is a complex quantity being in the form of AT1B. 

Similarly it can be proved with any number of complex 
quantities. 

(VI) The quotient of two complex quantities is a complex 
quantity. 

Proof. Let a-ib and cid be two complex quantities. 

Now, atid tated [multiplying the numerator and 
the denominator by the conjugate complex quantity of the latter. ] 

- (ac+ bd) + ilbe - ad) 


02-1520? 
_ (ac-+bd)+ilbe— ad) _ act bd boe-ad sys 
ঠন 64+ c+ Ti +a which is of 


the form A+B and s0 & complex quantity. 
[ N. B. It here be= ad, then the quotient will be real ] 
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(VII) Any positive integral power (square, cube, etc.) of a 
complex quantity is a complex quantity, 
Proof. (a+1b)°=0°4+12024+2i0b=(a°-b2)+20bi, which is 
of the form A-FiB and s0 a complex quantity. 
Again, (a+ 10) = 0° + 3016+ 301202 +1808 
=0°430°ib - 3ab° - ib [ "1° = -1 and 18=52,1= -5] 
=(a* - 8ab°)+i(3a*b - b°) which is a complex quantity 
being of the form A+1B. 
Similarly it can be proved that any positive integral power of 
(a+ib) is a complex quantity. 
(VIII) Any root of a complex quantity is a complex quantity. 
Proof. Let the nth root of a--ib be zx. 
OEY! 1 
‘+ Watib=7, or, (aFibn=z, . aT+ib=2". 
If we say % is real, then 2" is real and so a= 2", for real parts 
of each side of the equation are equal. Hence in this case b would 


be zero and therefore a4-4-ib would become a real quantity, which 
is contrary to the hypothesis. 


Hence, % is a complex quantity and so any root of a complex 
quantity is a complex quantity. 


58. Square Root of a Complex Quantity. 


Let the complex quantity be a-+ib. 
As any root of a complex quantity is a complex quantity, let 
Us suppose Jaf ib=2-+iy (where 2, y are real). 
Squaring both sides we have 
aTtib=2° +i°y* +Ii2y= 2° - y+ icy. 
Now, equating the real parts and the imaginary parts of the 
two sides we have 
2° -y*=0...(l).and 2izy=ib, or, 22y =b...(2). 


PSU 
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Again, (5° +y*)° =(2° - y°)* +40°y* =0° +0, 
224+ = Vas fb... . (3) [' o,y arereal “. 2°+y* 
is positive and so the positive sq. root is taken iN 
Adding (3) and (1) we have { 
99°= Va +b Fa, or, a°= Na +b ta SEE 


= Hi Va +b +a) {3 
Again, from (8) — (1) we have 


9y°= Va* +b -a, or, EH Cad et 


y= +{( Va - 0) 


It is evident from (2) that xy must have the same sign as b. 
Hence (i) if b is positive, both x and y will have the same sign 
( both positive or both negative ). 


Then, the reqgd. square root 
= + UB Va FE +o) + Va FE - aj]. 
(ii) If b is negative, x and y will have opposite signs ( one 
positive and the other negative). 
Thon the regd. square root 
= + (HNaT TE +o - dH JF - of]. 


54. Modulus 


The square root of each quantity has two values, equal but 
opposite in sign. 
The positive square root of a +5 (ie., + Va +52) is called 
the modulus of a-Fib. It is briefly written as mod (a+b). 
Thus, mod (a+ib)= VO): FO): = Vas +05, 
) mod (12+5)= + V12°+ 5° = 13. 
mod (2-iy)= JOFFE = VE TI. 
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55. Some properties of the Modulus 


1. The modulus of the product of two complex numbers is 
equal to the product of their moduli. 
Proof. Letatfib and cid be two complex quantities. 
Their moduli are Va2-+b5% and Nc#-+d? respectively. 
the product of the moduli= Vax e#+ad. 
Again, the product of the complex quantities 
=(a+1b) x (c+ 1d) = act i(be+F ad) +i bd 
= (ac — bd) + i(be Fad) 
the modulus of the product = (ac = bd)* +(be-Fad)* 
= JGFE XGA = VaR X JE. 
mod (a+ibNce+id)= mod (a+b) x mod (e+ 1d). 
Hence the proposition is proved. 
2. The modulus of the quotent of two complex quantities is: 
the quotient of their moduli. 
Proof. Let a+b and c+id be two complex quantities. 
Their moduli are Va* +52 and Vcd? respectively. 
Ne +d 
Again, the quotient of the two complex quantities 


_atib_ (a+ib)lc- id) 
ceFid (cHid)(c-id) 


= (act bd) +ilbe — ad)_actbd be - ad 
ce +a? c+ a? c*+d* 


2 ৰি 2 
the modulus of the quotient = হং (E Eh H& +) } 


the quotient of the two moduli= 
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ac +242 +6202 Had? (a2 4+b°)(c* +4) 
i Ee a Se EN oC Eo 
=A Sl Nas +03 
c+ Vai a 
od (Ee _ mod (aid) 


cFidl mod (e+id)' 
Hence, the proposition is proved. 


3. A complex number and its conjugate have the same 
modulus. 

Let %4+iy and x — iy be two conjugate complex quantities. 

Now, mod (5+ 1)= VG): +0)" = Ne +y%, 

and mod (e-iy)= VOY = No: ty". 

Hence, the proposition is proved. 

[N. BB. Here, (2+ iy)le - iy) = 224+ y*. Hence the modulus 
of any one of two conjugate complex quantities is equal to the 
positive square root of their product. ] 

56. Cube roots of unity (i.e, 1 Js [ N. B. Fre-U. "64 ] 

Let YI1=s 
22=1, or, 28-1=0, oF, (%- 1Ne° +s+1=0. 
Sither 0 = L000, OF 224+ 04+ 1=0...(02). 
Now, from (1) we have %=1. 


EB EET SU EEE 
2.1 ARLE) 

the cube roots of 1=1, 3(- 1+ N=3B) and #(-1- V3). 

[ Of the three cube roots of 1, one is real and the other two 


Again, from (2) we have = 


are imaginary. ] 
57. Some properties of the cube roots of unity. 
I. The sum of the three cube roots of unity is zero. 
Proof. The sunm=1+#-1+ V/- 3) 17 AN -8) 
=1+H-1It V-8-1- N-3) 
=14+3 Xx(-2)=1-1=0. 
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IL. Of the two imaginary cube roots of 1, each is the 
Square of the other. 

Proof. 3(-1+NV/-3) and 3 (-1- N=3), are the two 
imaginary cube roots of 1.- 


Now, {3(-1+ V-8)=#1-8-2 V5) 


=(-29-2/-3=H-1- N- 3). 
Again, {#(-1- V/=3)}*=#(1- 342 V-3) 


=£(-24+2 NV -3)=#(-1+ V-3). 

** Each imaginary cube root Of 1 is the square of the other. 

Il. The product of the two imaginary cube roots of 
unity is unity, 

Proof. {#(-1+ V/-BHA-1- V-38)} 

AUN)" }=HITI=ILL=L. 

LN. B.'' the product of the two imaginary cube roots of 1 
isl. .'. each isthe reciprocal of the other. ] 

The three cube roots of unity are gonerally represented by 
1, 0, o°, of which the first is real but © and w° are imaginary. 
As each imaginary cube root is the square of the other, so if one 
is denoted by w, the other is w°. 

Thus, from the above Properties, we have ( by these symbols ) 
() 1+0-0=0 and (i) L.u8=1, or, u8=1. 

Otherwise: (i)" ‘wis one of the roots of the equation 
2° +5+1=0, '. this root will Satisty the equn., .'. o2 ++ 1=0. 

[ Cor: v+u2=-1 ] 

(li) ‘ois also a root of the equation x8 - 1=0, 

‘. this root satisfies the equation. 
0° -1=0, or," o8=1; 1,6., 0.02 =1. 

[N. B. Any number has three cube roots, of which one is 
real (this is the arithmetical cube root) and the other two 
imaginary. To find the cube roots of any number, first find out 
its arithmetical cube root and then multiply it by 1, w and o£. ] 
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58. Powers.of 
Any positive integral power of w is equal to 1 or « or 0°, 
We have w° =1. 


w4=U3 w="; 08 =U8.02 =U; ut =(3)°=(1)°=1; 


/ 


WT =U W=Y; w8 = w6 Ww? = v2 ; etc. 

Generally, let n be any positive integer. 

Tf n= 3m ( m being an integer ), 

then 9? =v3m=— (08)"= (1)"=1 

if n=3m+1, then on=v3mt 1 = uma. UW=Y; 

itn= me then of =uw8mt? =usm,.u2 = 1.02 El 

Hence, o"=1, w or w° according aS n leaves the remainders 
0, 1 or 2, when divided by 8. 

Similarly it can be proved that any negative integral power of 
wis equal to 1, w or of. 


Examples (15) 
Ex. 1. Find the product of 8 /-2+4V/-38 
and 5V/-2-20V-3. 
VNE3= VIX I= V2X V-1= Vi, and V-8= V3. 
Now, (8 /=3+4V/-8)(6 V-2-2V-3) 
=(8 (24+ 4 V35)(5 V2 - 2 81) 
=i(8 /24+4 V8) Xi(5 /2- 2 V3) 
=1°(8 V2X5 V2+4 VBX 5B V/2-3 /2X2/8- 4 V/8X2V3) 
= - 1(8304+20 V/6- yA - 24)= -(6+14,6). 


Ex. 2. Express 7 with a rational denominator. 


eo 
1 LL IXORHIB) LAH 
LEBLANC OFC: 
_4FiV8_4T+ V5; 
ETE rE 
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2/=5+3/=3 
URE UE 


denominator, 


2V/-BF+8 V3 2 U/H+8 V8; (2 V/54+3V38) 


2/3 VIB ANB - 89/2/60 -3V8) 


Ex. 83. Express with a rational 


=(2/5+38/3)_ (2/5438): 
2/5=3V/8 (2/5) -(83V)3): 


L4IH19 VIB _ _47+19 VIB 
-7 Jury 


Ex. 4. Simplify atiy ja-iy, 
2-1y Fy 
Ni (s5+iy)* +o - iy)? 92° -y2) 
‘The given EEE (SEE EE ~ লালা লু 


Ex. 5. Simplify (@+)° _(a-i)* 
0-1 ati 


The given exp. =e ee 
=(ati- a+ a-ti)s +(a+5a- +a - 2 


(a): - (6)? ই 


= 280° - 1) _ (602 - 9) 
a* +1 ae+1 


Ex: 6:0 HEEL 2 in the form of A+B. 


4+35_ (443589) _ 19-498; +652 =12+17-6 


Camm mnt mimmnm 


3-2; (8-25)(8+2) (8): (2) 944 


6 ] y rR 
= EERE Which is in the form of A+;B. 
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Ex. 7. Find the square root of 16 - 301. [P. U. '36] 
Let V16-830=%4+%. 
Squaring both sides we have 16 - 30i=%° -y* +2i0y 

2° -Yy* =16...... (1) and 22y = — 30...... (2). 

(02 +y2)* = (22 - 9°)? + (209)? =(16)° +(- 80)° 


=1156=(34)° 
2° -+y* =84......(8) 
Adding (Shand (1) we have 2° =2%5, +. 2= +5. 
Subtracting (1) from (83) we have y°=9 ‘. Y= +8. 


Yy is negative here, ‘. 2 and y will have opposite Signs. 
If 2=5, then y= 3, ond if 5= - 5, then y =8. 
the reqd. square root=5-— 31 and — B+3i= £(5- 31). 

[ N. B. This is the general method of finding out such square 
r00t8. In some cases the square root can easily be found by 
inspection.] 

Ex: 8. Extract the‘-square root of 9(21; - 20). [P. U. '45] 

9(21; — 20) =42i - 40=2.3.7i4+9 - 49 

=2.38.7i+(3)+(7)2, [ (75)° =49;°= - 49] 
=(3-+7i)*, .', The required sq. root = £(34+7i). 

Ex. 9. Find the square root of 1. $ 

‘+ 453 XA=#1+2- 1)=#(014+2i452)= #1), 


i= + TT. 
Ex. 10. Extract the square root of #(-1+ V-3). 
[0. U. '24] 
K-14 ED ERNE 
_-8+1+2 NEBL BED 
4 4 


The regd. square root = Et er £5 NV-37+1). 
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Ex. 11. Find the square root of +117. 


PEO Gre = NVI 72 
2 


Ut) (0-2)+2% V0 +0) 5) 
2 


2 A Vi-a)* 


The reqd. square root = 20 VNIF2tHiVl-5)- 


(1+0):+0-0)° _ 
Ex. 12. Show that (FC =0. 
Here, the numerator = 141° + 24+ 1412 - 91 
=2+9i:=2-2=0 


0 j 

'T ‘, = ———— - — =". 

he given exp GEG 0 
Ex. 18. Show that a real value of x will satisfy the equation 
Feed =0-ib, if a* +b: =1. [B.U.E. '64; 0. U. 88] 


[Sn 


-12=at+ ani -ib-i*br 
=0+ari-ibt+be ['" -%*=1], 
or, betaxitiz=1l-atfib, or, x{b+(a+1)=(1-a)t+id, 
=(1-a)tib 
LEACES 
We have y= {Lz a)+ib}b - (a+ 15} _ 290+ (a2 +52 - 1) 
A SO SOILS DEO Ds 
Now, we find that if a* +52 -1=0, i.e, if a +0 =1, 
then i(a* +52 — 1) will be zero and so the value of x will be 
20 el) b |: S 
SFG tI 0 aa43 0 A and this value is real. 
Thus it is proved that a real value of x will satisfy the given 
equation, if a* +b =1. 


Now, by rationalising the denominator 


s 
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Ex. 14. Find the modulus of 12+51. 

Here, mod (12+5i) = VI2:752= V109=18. 

Ex. 15. Find the modulus of (3+45)(54+ 125). 

Here, mod (34+45)(54+ 121) = mod (34+41) x mod (54-125) 
= VTLS X BFF I2:= NIB X VI6I=5X189=65. 

24+ 

3-4" 

me nea YB i AR 


Ex. 16. Find the modulus of 


N20 5 


Ex. 17. Find the cube roots of — LL 
Let, = V1, then °= - 1. 
2°+1=0,. or, (5+1U(0* -27+1)=0, 


either, +1=0.. a 
Or, 2 2 2+1=0...... (2) 


Now, from (1) we have c+1=0, /. 2= -1. 
Again, from (2), » 22 -%+1=0, 
LET V3). 


2= 


the reqd. Cs roots= - 1, HI+ NV - sl and H1- V/-3). 
Ex. 18. Tt mtn gy iy, show that Lo mM iy, 
pTig নং 
min 


(m+ inp - etd LL 
pig ) 


Fiano =n) 
or ET 7 Ey: 


Diy, 


0%: mp ng +; pm bo 2 at HU 


p+ 0° 
=p, yo 
pt 2+ 
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Now, "7 in_(m-in)pig)_ (mpt-ng)- inp - ma) 
' p-ig @-idbtFig) hk? 
mp+ Np ~- mg _ j 
WE y nT" Eng 
Ex, 19. Resolve into factors a2 +0202 - ab - bc — ca, 
[0.U.'30] 


The given expression 
=9° +b 0° +008 Lado) + blot +0) + calor) 
[ESRF t =1, vu? = ~1, 1=v8 w=vt 
and o°+w0°=w0+0°=-1] 
=(a* Tabw’ Faco)+ (bw Labo bow) (6203 + bow* + caw?) 
=ala+ bw? +cw) + bol boy? TFa+co) + co (cof bw? +a) 
=(a+ bw? +eo)la+ bw cw). 
Ex. 20. Prove that (1- o)(1- 0°)(1 - o4)(1 - w8) =9. 
[P. U. ’89, '46] 
The L. EH. §.=(1- ofl - o°)(1 - w.0°)(1 — 2,08) 
=(1- of1 - o2)(1 — oX(1 — 2) 
E50 8=1 And w° =(1): =1 ] 
=1{(1 - o)f(1 - 0°)} =(1 - 0 — wf +08) 
=(1- 0+ 1+ 0+ 08) 
LY IFofor=0, 2. 1+u=-ut ] 
=(2+08):=(9+1)%=9 [° o8=1]. 
Ex. 21. Show that (oa 02 b(n 0-00) = a2 -ab+-b2, 
[C. U. 29] 
(oa +a bata Lob) = 0302 + oad -+- tad Lod? 
=9° + (0° +o*)ab + vs Eels ed Sl 
= +o +o3.0)ab + p2 
=a +(0* +o)ab +52 
=0* -abfb? [us ++ 1=0, ut fo=-1] 
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Ex. 22. Prove that (1+o0- o2)8 - (1 - o+0°)8=0. 
1-+o-+un=0," , 1+0= -ot and 1+0:= 0, 
Now, the L. H. S.=(- 2 -u2)8 _(-— uw -—u)8 
=(- 290°) -(- 20) = - 808.+80° = - 8(0°)° +8 
= -8+8 [*" w8=11]=0. 
Ex. 28. Tfte=3(-1- N-3), find the value of 
(1- o+0°)(1- 02 +041 - o*+08)(1- o° +o:6). [P.U, '40] 
From the given condition we have o*=3(- 1+ V-3). 
I+Fo+0:=0, . 105-0, 1+ = -0, 
Again, w8=1, ut = v8 w= Y, we = (08)? 2 = 2, 
and 016 = u15 w= (u8)5.0=(1)5.0=0, 
Now, the given exp. =(1 — 0+92)(1 — uo? + u)(1 — 0+ 0°)(1 — wo? +u) 
=(- 90) - 908)(- 20) — 202) 
= 160° =16(0°)* =16 x =16. 
Ex. 24. If 2=at+b, y=atbo, z2=at+bo°, show that 
28+ y8 +28 = 8(08 4-58). [P.'U. 43] 
28 -+y8-+-28= (a +05): +(a+ bo) + (a+ bo*)8 
= 08 +58 +3abla+b)-+a° +5308 + 3abwla-+ bo) 
+a +808 + 3abw* (a+ bw?) 
=a +03 +03 +b3 +0340 + 3abla+b-+Haw+ bo +aw* + bot) 
[' u8=1 and v8 =1] 
=8(a8 +0) + 8ab{a(1+ 0 -+0°)} +51 ++ 0° )} 
=8(a84+58) [I++ 0t=0 J. 


Exercise 12 
Multiply :— 
1. 29N=-3+3NV/-2by 5V-3-20V-2. 
2. 4N-5-29V/-Tby 5N-5-8N-7. 
8. 29V-3+5V-Tbhy 4V/-6-3N-2 
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Express with a rational denominator :— | 


4. CU Tee 5. 8+ N-5 
BH UES 2- V5 
2-71. 2475 7. ety _2-y 

' 84+5i 8-5i ‘ ge-iy 2T+iy 

+e 205d _ 90 - ib 

8. Simplify afb a2 


Express the following in the form of A+H1B :— 


9. 2439 10. +9 11. 2-0) UU.) 


3-2; ye 9-35 
12. I 18. (24+:)(345) 


14. (245)(8+25)(4- 75) 


Find the square roots of :— 


15. 44+6N-5. 16: TEN =2, [P. U. '48] 
17. -11-60V/-1 [P.U.'44] 18. 7-94; 

19. -7-24i [P.U.'39] 20. -;i 

21. 915;-8). 22. RILEY 

29, 1 SSE OL 24. 402 -y*+40yi 


8-195 
25, Bai Vai Tail. 26. a+ -4(a-2)-6 


27. Simplity (2+3 /=5)*+(2-3/=5): IP. U.'59] 
Show that :— 
28. Vi- J E159, 7, 20. Ea = 


30. (9+5)-+(0-0-°= 1%. 
#0 - =e =1. 
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k lS pe ik 
82. (19+5V/=22)-++(19-5i /2D)3=10. 
33. Find the value of {#(-1+ V-3)}*5 
+{H-1- /-3)¥*5, 
84. Find the value of (6-125) 4-4+(5- 195) 3, 
Find the moduli of the following :— 


35. 44385 86. 12-5; 87. (8-45)(124+55) 
a8. 2015 +90 - 8) 
124+55 (34-5)(24+395) 
Resolve into factors :— 
40. 284+y°. 41. a3+b8+c2 - 3abc. 42, 22+1, 


438. 2° -o0yH+y°. 
44. Show that x2-+y*-+2°-2y-y2-2% is the product of 
two imaginary factors. (G10: 30) 
45. Find the fourth roots of unity. 
Prove that :— 
46... (149 - 0°)(1 — 0+ 0°) =4., 
47. (1+0-u2)8+(1-00°):= - 16, 
48. (1-00)s+(1+0- 02)5=82. 
awt+b+l 
TAG Re 
50. It a=24+3;5 and b=2-8i, find the value ot 
a2 Fab 0°. 
51. Express (14-a2)(14-5°)(14-0*) as the sum of two 
squares. 
52. If = -24+ NV-3, find the value of 
24+ 8084+ 242° +8254 17. 
53. If a=241, show that a* +40 - 180° +4a-+45= 0. 
54, If Vo—-iy=0- 1b, show that NaF iy =atid. 


55. Prove that et Et fa BT Ey LEB 


a multiple of 3, and= -1if n be any other integer. [P. U.] 
Ele. Math (X) A—I11l 


SIMULTANEOUS EQUATIONS 


(Two unknowns—One linear and the other quadratic) 


59. In solving such equations, the method generally followed 
is to express one of the unknown quantities ( % or y ) in terms of 
the other from the given linear equation. In some cases the 
solution is obtained by special artifices. 


Examples (16) 


Ex. 16. Solve shel, Eo (1) 

2Yy= 3 
From (1) we have 2=2+y. 
Putting this value of in (2) we have (y4+-2)y= 3, ; 
or, Y*+2%-83=0, or, (y+38)y -1)=0, . y=l or -3. 
Now, it y=1, from (1) we have #- 1=9, . 2=3; 

~ Again, if y= - 8, from (1) we have £+3=2, ‘. = -1. 
Hence the solution is += 83 } = 1 } 
Y=1 k 


[ N. B.: By the above method all such equations may be 
Solved. The value of either zx or Y ( according to convenience) 
from the linear equation is substituted in the other equation. 
In writing the answer the corresponding values of x and Y should 
be grouped together.] 


[ Other method] (x+y)? =(s - y)* +42y=(2)* 4-4 x 3=16, 


“. 2T+Y= £4. 
Now, 2+y/= ৰ 
L-Y= 2 


(Adding) 2% 0, 0-8. Honce Y=4-3=1. 
Again, Leg 
CTY= 2 
(Adding) 3% = =9, , “2= =1. - Honce Y= -44+1=-3. 
'*  2=8,Yy=1; orf = -1, Y= - 8. 
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Ex. 2. Solve 2+yY=7...(1), 224+ 2y=17...(2). 
From (1) we have y=" - 2...(8). 
Putting this value of y in (2) we get 2° +2(7 -2)=17, 
or, 2°-2%-3=0, or, (s-3)(2+1)=0, 
= 30 OF 


Now, if 2=3, from (8) we have y=7- 8=4 ; 


and if %= I , 1 ) 19 y=1+15=8. 
the solution is EE } or VE দঃ }- 


Ex. 3. Solve x+Y=7 } 5 (1) 
2° +y* =25 


2+Y=7, “. 2=7-9...(8) 
Putting 7—Y for x in (2) we get (7- y)* +Y* =25, 
or, 49-14y+29*=25, or, 92 - 14y +24 =0, 
or, Y*-T+12=0, or, Y-3)y ~4)=0; «. y=3 04. 
If y=3, then from (83) we have £=7-8=4; 
And iy = 4 gt ী 2=7-4=3. 


The solution is A: or EL } 
Ex. 4. Solve ao Er HY [0. U.'15] 
From (2) we have y=% - 1...(8) 

From (1) 2°+o(%-1)=15, or, 25° -2-l15=0, 

or, (%-8)(2%+5)=0, “. 2538, -{. 
If 2=3, from (3) we have y=3-1=2; 


and if = -%, 19 1 Y= -#-1=-7. 


ক 8 
the solution is ক } or 5 | 
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Ex. 5, Solve Fu tr it (1) | 
2+ Y=9...... (92) 


From (1), we have Y= =্বু। SAE 24+-Y=9], 


[0. U. '86] 


ee 2Y=18., 

(e-y)° =(0+y): -40y=81-72=9, . 0-Y= £3. 
Now, x+y=9 
2-Y=3 

(Adding) 20 =19, ., 2=6, “. “trom (2), y=9-6=3. 

Again, »+y=9 1 

en TEEPE 2=3, 


Y 
the solution i is, Ee } or ae } 


or, ET ['" a+y=10], or, 5 V/zy=20, 


or, Nxy=4. .. 2y=16, 

Or, a(l0-0)=16 [** (y=10- 9 trom (2) ] 

or, 10%-2%°=16, or, 2°-1054+16=0, 

or, (x-2)%-8)=0, Vd = 2 008; 

Now, (2), y=8 when %=2 and y= 2 when 2= 8. 
The solution is 2=2, y=8 ; or 2=8, y=2. 


Ex, 7, as*+by*=a+0......(1) ERS ; 
A (3)}  [B.U.E.'63;0.U.'29] 


BLY >= IEEE Y= 1 = pins (3) 
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Now, putting 1- % for y in (1) we have 
az* +l -o0)°=atb, or, az*+b-2%2+b2* -a-b=0, 
or, (a+Db)z* - 2bz- a=0, 

_ 20+ V/4b° +4alatd) bt Vb taf tab. 


9(a42) a+b 
3 Ce EL Jas bab _ oF Na* +0: Tod, 
Hid To GEG TT SEO BILE 
Ex, 8. Solve e-+y=a+2, £4+2=9. [C.U.'41] 
2+Yy=atb, “. Yy=atb-z; putting this value of yin 
the second equation we have 9 b =2, 
PH oN 
aE Eel 
Or, 0 Sp EL 1 0, 


st (a- a(;- EC a 


0- = 0...(1), 0,2 - 5-5 01:(2) 
0 


দন t 
From (1), =u, hence y =at+b -2=4t+b- a4=b. 


lt or EE 
Ee ‘yp at+b-o' 


or, e=atb-e2, or, W=atb, 2=#at+d), : 
and , y=(a+b)-=(a-0)- #a+b)=#at+b). 


From (2), 1_ 
fl 


Hence, the solution is 2=4 PN 
TE } or, 2=Y= Hat). 
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Ex. 9. Solve 25 +0 =1.. (1), 7 7=L...(9). [C.U. '25] 


2%) +63 an) 


(£42) +0: =21 [ From (1) ana (2)] 
A) 


3 
or, (24%) =], A ASE 5 | 
QD 
Now, £4+1=1 ) Adding, 29, 4=0, 
0 
2_y=1 Subtracting, YW =0, . y=0. 
a b b 
ACD EEL LO) AINE = 0 AE 950, 
Gb 7 
Y= Subtracting, WU St M0, 
a b |) 
The solution is 2, 2=0 | 
y=0. bs Y= = b) 
2 
Ex. 10. Solve EE =9,:+8,=9. [C.U. '10] 
sy 


(rl) =slin 170) 


2 
(2) Hg ~- ‘) =2X2 [from the given equations.] 


oy (¢- 0) থয | 9_b_0 
‘No y i; AE Nd 
Now, tyes Adding, Z2=9, /. a= 
% 
a_b= Subtracting, Lt VY =b. 
 Yy v 


The solution is z= a, y= b. 


= hms LEG 
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EC 
Ex. 11. Solve 2+ =2...0) [C.U. 1879] 


8 
YH -2...(2) 
From (1) we have wy +8= 2y...(8) 
From (2) we have 2y+8= - 29...(4) 
From (3) and (4) we have 2y = - 2%,, or y= — 2%...(5) 


Now putting — z for y in (1) we have 2+ =, 


or, 2°-3=2%, 0r, 2° -2%-3=0, 
or, (5-3)(6+1)=0, ‘“. 2=3 or -l. 
Tf = 38, then from (5) we bave y= - 8, 
and if 2= - 1, from (5) we have y= 1. 

the solution is 2=8 } OES) H. 


Y= -8 Y= 
Ex. 12. Solve %-+-y=8...(1), 22° - 52y+2y* =0...(2). 
[C.U. '20] 
From (2) we have 2%2 — 40y — y+ 29* =0, 
or, (2%-y)e-29)=0, ‘. 2% -Y=0 or, %-2y=0. 
Now, - EE} Adding BE=3 LLG, 
9% -—-y=0 Y=83-1= Y 
Again, at er Subtracting, 8Yy = 3, 
2-2 =0 ‘.  Y=1, hence 2=2. 
The solution is %= 5} o a} 
Y=2 Y=L: 


Ex, 18. Solve ay+-a+y=21...(), 2+, =). 
[0.U. '89] 
From (2) we have য়, or, Ae+y)= 2. 
Now from (1) we have ETDS TE or, 8(%4+Y)= 
2+Y=9. ‘“. /4+9=27 [from (1, xy = 18. 
(0-9): =(024+y)2 -40y=81-72=9, . 0-Y= 23. 
Now, solving 2--y=9 and %- y= +83 we have 


52) = 12 
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Ex. 14. Solve Tet) 
t+Y=at+b £9) 
From (2) we have (z4+a)-+(y+0)= 2(a+0)...(3) 
[ Adding a--b to both sides ] 
Let, ++ a= and y+0= 74, 50 from (3) and (1) we have 
b-Fq= Na+) and po=c°. 
‘. (p-9)*=@+0)* - 4pg= 40+)? - 402 =4{(a+ D0)? - 02} 
2-9= £2 V(a+b)* -0? 
NOW 0S SOE MEL vedas (4) 
Dato cia (5) 
Adding (4) and (5), we have 2p=%a-+-b+ V/ (a4 5) 3] 
D=0t bE a+b) —c2 | 
o+a=a+bEt VaF: cf, .  2=bt Vat) - cs. 
Again, subtracting (5) from (4) we have | 
20=%a+ 54+ VG+)* - 3} | 
=a Vla+D: oF | 
YTL=aF+LF Na+)? — o2 | 
y=a= JG =. 
e=b+ JaFD =, y= GF. 


[C.U. '30] 


te CURIE 
Ex, 15, Solve 5% - 2y=0...... (1), EE az ) 
[C. U. '50] 
tL AE NS, 2 4° 
From (1) we have 52=2y, “. ণ' =5 
8 5b _1l Ib TE 
Fr 3 == বু 
om (2), we SET 7: 20° Or, 1/575 90 
25 
6511 2 2 50X20_o: 
or, 20° Or, 44y°=55x20, or, y ছা 25, 


*. Y=5. Hence, s=Y =x LE 
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Ex. 16. Solve 2+y=5...... (1) #2 +y*=82y...... (2). 
BOUTEATN 
2+Y=5, “. °+y*+20y=25 ( squaring ), 
or, 8%y+20y=25 [° s2+y*=82y] 
or, 102%y=25, or, 2/y=8. 
(%-Yy)*=(%4+Yy)* -40y=5° -4X3=15, 
2-Y= 2 NVI5......(8) 
Now adding (1) and (8) we get 2%= 5 VIB, 
তা 2= HIE NIB) 
and taking (3) from (1) we have 2y=57 VI5, 
J=I(53# VIB). 


ay b=90......(09). (0. U. 39] 
LD 


From (1) we get (a-4-b)y =(a+b) — (a — b)o...... (3) 
From (2) we get bz--ay=20%y, multiplying both sides by 
(a+b) we have b(a--b)x--ala-+b)y = 20a b)cy, 
or, ba--b)sai(ab) - (a - b)z}= 20a) — (a — bate 
[ putting the value of (a--b)y from (3)], 
or, abz+b:2-+ala+Dd)-a*at+abr 
= 9022+ 2ab2 — 20a — b)o*, 

or. 24a -—b)z°-+(b? - 3a*)e+alab)=0 [transposing J 
or, 2ala-—b)z* - (a? -b?)s -— 200+ ala+Db)=0, 
or, (a - b)s{2az - (a+b)} — af{2az — (a+5)}=0, 
or, {20% - (a+b) -b)s - a}=0, 

Either, 20% — (a45)=0, or, (a-b)s-a=0, 


=Qtb EO 
EYES 


ETT then from (3) we have 


br) 


a=-boatb 4-b_atb 
0 UE OGE EET CSOT, 
2 ut+b PE 
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If = then from (3) we have 


E14 Wor br FOULED rd Lb 
Ys FEE AAT : aut+b at+b' 

Ah od 0 GR 
| nS Sa 9a , OF, EYE and Y a+ 


Ex. 18. Solve 2"=y2......(1) 
Uy tpt (2) [B. U.E.'63,0C. U. '41, ’45] 


From (2) we have (y*)" =%*. Now, from (1) 2*=y°, 


2 
or, (2%)!=(y2)", or, (0)! =2t, . y°=4, ‘. Yy=1£2. 
If y=2, from (1) we have %°=22, ‘. »= +2. 
Tf y= -2, from (1) we have (2) * =(- 2)" =4, 


5}: 
Or, 7% Or, 2°=£, =. 


Hence %= +2 and y=2, or, 25= £53 and y= -2. 
Ex. 19. Solve %*=Y°...(1), = 2y...(2). [C. U. 85] 
W=70, . (9y)"=2"=y°=Yy=(y), 
Y*=2y, or, y°*-2/y=0, or, y@-2)=0, “. y=0,0. 
Tt y =0, then from (2) we have = 0, 
TERESI LOIN MET HB OEE 9=4; 
++ the solution is 2=0, y=0 ; or, %=4, y =2. 
Ex. 20. Solve 8.2°%=4"...(1), 9°.3°v= 3h,..(2). [C. U, '49] 
From (1) we get 298 Xx 9*v=92v, or, 28+v=92, 
8-+2y=2y---(9) 


From (2) we have 8.95 = = 8", or, 82°%+*29= 39-8; 


95+ 2y= - 8...(4). 
From (8) - (4) we get 3 - 2%= 2-3, or, -%=%...(5) 
Now, putting -z for y in (3) we have 3- %°= - 29%, 


or, 2°-22-3=0, or, (5-3)24+1)=0, .. 253, -1. 
If = 3, from (5) we get y= - 83. 
It BE | 1 39 1) 19 Y=1. 


the solution is os i $§ } I }- 
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Ex. 21. Solve %°+y°£=9...(1), 4+y=3...(2). [C. U. °16] 
28+y°=9, ‘. (z+y)°-32y(5+y/)=9, 
or, (8)8-8%2y.8=9, or, 27-92/y=9, .. 2y=2. 
(s-y) =e ty)? ~ day =(9)° - 4X 29=1, 
ee 2~-Y=£1...(3) 
Now, from (2) and (3) we have, 
2+y=8 2+Y= 
থৰ VEG 0 I: 
From(a), 2=2, y= 1, and from (b), 2=1, y=2, 
0: GD E22 2=1 
The solution is TE } Or, = }- 
Ex. 22. Solve 2.4% =198...(1) and 92*v=27...(9), 
From (1) we have 23%.92v =9%, or, 28%+2V= 9%, 


. 30+ 2y = TAB) 
From (2) we have (3)°°+2v= 3821, ', . 82y = 20+2y...(4). 
Now, from (3) we have 2y =7- 872, . v= 2...6). 
from (4), we have 3% x= 2924+H(7- 32)=7-75 


or, 21l%-9%=14- 09%, 
Or, 92° -93%+14=0, or, 9% -1l45-9%+14=0, 
or, (2-1)(9%-14)=0, “. 2=1 or 4, 
from (5) we have y=2 or #. 
Hence, the solution i w= ns 
p On 1 EEE; 
v=2 Y= 
Exercise 13 
Solve :— 
1. 24+y=12,2y= 35. 2. 2+y=7,2+y/*= 
8. 2+Y/=5, 2° 4+2y=13. 


4 GUE [0, U. '37] 
5. 2°4+y*=1,80+4y/=5. [C. U, '22] 
6. 2°+2y=28,2-Y=1. ৰ 

7. Nt V/y=2, 0+y=8. [M. U. 1890] 


8. 2°+y*=a0,2+2=1. 
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9. 


10. 


11: 


12. 
14. 
15. 


16. 


7. 
18. 


20. 


21. 
29.: 


28. 
24. 
25. 
26. 


27. 


28. 
29. 
80. 


81. 
382. 


388. 


V+ I 2+Yy=10. 
y % 


at$=1, +£=%5. 


10-114 
Fr Mag EY 


83% - y=8, y* - 85=9. 18. 
90° + 30y + 4y* =24, 2+ 3y =. 
=4, Y*= 22, 


LBod 
ih Uy = 8: 
85=91%, 54*+1= 950%, 
EE (97)°* = 


CVG 24+Y=12. 
yz 
28 -y*=218, 5 -Y=2. 


22 -+Yy* =14, cy = 35. 

y 6 

Gi FALL 

5x 2y, 3 J 30 
stg 1 
SG 2 t+ 3° 
ys 2,55 
SEES 0 
rN RA oat TRE 
VG y= 

= EE Le fes 
2-+Yy =a, PE HE 


ax* +by*=a+b, s+Y =1. 

2+y+2y=27, += 
cy 

2+Yy- 


(2 - ally - b) 4 


LEE 
8 a b 


(e+) +e - J) = 80 - y2)s, 9% - 3y =4. 


EOP 19. 


Nay =, 2° +y* +2y= 133. 


[C. U. 47] 


[C. U. '40, HE. 8. '63] 


2° +y* =41, 2y = 20. 


[C. U. '16] 
[C. U. '48] 


[C. U. '48] 
[C. U. '46] 


2°4+y*=05, 2+2% =1. 


[0. U..'19] 
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[C. U. ,50} 
[0. U. '52] 
[0. U. '538} 
[U.P. B. '47} 
[UPB] 


[C. U. '29} 
[P. U. '49] 


[0. U. '51] 
[C. U. 34] 


[(C.U. 42) 


nnn Adnan ttt aitmma AEE GOULEE a 


LEO 


ox he 
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CHAPTER III 


4 


TRIGONOMETRY Caicuratl 


EEO gy 


ANGLES OF ANY MAGNITUDE 


You know that the angles in Geometry are always positive 
and are confined in magnitude between 0° and 360°. But in 
Trigonometry the angles may be of any magnitude, both positive 
and negative. 


1. Positive angles. | 

Let the st. lines XOX’ and YOY' intersect at right angles 
at 0. Suppose the st. line OP revolves in the anti-clockwise 
direction about the point 0, 
Starting from its original 
position on OX. When it 
occupies the position OP, 
the angle POP, or XOP; 
traced out by it is acute and 
positive. If it revolves 
further and comes to the 
position OP, the angle 
XOP will be a positive 
obtuse angle. ‘Thus in 
course of its revolution, Fig. 1 
when it gradually occupies the positions OPs and OP, it 
forms respectively the positive reflex angle XOPs and the 
ZXOP, which is positive and greater than" 3 but less than 
4 right angles. When OP makes a complete revolution, it 
will coincide with its original position OX and meke an angle 
equal to four right angles (360°). 

Now, if after ‘one complete revolution, it again moves in 
the same direction and cones to the position OO, it evidently 
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describes an angle which is positive and greater than four 
right angles. 

Tence we find that OP may make any number of complete 
revolutions through the original position and make angles of any 
magnitude. 

The point 0 is called the origin, OX the initial position and 
OP is called the generating line or radius vector. 

The angles traced out by the radius vector revolving in the 
anti-clockwise direction are considered to be positive. 

2, Negative Angles. 

If in Fig. 1, the Bf line OP revolves in the clockwise 
direction about 0, starting from its initial position OX, and 
comes to the position 00Q;, the angle X00; formed by it is @ 
negative acute angle. In revolving further in that direction, 
ib will describe negative angles of any magnitude. 

8. Quadrant: It two straight lines XOX' and YoY’ 
intersect at right angles at O, the plane of the paper is divided 
into four quadrants. Infig. 1, XOY, YOX', X'OY’ and Y'0X 

~ are respectively the first, the second, the third and the fourth 
quadrant, 

(i) Thus if the angles be positive and it their magnitudes 
be between 

0° and 90°, they must be in the first quadrant, 
00°: BOS LLL “ait Sebond quadrant, 

BBO NIGTONG Sy sn 5 » third quadrant, 

270°), 860°,. "54 yn» 5 fourth quadrant. 


(ii) Tt the angles be negative and if their magnitudes be 
bet ween 
0° and — 90°, they must lie in the fourth quadrant, 
L000 + EBON eB 0s third quadrant, 
ERT SOS SHE ARO i, LR SOT BTN E second quadrant, 
a0) ALE BBO G0 TIES 0 GF first quadrant. 


TRIGONOMETRY 8 


If an angle be 750°, then it is evident that the revolving line 
OP after making two complete revolutions in the anti-clockwise 
direction from its original position OX has traced out 30° more 
in the same direction, for 750°= 360°X24-30°. Hence OPis in 
the first quadrant. 

Again, if the angle be — 1235°, then the revolving line OP 
will lie in the third quadrant. ‘"  -1935°= - 360°X8- 155°, 

OP starting from OX has made 3 complete revolutions 
in the clockwise direction and traced out 155° more 
(i.e., 155°) in the same negative direction. Hence it isin 
the third quadrant. 


4. Signs of the Trigonometrical ratios. 


As in graphs, the convention is to consider distances 
measured along OX and OY to be positive and the distances 
along OX’ and OY’ as negative. So the distances to the right 
of the y-axis are positive and those to the left are negative. 
Again, the distances above x-axis are positive and those below it 
are negative. 

The revolving line OP, however, is always considered as 
positive in whichever 
quadrant it may lie. 

Suppose OP ‘is in the 
first quadrant as in Fig. 2 
and PNLOX. ‘Then in the 
right-angled AOPN, OP, 
ON and NP (the hypote- 
nuse, base and perp.) are 
all positive. Hence all the y 
trigonometrical ratios of Fig. 2 
angles in the first quadrant are positive. 

If OP lies in the second quadrant and lf PN’ be perpen- 
dicular to OX', then OP and N'P are positive, but ON! is 
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negative. Hence, if OP bein the second quadrant, only the 
/ 
sine (x) of the angle and consequently its reciprocal cosecant 


are positive and the other ratios are negative. 

Tf OP be in the third quadrant, only OP is positive and NiP 
and ON: are negative. Hence only tan ( and its reciprocal cot ) 
is positive and all other ratios are negative. 

In the fourth quadrant only PN is negative and OP, ON are 
positive. Hence cos and its reciprocal sec are positive in this 
quadrant and all other ratios are negative. 

Thus, whatever may be the magnitude of the angle, positive 
or negative, traced out by the revolving line, the signs of 
trigonometrical ratios are determined according to the quadrant 
in which the revolving line falls. 

The following figure is useful in determining the signe 
according to the position of OP. 


Y 
sin | All 
( positive ) | (positive ) 
MS te 
x 


X 
an COS 

( positive ) : ( positive ) 

MN 


Fig. 8 


[N. B. The reciprocals of the positive trigonometrical 
ratios. are also positive. Tf an angle increases or decreases by 
any multiple of four right angles, its radius vector ( OP ) wilk 
coincide with its initial position after making one or more 
complete revolutions. Thus an infinite number of. angles may 
have the same boundary line ( the position of OP ). These 
angles are called co-terminal angles and they are expressed 
by n.360°-+6 (n being any integer J; 
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Trigonometrical ratios of angles associated with a given 
angle 6. 


5. Ratios of the angle (—6), 9 being of any magnitude. 
In figure 4(i) suppose OP starting from its original position OX 


Fig. 4 


revolves in the anti-clockwise (1.6. positive ) direction and 
traces out the angle XOP and let the magnitude of the angle 
be 6 80 that 0 is positive. Again suppose OP revolves from OX 
in the clockwise (1.6. negative ) direction and traces out the 
angle XOP' equal to angle XOP. Thus ZXOP' is negative and 
equal to — 6. 

Now, draw PNLXOX' and produce PN 50 that it cuts OP' 
ab P'. Then ZNOP= LNOP', LPNO= P'NO ( right-angles ) 
and OP=0P'. .., ‘The right-angled A PON, P'ON are 
congruent. Hence their corresponding sides are equal. 
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+. —-PN=P'N, or, PN= ~P'N ('" P'Nis negative ) and 
OP=0P' (.'." the radius vector OP is always positive ). 


—~PN 
Thus, sin (- oP Nn SPN sin 6, 
ON ON 
cos (-90) লে: Op 008 6, 
P'N_ -PN 
tan(-0)=— = —— = -— tan 
( 6) ON [9) 


Now, from their reciprocals we have 
cosec ( — 0) = — cosec 6, sec (— 0)= sec 6, 
cot (-0)= — cot 0. 
Similarly following the convention we get the same 
trigonometrical ratios from the other three figures also. 
[ Note that in fig. 4(i) OP' being in the fourth quadrant, only 
the cos and its reciprocal sec are positive. ] 


6. The Ratios of the angle (90°-— 0) for any value of 6. 


Suppose OP revolves from OX in the anti-clockwise direction 
and traces out ZXOP=0. Also suppose that another line 
OP’ equal to OP revolving from OX traces out a right angle, 
1.6., coincides with OY and then revolves back in the 
clock.wise direction tracing out ZYOP'=0. Then we have 
£XOP'=90°-6. 

Draw PN and P'N' perpendicular to XOX' and P'M perp. 
to YOY'. Then in each figure in Fig. (5), ZXOP and ZYoOP' 
© are equal in magnitude. 


‘, In each fig. ZL PON= Z MOP'= /O0OP'N' E> OM IIL P'N'), 
and the right-angled AOPN, OP'N' are congruent. 
ON=P'N' (in magnitude ), PN=ON' (in magnitude ) 
and OP = OP", 
Again, in each figure ON and P'N' have the same sign 
( positive or negative) and PN and ON' have the same sign. 


TRIGONOMETRY 7 


Thus, sin (90° - 0)=si XOP'= === 
}) ( )=8in 4 SP 0p 008% 
tC 1 0N' PN 
cos (90° - 0)=c0s8 LXOP'= i= 558i 
( )=cos DE’ Op TED 6, 
Pout 
tan (90° — 6)= tan LXOP'=EN LON cot 6. 
ON PN 


Fig. 5 


Since their reciprocals are equal, 
cosec (90° — 0) = 380 9, sec (90° — 9)=cosec 6, 
cot (90° — 0) = tan 0. 

[ N. B. Here the angles (90°—6) and 6 are complementary 
angles, their sum being one right angle. Hence we find that 
if two angles be complementary, the sine of ono is the cosine 
of the other and viceversa. Similarly the tangent of one is the 
cotangent of the other and wviceversa' and the secant of one 
is the cosecant of the other and viceversa.] 
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7. Ratios of the angle (90°40) for all values of 6. 


Suppose the radius vector OP revolving in the positive 
direction from OX traces out the angle XOP=0 [Fig. 6(i) ] | 
and then revolves further from OP in the same direction and 
comes to the position OP' tracing out a right angle POP’, 
Then ZXOP'=90°-+0. Here OP and OP' are always equal 
and positive. 


Fig. 6 


From P and P' draw PN and PN’ perpendiculars to XOX’. 
Now, in all the above figures PoP' being a right angle, the | 
sum of £PON and ZP'ON’ is a right angle. 


Hence ZPON=90°- ZP'ON'= ZOP'N', 
The A*PON, P'ON' are congruent. 


+. ‘The corresponding sides ON and P'N’ and the sides 
PN and ON’ are numerically equal. 
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Again, in each figure, ON and P'N’ have the same sign 
{ positive or negative ), but PN and ON' are of opposite signs, 


i.e, P'N'= +ON and ON'= - PN. 
Hence, sin (90° +6)=3sin ZXOP'=PN AON = 008 0, 
cos (90° 4-8)= 00s Zx0P'= SN SPN - sin 6, 
tan (90°-4-0)= tan Lx0P'= EON = — cot 6 


Again, "," their reciprocals are equal, 
cosec (90°4- 6) = sec 0, sec (90°-4-0)= - cosec 6, 
cot (90°+6)= - tan 6. 
9. Ratios of angles (180° — 0) for all values of 6. 
In fig. 7, suppose the line OP revolving from OX in the 
positive direction (anti-clockwise )- first traces out 


(i) 


Fig. 7 
d then revolving further in the same direction 
ght angles or 180° ). 


ZXOP=90 an 
coincides with OX’ (i.2., tarces. out two tl 
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It then revolves back in the clokwise direction and tracing 
out ZX'OP' equal to 6, comes to the position OP'. Thus 
£XOP and ZX'OP' are equal in magnitude but opposite 
in sign, £XOP being positive and ZX'OP' negative. Now 
we have £XOP'=180°-0. Make OP' equalto OP and from 
P and P’ draw PN and P'N' perpendiculars to XOX’. 

Now, in each figure Z PON= ZP'ON' and OP = OP, 

*. the right-angled A°PON, P'ON’ are congruent. 

‘. In each figure ON and ON!’ are equal but opposite in 
Sign, while PN and P'N' are equal and of the same sign. 


+", ON'= —ON and P'N'= + PN. 


y রং ঠি AAR NYE APN 
He 1 = 0)= = === 
nce, sin (180° - 6)=sin ZX0OP GE op Sin 9 
5 1/_ ON’  — ON 
cos (180° —- 0)= YORE sete 3 
( 0)=c0s UBF GE cos 9 
(| 
tan (180° - 0)=tan ZxoP'= PN ECT = — tan 6. 
ON' —ON 


From their reciprocals we have £ 
cosec (180° — 6) = cosec 0, sec (180° - 6) = - sec 6, 
cot (180° - 6)= - cot 6. 

[ N. B. The angles 180° - 0 and 6 are supplementary. 


So, here we have the relation between the trigonometrical 
ratios of two Supplementary angles. Of two such angles 
(i) their sines are equal and of the same sign, (ii) their 
cosines are equal in magnitude but opposite in sign and 
(iii) their tangents ave equal but opposite in sign. ] 


Example. sin 135°=sin (180° ~ 45°)= sin es 
co8 120°= cos (180° - 60°)= - cos 60°= -g. 


DT A Et TO ১ 1 
sn ( sje ton = _ tan 80 ড় 0 


TRIGONOMETRY It 


9. Ratios of angle (180°4-0) for all values of 6. 


Suppose OP revolving from OX in the positive direction 
traces out angle 6 and comes 
to the position OP. It then 
revolves further in the same 
direction and tracing out an 
angle of 180° comes to the 
position OP' ( where OP'is 
in the same st. line with OP 
and opposite to it in 
direction ). 

Then ZXOP'=180°+6. 
Make OP'=0P, and draw 
PN and P'N' perpendiculars to XOX’. 

Now, ‘“ O0P=0P' and ZPON= vert. opp. Z PON’, 


the right-angled A PON, P'ON' are congruent. 


"their corresponding sides are equal. 


f,  P'N'= —-PN, ON'= — ON and OP'=0P. 
i ° 4 15 PNA EPN GD 
Hence, sin (180°+6)=sin XOP = Sp” OP sin 6, 
[ 
N ON 008 0 


lo tL ON Sai 
cos (180°+ 0) =cos XOP SESE 


0 Al PFN DN 
tan (180°+0)=ton XOP'= SN TON 


from their reciprocals we have 


cosec (180°-+6)= — cosec 0, sec (180° +6)= — sec 6, 


cot (180° +6) = cot 6. 


[ In the fig., OP is in the first quadrant. Ifit bein any 
- other quadrant the figure can be easily drawn. ] 
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[N.B. Another Proof: sin (180°-+6)= sin (90°+90°+06) 
, = 008 (90° +0)= - sin 6; 
cos (180°+0)= cos (90°+90°+6)= — sin (90°+06)= — 0080; 
tan (180°+-0) = tan (90°-+90°4+-6) = - cot (90°40) 

=tan 6; eto. ] 


0 NA 1 
Example. sin 295°=sin (180° +45°)= — sin 45° = Nera 


NN 
cos 240° = cos (180°4+60°)= ~— cos 60°= - 3. 
10. Ratios of angle (270° +6). 


‘These ratios can be determined geometrically by drawing 
figures as before. 


An alternative method is shown below : 
sin (270° +0)=3sin (180°+90°+06= - sin (90°+6)= —c0s 6; 
c08 (270° +6) = cos (180°+90°+ 6) = — 008 (90° +6) 

j = —(-sin 6)=sin 6; 


b 0°4+0)=8i2 (270°+0) _ — cos Bt BL 
22 27070) G08 (270°4+0) sin0 fe 


From their reciprocals we have 
cosec (270°-+6)= - sec 6, sec (970° +09)= cosec 0, 
cot (270°+06)= -— tan 6. 


11. , Ratios of angles (860°4-6). and (n.860°+ 6). 


We have seen that in whatever position the revolving line 
OP may be after describing the angle 6, it will again be in the 
Same position after it has made one more complete revolution or 
made a number of complete revolutions more in the positive 
direction. Henceit is evident that angles that differ by 360° or 
complete multiples of 360° haye the same trigonometrical ratios 
in magnitude and in sign. 

So trigonometrical ratios of (360° - 0) and of —6 must be 
identical. 


a tir af EE en ডল কে 
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“ Hence, sin (360° +6)=sin 6, cos (860° 4-6) = 00s 6, 

tan (860° 4+-6)= tan 0. f 

Again, sin (860°—6)=sin (— 6)= -sin 6 

cos (360° — 6) = cos (-0)=005 6 
tan (360° - 6)= tan (- 0)= — tan 0, ete, 

It may be briefly stated that it n be any integer, positive or 
negative, the trigonometrical ratios of n.360°40 (or Inm#+0) 
must be the same as those of £6. 

Thus it is evident that addition or subtraction of 360° or 
any multiple of 360° to an angle does not change its trigono- 


metrical ratios. 

12. The following rule may be made t2 remember the 
above results : | 

(a) It 6 be associated with any even multiple of 90° by 
the + or - sign, its trigonometrical ratios remain unaltered 
(i.e., sine remains sine, cosine remains cosine, etc. ). To 
determine the sign of the ratios first find out the quadrant in 
which the associated angle lies, taking 6 to be acute and then 
apply the rule “All, sin, tan, cos.” 

(6) If 6 be associated with any odd multiple of 90° by 
the + or — sign, the ratios are altered (i.e. sine becomes 


cosine, cosine becomes sine, tangent becomes cotangent, etc ). 


The sign of each ratio is determined as in (a). 


Examples (1) 


Ex. 1. Find the values of (i) sin 480°, (ii) cos 405°, 


(iii) tan (— 1485°) and (iv) cot 1410°, 
(i) Here 480°=5X 90°4-830°. 
the multiple of 90° is odd (5), the sine will change into 


cosine. Again, the angle 480° being in the second quadrant, its 


sine will be positive. 


EB 
sin 480°= sin (5X 90°-+30°)=005 30°= ডি 
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(ii) 405°= 5 %X90°— 45°, here the multiple of 90° being odd, 
the cosine will become sine and the angle of 405° will be in the 
first quadrant and its cosine will be positive. 

1 


cos 405°=c08 (5X90°-45°)=sin 45°= Re 


(iii) ‘*." “tan (-0)= -tan 0, 
tan ( - 1485°) = - tan 1485°, 
Now, 1485° = 16.90°+ 45°. Here 16, the multiple of 90°, being 
“ even the ratio will not change. Again the angle being in the first 
quadrant its tan will be positive. 
+. tan (-— 1485°)= - tan 1485°= - (tan 16.90°+ 45°) 
= —tan 45°= - 1. 
(iy) 1410°=16.90° - 80°, here the multiple of 90° is even, 
80 the ratio will not change and 1410° being in the fourth 
‘quadrant its cot will be negative. 
cot 1410°= cot (16.90° - 30°)= — cot 30°= — V8. 
Ex. 2. Find the sine, cosine and tangent of the following 
angles: (a) 180°, (b) 970°, (c) 93x, 
(a) ',' sin (180° - 0)=sin 6, 
“+ sin (180° - 0°)=sin 0° [ taking 9= 0° i 
+“, sin 180°=5in 0°= 0. 
Again, ‘." cos (180° - 6)= - cos 6, 
+, cos (180° — 0°)= — cos 0° [ taking 6= 0° ] 
cos 180°= - cos 0°= - 1. 


ene, o_ Sin 180° 0 _ 
ence, tan 180 LRT FST 0. 


(b) ‘',' sin (270°+9)= - cos 6, 
sin 270°= — cos 0° [ taking 6= 0° ] 
S = -1. 
‘Similarly, cos 270° = c08(270°-4-0°)= sin 0°=0, 


and tan 970°=8in 270° PIE 
- C08 270° 0 2 
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(c) 297=2X180°= 360°. 
sin (360° +0)=sin 6, 
sin (360° +0°) =sin 0° [taking 6= 0°] 
sin 27 = sin 360°=5in 0°=0. 


Similarly, cos 360° =c0s 0°=1, 


tan B60°= EL 00) 
810.0 ড 
Ex. 8. Find the smallest positive coterminal angle and the 


value of cot চল, 


Hs yr 7 = 9 x 360°-+45° [' 9x= 360°] 


The coterminal angle= 45° or a 
: 177% _ 0 0) Sl 
Again, cot ন = cot (2 X 360°4+45°)= cot 45°=1. 


Ex. 4. Find the value of 
83 cos 270° sec 180°4-2 cosec 90° - cos 360°. 


ই at 9 X cosec 90° — cos 0° 


The given exp.=3Xsin 0° X 
= C08 


=3X0X% 2 4+2x1-1=0+9-1=1. 


Ex. 5. Find all the angles numerically less than 360° which 
satisty the equation sin A= - 3. 
1=sin 80; dS — sin 30°. 
~ sin 30°, 


Hence all the angles, less than 360°, whose sine = 
Will satisfy the given equation. 
Now sin ( — 30°) ='- sin 30°.-.-(1). 
Again, sin (180° - 30°) =sin 30°, 


or, sin 150°=sin 30°, 
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Again, sin (180°4+30°)= - sin 30° 
or, Sin 2910°= -—sin 30°... (3). 
Also, sin (360° — 830°)= - sin 30°, 
or, sin 330°= -— sin 30°...-.(4) 
A= ~ 380°, ~ 150°, 210° and 330°. 
Ex. 6. Prove that 
sin 420° cos 390°-+ cos (— 300°) sin (— 8330°)=1 
L. H. 8,= sin (360°--60°) cos (360°4+-30°) 
+008 (— 860°+-60°) sin (- 860°+ 30°) 
= sin 60° cos 830°+c0s 60° sin 30° 
LAE 
RY PRE nt ES 
Ex. 7. Express the following in terms of the ratios of @ 
positive angle less than 45°: 
(i) tan (—1885°) and (ii) cos 294°. 
Here, (i) tan (- 1385°)=tan (— 4 X 360°+ 55°) = tan 55° 
= tan (90° — 85°) = cot 35°. 
(ii) cos 294°= cos (8X90°+94°)=sin 94°. 


Ex, 8. Find the simplest value of 208 200 tan BBD 
cot 165° — sin 375° 

0s 255° + tan 285° _ cos (970°— 15°) + tan (970°+15°) 

cot 165°—-3sin 375° cot (180° — 15°) - sin (360°+ 15°) 


UT BID! 16:7 006, 15° 
cob 15°-sin 15° 

Ex, 9. Tf tan 6= -12, find sin 6 and C08 6. 

Here tan 6 being negative the boundary ihe of 6 must be 
either in the second or in the 4th quadrant, [ Draw the fig. ] In 
the second quadrant the base ON is negative and the perp. PN 
is positive. ., ON= - 5, PN=19. 


HOP RNENTONS- VIA3 ECE Gt UI 13. 
Hence, sin 9= = and cos G=2N_ _ 5 
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Again, in the 4th quadrant the base ON’ is positive and 
the perpendicular P'N'’ is negative. 
ON’ =5 and P'N'= - 12 and perp. OP'= OP =18. 


PN’ 5 


in GEE EES ALON 
sin 0= DELFI and cos 6 0P'” 13" 


Hence, sin 0= +18 and cos 6= 5 


B52 


Ex, 10. Prove that cos? 7+ sin? Va sin? 


+sine =, 

L. H. 8.=0052 3 +s5in2 (# - F)+sine (= +3) +5in° (2-3) 
=(c0s3) + (sin3) +(- sin) +(- sin) 
=(083) +3 sn" (5) +975) = 27372 

Ex. 11. Jt tan 8=35 and cos 6 is negative, find the 


+ value of Sin 6+ 008 (6) 
sec (—06) +tan 6° 


tan 0=4, .'. sec260=1+tan*0=1+L4E= 14%, 
sec 6= £33. Here ‘." cos 6 is negative (Hyp.), 


sec 0= - }3. .'. 00s 0= - 18. 
Hence, sin 0= tan 0 X cos 0=15 X -+8= - 1. 
sin 6+c0s 6 _ ht BESTE 
sec 0+Ftan 0 —13+15 
Ex. 12. Solve cos 0+ V8 sin 6=2 for 6, giving all the 
Possible values, when 0°<06< 360°. [C. U. 1936 ] 
cos 0+ V8 sin 0=2, 


or, cos 6-2= -— V8sin 6, 
or, cos20 -4 cos 0+4=38 sin26 = 8(1 — 00520), 


Now, the given exp.= 


Tia MIS TILEY 
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or, 4 cos?6-— 4 cos 0+1=0, 
or, (2 cos 9-1)2=0, or, 2 cos 9-1=0, 
or, 2 cos 6=1, .. cos 0=3=00s 60°, . 6= 60°. 


Here cos 6 being positive, 6 may be in the 1st or 4th 
quadrant. In the fourth quadrant cos 6=c0s (360° - 60) 
= 008 (860° — 60°)=c0s 300°, so 6= 300°. But this value of 6 
does not satisfy the given equation. Hence, the only value of 
0is 60. Here 300° is an extraneous root of the equation, 


Ex, 13. Find the values of 6, lying between 0° and 360° 
Satistying the equation 8 (sec26 + tan26) = 5. 


3(sec20 + tan20) = 5, 
or, 8(1+tan*6+tan26)=5, or, 846 tan20= 5, 


or, 6 tan*60=2, or, tan26=1, .'. tan LE 


Now, (i) if tan 6= then tan 6 being positive, 6 will be 
either in the 1st or in the 3rd quadrant, 
Honce, tan 9-3" tn 80° or tan (180°4-30°), 
‘+ 6=80° or 210°, 
Again (ii) if tan 0= ন! then tan 6 being negative, 6 will 


lie either in the 2nd or in the 4th quadrant, 
. EO 2 = C) CC 
+. tan6= a _ tan 30°= tan(180°— 30°) 


01,=tan (360° — 30°) 
‘. 6=180°- 80°, or, 6= 360° - 30° 


9=150° or 330°, 
++ the values of 6 may be 30°, 150°, 210°, 330°, 
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Ex. 14. Evaluate sin {n#+(-— 1)" ঢা Where mn is any 
integer. 
Here n is an even or odd integer. 
(i) It n be an even integer, let n=2p (% being any 
integer ), 
ain {na +( -1)n #}=sin {2p=+( —1)2 ) 
=3in (20x +3) [ *“ 9p is even, .‘, (-1)2?=1] 
Eat Ll 
= 8G 0 


(ii) Ifn be an odd integer, let n= 2+ 1 ( where pis any 
integer ). - 


[N. B. Since 2p+1is odd, (-1)°??t!= -1] 


MV Ex. 15. If ABCD is a cyclic quadrilateral, show that 
tan Atan BFtan CH+tan D=0. 


the sum of a pair of opposite angles of a cyclic 
quadrilateral = 2 right angles= 180°, 


A+C=180°, or A=180°-cG, 

and B+D = 180°, or B=180° - Db. 

Now, tan A+tan B-tan C+tan D 
= tan (180° — C) +tan (180° - D) +tan C+tan D 
= - tan C—tan D +tan C+tan D= 0. 
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Exercise 1 


Find the smallest positive co-terminal avgle and the value 
of the expression :— 


1, 


cos 420° 2. tan (- 315°) 8. sec শে, 


Find the value of :— 


4, 
7. 


10. 
Tf 2 


14, 


cob 585° 5. sin(~-1915°) 6. ০0% (- =) 


sin 960° 8. tan 675° 9. sec (—-1575°) 
cosec ( — 1470°) 11. tan 1900° 
sec (+) 18. sin(- 1195°) + cos(— 1195°) 


cot 815° — cos (- 240°) 
cot 990° + cos (5) 


Prove that :— 


15, 
16, 
17. 


18. 


19. 


20. 
21. 


cos (A- 970°) = -—~sin A. 
sin (780°) cos (390°) - sin (830°) cos ( - 300°)=1. 
cos (nn +0) =( ~ 1)" cos 6. 


sin (5-0) sin (¥-) cot ()_, 
Sin 6 cos 6 Kk 


If sec = 2, find sin FS 


If cot 6= - i, find sin 6. 
If nbe an even integer, evaluate sin 6+sin (1 +0)+ 


sin (274-6) 4--.-to nm terms. 
Express in terms of ratios of positive angles less than 45°: — 


2%, 


25. 
Satisfy 


tan 149° 28. cos (-980°) 24. sin Es 


Find all the angles numerically less than 360° which 
the equation tan 0= — V8. 
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26. What values between 0° and 360° may 6 haveitf 
NET 


sin VE 


Solve for 0, giving all possible values, when 0°<6<360° :— 


27. cot 0%+tan 6=2 sec 6. 28. sec RS) 


29. 2 sin204+-cos 0=2. 80. sin 60+ V5 cos 6=2. 
81. 2(sec*0+sin*6)=5. 
82. If nis any integer, find the values of :— 


(i) cos {ns +(-1)n 3} (li) sin {+ 1; 13} 


St Le 
(iii) tan{ns +(-1) al 
88. Find the values of A when, 


(i) sin A=- and A lies between 180° and 270°, 


(ii) tanA=-— =; and A lies between 270° and 360°. 


(iii) sec A= V2 and 360°<A<450°. 

84. An angle 0 lies between 270° and 360°, and sin6= -, 
find sec 6. 

85. If cot 6=4 and sin 06 is negative, find the value of 


cot ( - 0) + cosec [;) 
cos 0+sin (- 6)‘ 
86. Simplify and evaluate, when 0= 240° 


TT 
0) sin (%—6) oot - 6 ) cos (2% — 6) 
tan (40) tun (2 +0) sin (<0) 


TT 
(i) sin (— 6) nl +0) cos 6 
sin (7-+0) cot sin +6) 
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87. ABCD is a quadrilateral; prove that tan 3(A+B)+ 
tan $(C+D)=0. 


88. If ABC be a triangle, find the value of 
sin (A+B)+sin (B+ C)+sin (C+ A) | 
oT -C J+sin (29% - A) + sin (2 4+B) 


Compound Angles 


( Addition and subtraction Formulas ) 


18. Compound angle: An angle formed by the algebraic 
Sum of two or more angles is called a compound angle. 

Thus, A+B, A-B, A+B+C, A+B - CG, etc. are compound 
angles. We prove below some fundamental properties relating 
to the functions of compound angles. 

14. Theorem 1. To prove geometrically that 

(1) sin (A+B)=sin A cos B-+cos A sin B 

and (2) cos (A+B)=c05 A COs B-sin A sin B 
where A and B are positive acute angles and A+B<90°. 

(1) Let the revolving line 
OT starting from its original Tl 
position OT revolve in the Ta 
positive direction and trace 
out £TOT;=A and then let 
it revolve further in the same 
direction and describe an 
angle TOT2=B, 

Then ZTOT2=AT+B. 

Cons, ee any Be Pin 0 ON T 

OT, the terminal position of 
the revolving line OT and Fig. 9 
from P draw PQ and PM perpendicular to OT and OT; 
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respectively. From M draw MN and MR perpendicular to 
OT and POQ respectively. 
Proof. ‘“ MR and TO are both perpendicular to PO, 
“, MRIITO, .‘. ZOMR=alt. £LMON=A, 
Again, ZOMR+ £LPMR=1 rt. angle= ZLPMRT+ £RPM 
“.  4{MPR= {LOMR= A. 
Now from the right-angled APOO, we have 


: R R 
sin (A+B)=8in ZPOQ= OD 
OP oP 
= MN TPR [ *," in rectangle MNOR, RO= MN] 
MN, PR_MN OM_,PR PM 


=P FOP 0M’ OP PM’ OP 
=3in A cos B+ cos A sin B. 
(2) [ Same as (1) ub to the construction ] 
Proof. RM ION or OT both being perpendicular to PO. 
ঠি Z OMR=alt. Z MON= A. 
Again, LOMRT+ LPMR=1 rt. angle= ZPMRT+ LRPM. 
2 ZRPM= {OMR= A. 
RQ || MN, both being perpendicular to OT. 
00_ ON-— ON 

N' A+B)= a= == — 

ow, cos (A+B)=cos LPO টল GP 


=~ [*" in rectangle MNOR, MR = ON.] 
AON EEE ON OM MR PM 

=9P oP OM’ oP PNP 

=008 A cos B— sin A sin B. 

[N. B. If in the above theorem A and B are positive acute 
angles but their sum is not ৰঃ 
less than 90°, then the figure 
will be as given here. 

In both the above cases 
the angles A and B are acute 
angles. The same proof will 
hold good, when A and B are 
angles of any size, if proper 
Signs ( positive or negative ) 
of the quantities involved be assigned. 


T, 
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15. Theorem 2. To prove that 


(1) sin (A-B)=3in A ¢08 B— cos A sin B, 


and (2) cos (A-B)=c0s A cos B-+sin A sin B, 


where A and B are positive acute angles and A>B. 


line OT starting from its 
Original position OT revolve 
in the positive direction and 
describe an angle TOT; =A, 


(1) Let the revolving 


T 
and let it then revolve back 
(i. e., in the negative direc- 
tion) and describe an angle 
T0T5=B. 
Then ZLTOT2=A-B. 9 IN 9 ই 


Cons. On o0T;, the final Fig. 11 


position of the revolving line, take a pt. P and from P, draw PO 


and PM perpendicular to OT and OT ;. 


Again, from M draw MN 


and MR perpendicular to OT and QP produced. 


Proof. OQ and MR are both perpendicular to RO, 


MR Il 00, 
++  £TIMR = corresponding Z MON= A, 


Again, Z MPR+ £PMR=1 rt. angle= /PMR-+ LT)MR 
‘+ ZMPR=LTMR=A 
Now, from the right-angled APOQ we have 
Sin (A-B)=sin ZPOa= PO =RO—PR 
OP OP 
—P kl 
= [ '" in rectangle MNOR RO= MN ] 


=MN_PR_MN OM_ PR PM 


OP OP OM'OP PM’ OP 


=sin A cos B~-cos A sin B. 
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(2) [Same as in (1) up to the construction] 

Proof. Both MR, OQ are perpendicular to PO, .'. MR I 00. 

J.  ZLTIMR=alt. ZMON= A. 

Again, ZZ PMR+ £ MPR=1 rt. angle= ZPMRT+LTIMR, 
ZLMPR= LT)MR= A. 

MN Il RO, both being perpendicular to OT. 


Now, cos (A-B)=c0s ZPOQ= 00_ONTNO 
oP ETO BE 
N+ MR খৰ 
=ONT VR [ ‘" in rectangle MNOR, NO= MR ] 


=SN + MR ION OM , MR PM 
OP OM’ OP PM’ OP 


=¢08 A C08 B+ sin A sin B. 


[ N. B. In the above theorem A and B are assumed to be 


positive acute angles, A+B less than & right angle and A-B a8 
positive. If A and B be angles of any magnitude, the theorem 
can be proved as before by drawing a figure and assigning proper 
Signs to the quantities involved. ] 


The theorem can also be proved, as shown below, without 


drawing any figure. 


Let X= 90°--A, then sin X =sin (90°+A)=c08 A, and 
cos X= 00s (90°+A)= —sin A. 
sin (X+ B) = sin {(90°4-A) +B} = sin 190° (A+B) 
= 008 (A+B)=co0s A cos B-sin Asin B 
= sin X cos B+ cos X sin B. 
Again, cos (X-+B)= cos {90°4+(A+B)}= - sin (A+B) 
= —sin A cos B- cos A sin B 


=c08 X cos B- sin X sin B. 
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Bimilarly the theorem can be proved by putting X=90°+B 
and also by putting X1 = 90° +X. 
Again, let X= — A 
‘. sin (X+B)=sin (- A+B)=sinl - (A- B)}= -— sin (A - B) 
= - (sin A cos B - cos A sin B) 
= -sin A cos B+cos8 A sin B 
=sin ( - A) cos B-+cos (< A) sin B 
=5in X cos B+ cos X sin B. 
It can similarly be proved that the theorem is true for all 
values of A and B. 
Hence, the above two theorems are always true, They are 
called Addition Theorems or Subtraction Theorems. 
16. Proof of some corollaries 
Cor, 1. Prove that sin (A+B) sin (A - B) 
= 8in2A -~ Sin2B...... (i) 
= C082B -— COS2A...... (ii 
. Proof. sin (A+B) sin (A-B) 
=(sin A cos B+ cos A sin B)(sinA cos B - cos A sin B) 
= Sin2A C082B - cos°A sin2B 
=3in2A(1 - sin2B) - (1 — sin? A) sin2B 
= 8in2A - sin2A sin2B - sin28 +sin2A sin2B 
=5in2A - sin2B...... (i) [ proved ] 
=(1 - cos2A) — (1 — cos2B) 
= C082B — cos2A......(ii). [ proved J. 
Cor. 2. Prove that cos (A+B) cos (A — B) 
= C052A— sin2B...(i) 
= C082B - Sin2A...(ii) 
Proof. cos (A+B) cos (A -B) 
=(co8 A cos B —sin Asin B)(cos A cos B+sin A sin B) 
= 0082A C08°B - sin2A sin2B 
= C082A (1 - sin2B) - (1 - cos?2A) sin*B 
= 0052A - sin2B......(i) 
=(1- sin2A) - (1 — c0s2B) 
=1- sin2A - 14+0082B= c08°2B — Bin2A......(ii). 
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tan ATtan B 
1-tan A tan B 


Cor. 3. Show that (i) tan (A+B)= 


(i) tan (A- B)= tan A—tan B < 
l1t+tan A tan B 

sin (A+B) 

cos (A+B) 


_ Sin A ¢o8 Bcos Asin B 
cos A COS B-sinAsin B 


Proof: (i) tan (A+B)= 


Dividing the numerator and the denominator on the BR. B..B. 
by cos A cos B, we have 
sin A cos B_, cos Asin B 
WEB EE Acos B C08 A O08 i: tan A+tan B $ 
cos AcOSB _sinAsinB 1-—tanAtanB 
COS ACOS B COS A COs B 


থ i — i _ AsinB 

(i) tan (A= B)=Ee (A-B)_sin A cos B— cos A sin 

cos (AB) cos Acos BT+8inAsinB 
Dividing the numerator and the denominator on the RB. HB. 8. 

by cos A cos B, we have 


sin A cos B_ cos Asin B 


an (AEE EE A cos B cos AcosB_ tan A-ton B_ 
an" (A= B)™ 55 A BOB HA AsinB lTtan A tan B 


cos A COs B cos A COS B 


- cot A cot B- 1 
Cor. 4. Prove that (i) cot (A+B)=— ot B+ cot TY 


lo _ cot A cot BT+1 
(ii) cot (A-B)= "ot B- cotA' 


cos (A+B) 


Proof : (i) cot (A+B)= in (AFB) 


cos A 008 B-sin Asin B 
= Sn A cos B+cos Asin B 
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Dividing the numerator and the donominator on the RB. H.S. 
by sin A sin B, we have 
Cos A COS B _sinAsinB 
SinAsinB sinAsin B cob AcotB-l 
sin A cos B_, cos Asin B™ cot B+ cot A 
SinAsinB sinAsinB 


cot (A+B)= 


CRE: (A-8)=£0 (A-— B)_ cos A cos BFsin Asin B 
SIn(A-B) sin A cos B- cos AsinB 

Dividing the numerator and the denominator on the RB. H. SB. 
by sin A sin B, we have 


CoS A COS B_, sinAsinB 
SinAsinB sinAsinB_ cotA cotBt+Il 
sin Acos B_ cos A sin B cob B - cot A’ 
SinAsinB sinAsin B 


cot (A-B)= 


Cor. 5. Find the expansion of 
(i) sin (A+B4+0) 
(ii) cos (A+B+C) 
(iii) tan (A+B-+-C). 
Proof: (i) sin (A+B+O0C)=sin {(A+B)+cC} 
=sin (A+B) cos C-+ocos (A+B) sin C 
=(sin A cos B +008 A sin B) cos C 
+ (cos A cos B — sin A sin B) sin C 
=5in A cog B cos C+ sin B cos © cos A 
“Fsin C cos A cos B-sin A sin B sin C. 
[N.B. Sin(A+B-+C) can be written in the form 
008 A cos B cos C (tan A+Ftan BFtan C- tan A tan B tan C)]. 
(ii) cos (A+B+C)=c0s {(A+B)+C} 
=008 (A+B) cos C- sin (A+B) sin C 
=(cos A cos B— sin A sin B) cos C 
~(sin A cos B+Fcos A sin B) sin C 
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=0C05 A CoS B cos C-— sin A sin B cos C 
_S8in A sin C cos B - sin B sin C cos A. 
[ N. B. The expansion of cos (A+B-4+C) can be written as 
cos A cos B cos C(1— tan A tan B— tan A tan © - tan B tan C).] 
(iii) tan (A+B-+C)=tan {(A+B)+C} 


— fan (A+B) t+tan C 
1-— tan (A+B) tan C 


tan ATtan B_ Hthanc 
1l-tan AtanB 
tan A+tan B En G 
1-—tan A tan B 


tan Atan B+tan C—tan A tan B tan C 
= 1-tan A tan B 
1-—tan A tan 8B -— (tan A-tan B) tan C 
l-tan A tan B 


= tan Attan BttanC -tanA tan B tan C 
1—tan A tan B—tan A tan C—tan B tan C' 


[N. B. (1) This should be remembered. The above expansion 
of tan (A+BFC) can be had by writing tan (A+B+C) 
=tin (ATB+C) 

cos (A+B +0) 
denominator and dividing each by cos A cos B cos C. 


and then expanding the numerator and the 


| (2) Similarly the trigonometrical functions or expansions of 
the sum of 4,5 or more angles can be found. ] 


Examples (2) 


Ex, 1, Find the values of sin 75°, co8 75° and tan 75°. 
Sin 75= sin (45°4+ 30°) =sin 45° cos 30°F cos 45° sin 30° 


ME EEE EEE AL lB 
AYN, sts 9 2/222 22 
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C08 75° = cos (45° + 30°) = cos 45° cos 30° —sin 45° sin 30° 
ik 8 cL CJ SE a EHNA Hag 1 


 । 2 ত 2/2 a2 22 


[খা E °)_ tan 45° + tan 30° 
tan 75°= tan (45° + 30°) 1— tan 45° tan 80 


3 VB ESE BE 
is 1 N81 V8-1 
1 1x75 Ue 
(3+ D(V8+1)_4+2 8 
(/3-D(V3+1) 2 
Ex. 2. Find the value of tan 15°. 


=24+ V8. 


fg ত co) tan 45° -— tan 30° 
tan 15°=tan (45° - 30°) =— 
i an (00: 802) 1T+tan 45° tan 30° 


+ 3-1 


ALS ELAM B LABS NF CRB TIL)? 


Ce JB3+1 NV3+1 (V3+D(V3—1) 
N38 


4-3/8 
টা 3 


Ex. 8. Find the value of sin (A-—B), when sin Ang and 


. ) 
sin B= . 
IB 
Sin A=%,.. 008 A= NI —sinSA= V1- 3; 
EA TE 
= V38=$. 
Sin B=15, .'. 008 B=NV/1-—-sinz8 


= V1- = VI83= 13. 
Now, sin (A— B)=sin A cos B—cos A sin B= 13-8 + 


=88- #8= 38. 


[N. B. Actually cos A= +% and cos B= £13 ; but in such 
Ca8e8 we generally take the positive square root. ] 
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1t+tan A 


Ex. 4. Prove that tan (45° +A)= 
rove that tan (45° +A) নি 


tan 45°-Ftan A 


ta, ° + A) = 
en (45° +A) 1-—tan 45° tan A 


_lt+tan A oi 
“EEE [ “* tan 45°=1). 


Sin®°A - sin®B, 
co82A — sin2B' 


[C. U. 44] 


Ex. 5, Prove that tan (A+B) tan (A- B)= 


sin (A+B). sin (A- B) 
cos (A+B). cos (A—B) 
_Bin2A - sin*B 
Cos2A - sin2B 


The L. H. B.= 


[ see cor. 1, 2. ] 


cos 6° +sin 6° 6 EE 51: 
cos 6°- sin 


¢08 6° sin 6°= cos (51° - 45 TE JRE 


Ex. 6. Show that 


= cos 51°.—-— ‘== 51°.-— — cos B1°—- 
COS gin 51° ক] 1 Lain 2 COS it 


=2 sin 51.755 V2 sin 51°. 
€08 6° - sin 6°= cos (51° - tj; - sin (51° 45°) 


=2 cos 51°. a . N2 cos 51°. 


cos 6 tsin be 2 sin Bl tan 51°. 
cos 6°—sin 6° V2 cos 51 


Ex. 7. Prove that cot A — cot 2A= cosec 2A. 


COS A _ COS 2A 

sinA sin 2A 
_ sin 2A cos Asin A cos 2A_ sin (2A - A) 
ন Sin A sin 2A Sin A sin 2A 


cot A- cot 2A= 
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Ex. 8. Prove the identity 
co82A TF cos? ( AT) “cos? ( A-3) = [0. U. '838] 
L. HB. 8.= co82A + {cos (A+ 60°)}2 + {cos (A—60°)}2 
=0082A-+(co8 A cos 60°—sin A sin 60°)? 
+ (cos A cos 60° sin A Bin 60°)? 


= C082 A+ (¥ cos A-S sin A)2 + (5 cos A+ sin A)? 
= 0082AT+ 2(E cos2A-+# sin2A) 
= 0082AY COS2ATE Sin2A=} COS?AT+E sin2A 
= §(cos2 A + sin? A)= 3 X 1=3. 
Ex. 9. Prove that tan 10° + tan 35°-+tan 10° tan 35°=1. 
tan 10° + tan 35° ন 9 
tan 10° Ftan 35° — ian (10°4+35°)=tan 45°= 
1- tan 10° tan 35 en +2 one 1 
+ tan 10°+tan 35°=1- tan 10° tan 3D 
*, tan 10°+tan 35° + tan 10° tan 35° = 1. 

VEx.10. Tf cos (A+B) sin (C+D)=c0s (A- B) sin (C- D), 
show that cot A. cot B. cot C= cot D. [6 0.830) 
c08 (A-FB) sin (C+D)= 008 (A-B) sin (C- D), 

. cos (A+B) _sin (C-D) t 
cos (AB) sin (C+D) 


cos (A+B)-+cos (A—B)_sin (C— D)+sin (C+D) 


Or, 
? cos(A+B)-cos(A-B) sin (C-D)-sin (c+D) 
[ By Comp. & Div. ] 
0, 2 CO8 A G08 B _ 2sinC C8 D s 
—9YsinAsinB -—-2c08CsinD 
0 cos A cos B_ sin C cos D 
1s ——___—_—.. . — = ——_————- 


sin Asin B cos C sin D' 


Or, cot A cot B= tan C cot DESO [ ‘" tan C= | 
cob C cob C 


“, cot A cot B cot C=cot D. 
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h 
Ex. 11. Hsin (A+B)=n sin (A-B) and it nz - 1, 
n-l 
ntl 
‘* sin (A+FB)=n sin (A-—B), 

sin A 008 B-+cos A sin B=n( sin A cos B—co8s A sin B);. 
Or, cos Asin B+ n cos AsinB 

=n Bin A cO08 B- sin A cos B [ by transposition | 

Or, cosA sin B (1+n)=sin A cos B (n- 1), 


/ 
shew that cot A= cot B. 


i nt n-l 

9) cOSASINnB_MN 8 cob A tan B= 

", GinAcosB ntl 0 ৰ ntl 

1 nL 
(9) GA X— = 39 cot A= ——_ B. 
it cotB n+l’ Y n+l % 

V1 Ex. 12. Show that if an angle « be divided into two 
parts so-that the ratio of the tangents of the parts is 2, the 
difference % between the parts is given by the equation 


s 1-1, : 
ৰ «. . « 
Sin 0 LEI [A.U.'451 
Let m and n be the two parts of the angle «<. 
from the given condition we have ton Mg... (1) 
tan Nn 
m- n= (2), and m+ n= """(3) 
ton m_y 
AEs tan n : tanm-tan Mn 
N ne A= + «=—_—_—_———_ 
EAM EE a tan my) Fi tan mtann ig 
tan Nn 


sinm_fsinn 


cos m cos gin (mtn) [' <=mt+n) 
sin m Sin nm 
SII 
cos m COSM 

_ sin m cos n—Co8 mM Sin 1, jy (m+n) 
sin m Cos n+ CoS Mm Sin MN 

Sin (m1), sin (m+n)=sin (m— nN) 
sin (m+n 

=5in %. 
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Ax. 13. “If A+B=0C,; prove that 


C082 A-+cos2 B—2 cos A cos B cos C=sin2 C. 


L.H.S.=c082 A-+cos? B- 2 cos A cos B cos (A+B) 


[** ‘C=A+B] 
=0082 A-+cos2 B—-2 cos A COs BX 
(cos A cos B - sin A sin B) 

= 0082 A-+cos82 B- 2 cos? A cos? B 

+2 cos A cos Bsin Asin B 
= 0082 A —co82 A cos? B+ cos? B- cos? A cos2 B 

+2 cos A cos Bsin Asin B 
= 0082 A (1 - cos? B)--cos? B (1 — cos? A) 

+2 cos A cos B sin Asin B 
=0082 A sin? B+Fcos? B sin? A R 

+2008 AcosBsinAsinB 
=(cos A sin B+cos B sin A)? = f{sin(A+B)}?=3sin2C. 


Exercise 2 


1. Find the value of (i) sin (- 15°), (ii) cot 15° 


2 
8 
4. 
5 


6. 


(li) tan (= 756°). 
Find the expansion of sin (A— B+ OC). 


Find tho value of sin 105° +cos 105°-+cos . 


If sin A= %, cos B=18, find the value of cos (A+B). 

If sin B=% and cos A=}, find the value of 
sec (A+B). 

It tan A= fy and cot B=, find cot (A - B). 


Prove the following identities :— 


7. 


9 sin (;-9)= 60- NV3sin 6 


sin (A-B) 


5 ও = Cot B- ¢ 
SIinAsin B SR 
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9. cos A-Focos (190° +A)+c0s (120°-A)=0 [0. U. '53] 
10. cos {S 3 9) COS (=) - sin (y = 9) sin 5 - <) 
= sin (6+). 
11, 2 coos (45°4-A) cos (45° — A) =0082 A~— sin? A, 
চ cos 6+ sin 6 
2: Ee 
WE (1+6) cos 0 —- sin 6 
tan (24 ~ B)-+tan B 
18. = 9, 
1-— tan (24~—B) tan B 
14. cos? A+cos2 (190° - A)+ cos? (120° +A)=3. 
15, cos 69°22’ cos 9°22’ + cos 80°38’ cos 20°38’ = 3. 
16. cos 38° 15' sin 68° 15'— cos 51° 45’ sin 91° 45' =}. 
17. sin 36 cos 6 — cos 36 sin 6 =sin 20. 
18. cot 2A +tan A= cosec IA, (0. U. '47] 
19. 1+ SAE 9A, 20, C08 chi ET 54°. 
cot A cos 9°-sin 9 
91. EN Sin 2A f 
tan (A+B) tan (A—B) ef ET RS 
V22. sin (m+1)0. sin (m= 1) 9-+cos (m+ 1) 0 cos (m— 1)0 
= 008.20. 
“28, cos 3 ($—0)- sin 0. sin 3 ($-+0)= 008 0. cos 3 ($+0). 
24, ans Arians Bm Le LBD [0.U.'36] 
CO82 A cos? B 
sin? «—sin2 B 
25. tan (<+6) tan («-B) DOTA LIARS 
26. tan 27°-+tan 18°4+ tan 18° tan 27°=1. 
Simplify :— 
27 sin (A- B) sin (8 - C) 4 sin (c-—A) 


sinAsinB sinBsinC BinCsinA 
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sin (A-B)j Sin (BC) sin (C — A) 


3 COS A COS B cos B cos C cos C cos A 
9. If sin « sin B— cos « cos B+1=0, 
Show that 1-4-cot « tan B= 0. [0. U. '89 ] 
30. If ATFB+C=? and cos A=cos B cos8C; show that 
tan A= tan B-tan C. LOL U.42 1 
M61. If tan B= Sin cond Loy that 
1-—n sin? « 
tan (4~-B)=(1-n) tan 4. [P.TU.'50] 
82. Tf A, B, C be the angles of a triangle, show that 
sin? C= 0082 A-cos? B-+2 cos A cos B cos C. 
[0.0.80 } 
88. Prove geometrically the formula F 
C08 (A+B)=c08 A cos B-sin A sin B where A is an 
obtuse angle and B is acute. [O.U. 41] 


17. 


Transformation of Products and Sums 


Transformation of products into Sums or differences 


(1) We have already proved in Art. 14 and 15 that 


sin A cos B+ cos A sin B= sin (A+B):..(i) 


Sin A cos B - cos A sin B= sin (A - B)*-(ii) 


+‘, (adding) 2 sin A cos B= sin (A+B)+sin (A- B). 
Again, subtracting (ii) from (i) we have 


2 008 A sin B= sin (A+B) - sin (A — B). 


Here we have the above two formulas for transforming the 


product of a sine and a cosine into the sum or difference of 
two sines, 
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(2) From art. 14 and 15 we have 
cos A c08 B - sin A sin B= cos (A+B)...(iii) 


cos A co8 B+ sin A sin B= cos (A - B)...(iv) 


( adding ) 2 cos A cos B= 008 (A+B)+ cos (A ~ B). 
Again, subtracting (iii) from (iv) we have 
9 sin A sin B= 008 (A - B) — cos (A+B). 
Here we have the above two formulas for transforming 
(i) the product of two cosines into the sum of two cosines 
and (ii) the product of two sines into the difference of two 
COSiInes, 
These four formulas are very important. They are given 
below : 
9 sin A cos B= sin (A+B)+ sin (A - B)-‘(1) 
9 c08 A sin B= sin (A+B) - sin (A— B)--‘(2) 
9 cos A C08 B= 08 (A+B) +c0s (A —B)...(8) 
9 sin A sin B= c08 (A - B) ~ cos (A+B)...(4) 
[N. B. Yhe following will be helpful for remembering 


the formulas : 
9 sin A cos B= sin (sum) + sin (difference) 


9 cos A sin B= sin (sum) — sin (difference) 
2 cos A cos B= cos (sum) + cos (difference) 
9 sin A sin B= cos (difference) — cos (sum) 
In the last formula it is to be noted that the Ist term is 
difference and the 2nd one is sum. ] 
Example 1. 2sin1l Acos5A 
=sin (11 A+5 A)+sin (11 A- 5A) 
=sin 16 AT sin 6 A. 
Example 2. 2 cos 59 sin 89=sin (50480) - sin (50 — 89) 
= sin 130 - sin (- 306) 
=sin 13604+-sin 80. 
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Example 3. 2 cos 75° cos 15° 


= 008 (75°+ 15°) +co0s (75° - 15°) 
= 008 90° + cos 60°=0+3= 3. 
Example 4, 2 sin sin 7 s(£- 2) os ( +2) 
he (-— 9) — cos 60}= 008 6 — cos 60. 
18. Transformation of sums or differences into products 
‘sin (A+B)= sin A cos B-+cos A sin B 
and sin (A—B)=sin A cos B- C08 A sin B 
(adding) sin (A+B)+ sin (A - B)=2 sin A cos B...... (1) 
Now, let ATB=6C, and A-B=D ; 
Then Att, and BED 


". from (1) we Be sinCtTsinD=95in ——— eT, 


Again, ‘,' sin (A+B) - sin (A - B)=2 cos A sin B...(9), 
cos (A+B) cos (A — B)= 2 cos A cos B...(3), 
and cos (A+B) — cos (A —B) 
= — feos (A - B) - cos (A+ B)} 
= -2sinAsinB 
= 2sin Asin (-B)...(4), 


putting the values of A and B in terms of C and Din 
(2), (8) and (4) we have 


sin C- sin D=2 cos cD sin (1) 


cos C+cos D=9 cos ETD CD 


and cos C-—cos D=2 sin oD Sin PE 


ত" 
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The above formulas also are very important. They. are 
given below t 
sin C+sinD=2 sin > cos > TB (1) 
sinc-sinD=2 SOBEL Hp e2.....(D 
cos C+c0s D=2 co8 c+ COs Ei TED 
cos C- cos D=2 sin e+ sin pe 00.0 (Iv) 


[It is to be noted that in (IV) it is রি 7 and not = 


as in other formulas. The following statement helps to 


remember the formulas : 

(i) Sum of two sines =2 sin (3 sum) cos (F diff.) 

(ii) difference of two sines =2 co8 (3 sum) sin (¥ diff.) 
(iii) sum of two cosines = 2 co8 (¥ sum) cos (F diff.) 


(ivy) difference of two cosines 
=29 sin (} sum) sin (3 diff. reversed )]. 
sin 89+sin 60=2 sin 80768 cos 00 


Example 1. 
=2 sin 70 co8 0. 

Example 2. sin 146-sin 80 =2 cos Mot চা 08 

=9 cos 110 sin 306. 
Example 8. cos 20 +cos 50=2 cos Eas Fe LES 7” 

= 9 CoS oe COS (-%) 

2 2 
[J 86 


= 9 cos Le COS 2: 
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LD) ° . iy ¥ . 15° - 75° 
Example 4. cos 75° —cos 15°=2 sin Ts Sn y 
=2 sin 45° sin (- 80°) 


= —2 sin 45° sin 30° 


Examples (3) 
Ex. 1. Prove that sin 20° sin 40° sin 60° sin 80° = বুলি 
EE. 0.249 
L. HB. S.=sin 90° sin 40°. ুঃ. sin 80° [> sin 60°=8 | 
=~ sin 20°, (29 sin 80° sin 40°) 
PE ত . 0 0 () (- [-) 
=~ sn 20 {cos (80° — 40°) — cos (80° +40 )} 


ক ুঃ sin 20° feos 40° - cos 190°% 


=~ sin 20° {cos 40°—(-—3)} [' cos 190°= 0 


=~ sin 20° (cos 40°+3) 


=~ YC sin 20° cos 40 ° +2 sin 20° 


bc) sin 20° cos 40° +8 sin 20° 


Ss SF tsin (20° + 40°) +sin (20° - 40°)}4+ 8 sin 20° 


=X sin 60°+sin (- 20°)}4 48 sin 20° 
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হ ( PETE 20°) + +4 sin 20° 


= 8 L/Biih 90°42 sin 20°= 


Ex. 9. Find the value of cos 80° + cos 40° — cos 20°, 


The given exp.= 2 cos wh COS BUREN cos 20° 


=2 cos 60° cos 20° — cos 20°= 9 X F X cos 20° — cos 20° 
= 008 20° - cos 20° = 0. 
Ex. 8. Show that cos 5°- sin 25°=sin 35°. 
sin 25°= cos (90° — 25°), 
cos 5°— sin 25°= 008 5° — cos (90° - 25°) 
5 + Sih 65 ত 5চ 
=2 sin 85° sin 30°=2 sin 35° X3 =8in 85°. 


fix. 4, Prove that cos? A+ cos2(60°+A)+cos2(60° - A)= 
9 cos2A= cos2A +C052A=co82A+1 - Sin2A 
= 008 A. CoS A~sin A, sin A+1 
= coS(A+FA)+1= cos ALL, 
L. H. 8.= (1400s 2A)-+Y{oos (120° + 2A) FI} 
+ F{cos(120° — 2A) +1} 
= {84+ cos 2A + cos (120°4+2A) +008 (120° — 2A)} 
= (3 + cos 2A +2 cos 120° cos 2A) 
=Y(3+c0s 29A+2 X - Y X cos 2A) 
=Y(3 +008 2A — cos 2A) = 8. 


= 008 5° - cos 65°=2 sin 


in A-—si A+B 
Ex. 5. Sin A-—sin Boob, 
IX, 5B. Show that DEBE ) 
— A+B 
9000 ES 8B cos Ep +B 
LH. BS LEE LE 2 Ee 
sine ES ne SS ? 
a Ba 2 
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sin 0+sin 20+ sin 40 +sin 50 
cos 6-+c0s 264-c0s 40-+c0s 50 
(sin 56+sin 6) +(sin 46+ sin 20) 
(cos 56 -+c0s 0) +(cos 46+ c0s 20) 
_2 sin 36 cos 20-2 sin 36 cos 6 

2 cos 36 cos 204-2 cos 30 cos 6 


2 sin 90 (cos 20 +008 0) _ sin 56 36. 


“9 008 86 (cos 264-008 6) cos 306 


Ex, 7. Express 
sin (B+C- A)+sin (C+A-—B)+sin (A+B -— C)- sin (A+B +0) 
as the product of three sines. 
Transforming the first two terms and the last two terms into 
products we have 
the given exp.=2 sin C cos (B— A) +2 cos (A+B) sin (- C) 
=2 sin C cos (B— A)—2 cos (A+B) sin C 
=2 sin C {cos (B — A)— cos (A+B)} 
=2sinC (2s5in B sin A)=4 sin A sin B sin C. 
Ex. 8. Express 4 cos « cos Bcos? as the Sum of four 
cosines, 
The given exp.=2 cos 4.2 cos B cos ? 
=2 cos 4 {cos (B+?7)+cos (B —?)} 
=2 08 « cos (B4-7)+2 cos « cos (8-7) 
= 00s (4+ +?) cos («~B ~?)+-cos (4+B-7) 
cos (« - B+?) 
=c008 (4484+?) +008 (B+? - «) + cos (44+8B-?) 
cos («-B+?7). 
Ex. 9. TfsinA=m sin B, prove that 
A-B_m-1, A+B 


VEx. 6. Prove that =tan 806. 


L. H. 8.= 


SinA=mBsinB, . 
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sin'A-sinB_m-l 
sinATsinB mt+Y’ 


by Comp. & Div. 


AFB _. A-B 
20087 BD Grom A+B NEBEmEL 
“L———_—_—_—_—_—_—_——_ = 0, cot — tan =, 
A+B A-B MmT+Il 2 2 mt+l 
2 sin COB, STITT 
2 9 
EF Ty 7 B 
br Wn ACB" Lo ALE i AA 


DLE ARBRE UD 
mt+1l cob “TB m+ 


cos Sah +(e ন 


Vix. 10. Prove that ( 
COS A — C08 B 


Sin A-—sin B 
= 2 cot" Por zero, according as n is even or odd. [P.U. 88] 


Here, the L. H. S. 


A- BY" 
AB og RG 


Ef AONE TETRALEE TAB EFA 
ATE sin SE 2 NT sin aod, 
2 9 2 


9 sin 


n 


When 1 is sven, (oot £8)" will be positive, i.e., it will 


A-B 


be (ot A), and then the given exp.=2 cot" 
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—_B\n SY 
Against nS ( ty “2 NHIbSBeHative, 10. it 


ৰ A-B\" . 
will be -—(cot টা : &nd then the given exp.= 0. 


VEx, 11. Tt sin 0+sin $= a and 008 9-008 $=b, show that 
0-$ + 4-02-52 
tan a EE EST [B. U. E, 68 ] 


‘ Bsin6+sin#=a, ‘. 9 sine COS Ee 


(1) 


Again, *." cos 6+c0s $=, ~~. kant 2 


SEN. 
su 04 om 0+ b :..(2) 


Now, taking the sum of the squares of (1) and (2) we have 
4 sin? Eas cos2 9 ty cos? es cos2 8° $ =02 +52, 
Or, 4 cos? es 2 Hsin 298} oo st 9%} 2452, 
Or, 4 cos? Ea 


=a2+b2 [ ‘" the other factor on the 


L. EH. 8.=1,] 
cos? Ell a) 


Nov, dividing (4) by (8) we have 
han29=tnt-a—-bi dd 4-0-2 
2 
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Ex, 12, If AD Bnet ss, 8 
tan (044) tan (648) tan (67)' POV that 


কন sin2 («- s+ sin? (B- n+ sin? (7 - 4) =0. 
[ Pat. 45 ] 


From the given condition we have 
tan (6+4),....(1) 


y tan (6+) 

y_ tan (0+)... 

2 tan (6+?) (9) 

2 tan (60+7),,,,,, 
i t tan (6+«) (9) 


Now, from (1) we get by comp. & div. 
sin (9+), sin (6+). 
ty _ tan (0+«4)+tan (0+) _ cos (0+) cos (6+) 
%-y tan (0+«)-tan (0+) sin (0+4) _ sin (6+) 
cos (64+ «) cos (6+) 
_ sin (+4) cos (64+) + 00s (64-4) sin (64-8) 
° sin (6+) cos (64+) — cos (64+) sin (6+) 
= Sin{(6+4)+(6+B)} _ sin (290+ «+B) 
sin{(6+«4)-(6+)} sin («~—B) 
_ Sin (296+«+6). sin («-B) [Maultiplying the 
sin2(«—B) 
numerator and the denominator by sin («—B) ] 
= sin? (4«—P)= sin (264+4+). sin («- 6) 


= J{cos(204+20) — cos(204-2)}:.. (4). 
Similarly from (2) we have 
Yt2,in2 (8 7) = 3icos(204+27)— c0s(204-26)}---(5) 
Y-2 


and from (3) we have sin2 (7 -«) 
= Y{c0s(264+24) — c0s(26+27)}.-.(6) 
Now, adding (4), (5), (6) we have the L. H. 8.=5 X1{0}=0. 
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Exercise 8 


Express the following as @ sum or difference : 


1. 2 sin 50 cos 20 2, 2 cos 70 sin 80 
8B. cos 00s 4, 9s5in 3A sin (A+B) 


Express in the orm of & product :— 

5. sin 80°-+sin 40° 6. sin 30-sin 76 
7. cos TAT cos 3A 8. cos 76-— cos 96 
Find the value of :— 

9. cos 20°-+cos 100°-Lcos 140° 


10." sin 78° - sin 18°-+008 132°--00s ন 


11. cos 20° cos 40° cos 80° 

12. V8 sin 20° sin 40° sin 80° 
sin 75° - sin 15° 

cos 75° + cos 15° 

Prove the following identities : 


14. Sin 6+ sin CE (64+) 
cos 0 + c08 A 9 


sin 204 sin SLL A (5) 
co8 26 — cos 36 pb 


16. cos (5-0) +s (f+6)= V3 cos 6 


15. 


17. sin60 sin (3 - 6) sin (3+6)=? sin 30 
18, 208 (2A - 3B) + cos 3B 


SiH (AA= 8B) Fein JEU SL 


19. cos 95° 4 cos 96'= (cos 10° + sin 10°) 
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20. cos 6-008 (¥ +6) +008 - 6)=° 


$1, C08 10° -sin 10° 
* gos 10°4+-sin 10° 
22. sin? 56 - sin? 30=38in 80 sin 26 
cos (A+B) 2 cos A cos (AB) A 
sin (A+B)—=2 sin Atsin (A- 8) ৰ 
24. cos 10°-—sin 40° =sin 20° 


25, Sin TA-—sin 3A sin BA-sin A EEE OA 
cos 7TA+ cos 3A — cos DA — COS A 


=tan 35° 


্চ 


V1 in2 in2 (Z in2 (ৰ ) 

26. sin*6+sin ন +06) +sin ন 6) ত 
27. 4 008 6 00s (120°+6) cos (120°—0)= 008 80 

V28. cos A+cos B+cos C+cos (AFBT+C) 


= 4 cos B+ 0000+ hoost EB, [A. U.'45] 


29. Express sin 2A+sin 28 +sin 90 - sin AA+BT+C) as 
the product of three sines,. 
80. Express 4 sin A cos B cos C as the sum of four sines, 
V81. Tt cosec A-+sec A= cosec Bt sec B, 
then tan A tan B= cot ¥ (A+B). [P. U.’86] 
82. Express sin (B+C-— A) T+sin (c+A-B)T+sin (A+B -0C) 
— sin (A+B+C) as the product of three sines. 


38, It cos A= k 008 B, shew that 


cob 3 (A+8)= FT tan 3 (8 - A). b 


84, If cos A+cos B= and sin At+sin B=, find the value 
of tan 3 (A+B), 


85 imolif sin A-Fsin 8A sin BAsin TA J 
EE 008 A+ cos 3A-HCOs DAT COS JAAD 
‘A ) [A.U,’48] 
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36. Tf sinA-Fsin B=, and cos Arcos B=b, find the 
-B 


value of cot ss 


V87. Ttocos «T+y sin A=E=% COS Fs sin B, prove that 


GOS s To) Bin চলছে COS B)' 
MULTIPLE ANGLES 
19. Trigonometrical ratios of angle 2A. 


Angles 2A, 3A, 4A, etc, are called multiple angles, as 2A, 3A, 
etc, are multiples of A. 


(a) It has been proved before that for all values of A 
and B, 


sin (A+B)=sin A cos B+cos A sin B, and 
cos (A+TB)=c0s A cos B- sin Asin B. 
Now putting B= A in the first formula, we have 
Sin 2A=sin A cos AT cos A sin A=2 Sin A cos A'‘‘(1) 
Putting B= A in the second formula we have 
COS 2A =cCO8 A. COS A — Bin A. Bin A= cos? A - Bin?A.--(2) 
= 0082 A-(1- cos? A)=2 cos? A-1:--.(3) 
[ Ox, from (2) ]=(1 - sin? A)-sin2 A=1-2 sin? A--(4) 
Hence 608 2A= C082 A- sin? A=2 cos? A-—-1=1 -2 sin? A. 
Corollary : From (83) and (4) we have by transposition 
14008 2A=2 cO8° A.‘‘(5) and 1 - cos 2A=2 sin? A.‘.(6) 
1-—c0s 2A _ 3 sin? A 
1+ cos 9A 2 cos? A 
(5) It has been proved before that 
tan Aftan B 
1-tan A tan B 
cot A cot B- 1 
cob B+cob A" 


= tan? A, 


tan (A+B)= 


and GO (A+B)= 
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Putting B = A in the first formula we get 


2 tan A (1) 


tan 2A=—— — 
1— tan2A 


Putting B = A in the second formula we get 


cot wet. (8) 


20 
[N. B. As the addition formuls have been proved for all 
values of A and B, the above formulas derived from them are also 
true for all values of A. ] 


20. Trigonometrical ratios of angle 3A. 


From the formula we get 

(i) sin 3A=sin (2A+A)= sin 2A cos A+ cos 2A sin A 
=29 sin A cos A. cos A+T(1-—2 sin2A). sin A 
=9 sin A cos2A-Fsin A— 2 SinS A 
=2 sin A(1-sin?A)+sin A- 2 sinSA 
=2 sin A—2 sinSA+Fsin A- 2 sinSA 
=3 sin A — 4 Sin5 A. 

sin 3A=3 sin A - 4 sinSA. 

(ii) cos BA = cos (2A +A)=008 2A cos A—sin IA sin A 
=(2 c0s2A—1) cos A- 2 sin A cos A. sin A 
= cos3A— COS A-— 2 sin2A CoS A 
= 9 cos3A ~ cos A— 2 cos A(1 - cos?A) 
= 4 COSA — 3 COS A. 


CO8 3A = 4 COSIA— 3 COB A. 


LN. B. We notice that in finding sin 3A and cos 8A above 
we have to put the value of cos 2A. But cos 2A has two values, 
viz., 2 cos2A- 1 and 1-2 sin2A. It is to be noted that the 


value of cos 2K must be written in terms of sine in finding 
sin 3A and in terms of cosine in finding cos 3A. ] 


Ele. Math (X) G—t4 
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tan 2A+tan A {0. Pre-U. ’68] 


(ii) tan 8A=tan (2A+A)= TE IH GEDA 


9 tan A 9 tan A+ tan A-— tan3A 
ch OD 
5 SMR. Ie 3) 1- tan2A 
i 9 tan A 1 —tan2A - 2 tan*A 
8 Eo tanA =——_—— EA LET 
" 1-—tan2A i 1- tan2A 


=3 tan A-— tan A 
1-8 tan2A ) 


{iv) To express sin 2A and COS 2A in terms of tan A, 
[L081] 
9 Bin A COS A 
Sin2A + cos2A 
['" sin2?A+cos*A=1] 


Sin 2A=2 sin A cos A= 


9 sin A Cos A 
COSA 
° Bin2/ A _ COS2A 
COSZA © COSZA 
y 2 tan A 
1+ tan2A’ 


[ dividing the numerator and the 
denominator by cos? A. ] 


{ Alt, proof: sin 29A=2 sin A COS A 
inA 
=982 2 cos2A=2 tan A. COSA 

COS A 


1 _2tanA 


=9tamA— oD. 
6C2A 1+ tan2A 


Sin2A 
cos2A 


—tan2A_ 1 -— tan? — tan? A 
SeC2A = TF ian2A 


C08 IA = 0082A — Sin2 A= COB? A — COS>A. 
=0082A (1- fan SA) EL 
[N. B. By a process similar to that shown above the 


trigonometrical ratios of any multiple of angle A can be expressed 
in terms of those of angle A. J 
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Ex. 1. Express cos 46 in terms of sin 6, 

cos 46= 008 2 (260) =1-2 sin*90=1-2 (sin 90)? 
=1 - (2 sin 6 cos 6)2=1 - 8 sin26 cos>0 
=1 - 8 sin26(1 - sin260)=1 - 8 sin26 +8 sin40. 


Ex. 2. Tf sin A=, find the value of cos 2A. 
cos 2A=] — 2 SiIn2A=1- 9X নু =. 


VEx. 3. Find tan A, when cos 9A= 3%. 


1- tan2A + 1-—tan2A_94 
9IA=—— 5 ETT 
| 1+ tan2A’ 1+tan2A 295° 
9 _ 49 
ERA EL (by Comp. & Div.). 


or, tan°A=3, ‘+. tan A=4. 
Ex. 4. Tf cos A=, find the value of sin 8A. 
COSA=$, «. SinA= VI—-cos?A= V1-3H 
= N25= 3. 
Now, sin 3A=8 Sin A- 4 sinSA=3X3-4.(3)8 
=3- 188-334. 
Ex. 5. Prove that cos2(45°—0)- sin2(45°- 0)= sin 20. 
L. H. S.=0082A —sin2A [ putting A for 45°-06] 
= c08 IA = cos 2 (45° - 0)= 008 (90°-— 26) = sin 206. 
Ex. 6. Show that sin 860=8 sin 6 cos 6 cos 90 cos 40. 


sin 86= sin 2 (46)=2 sin 40 cos 40 


=29.2 sin 26 cos 20.c08 46 
[ ‘" sin 40=2 sin 20 cos 206 | 


=2.9.2 sin 6 cos 6 cos 26 cos 406 
[ '" sin 20=2 sin 6 cos 6] 


=8 sin 6 cos 6 cos 26 cos 40. 
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V/Ex. 7. Prove that cos A--sinSA=1 — 3 sin2A cos2A 
; =H(1-+3 cos*2A). 
L, H. 8.= (cos2A)S + (Sin2A)3 
= (082A + sin2A)(cos*A — cos2 A sin2 A sin*A) 
= C08#+A — Sin2A cos2A T+ sin*A 
| [ *'" cos2AT+sin2A=1] 
= (co0s2A-+sin2A)?2 - 8 sin?A cos? A 
=1 - 8 sin2A cos2A. [ proved ] 
=1-83X(} sin 2A)? [‘' sin 2A=2sin A cos A ] 
=1-2 sin229A=1 -4 (1 - cos22A)=4+2 cos°2A 
= (143 cos22A). [ proved J 
Ex, 8. Show that cot 6 — tan 6=2 cot 26, 
1 _cot26-1 cot26- 1 
= ত == = 9. = 2 cot 26. 
L. H. S.= cot 6 0 HOV 2 তন [Uo) 
1— cos 20 +sin 26 _ 
1 +cos 260+ sin 20 
1 — cos 20) Fsin 206 
L. H. §.=(L- 008 20) tein 20 
(14+ cos 206)+sin 20 
—2 sin20 +sin 206 
2 cos206 sin 26 


Ex. 9. Prove that tan 6, [C.U. 88} 


[ Art. 19, formulas 5 & 6 ] 


=2 sin20 +2 sin 6 cos 6 _ 2 sin 0 (Sin 6+ cos JER 9 
2 cos260-+2 sin 6 cos 9 2 cos 6 (cos 06 +-sin 9) $ 


VEx. 10. Tt tan টল) find the value of x sin 264+Yy cos 206, 


[B. HE. U.’40] 
.* Sin6_sz 


tan 0=", শট =-, ‘..Y8in0=% cos 0. 


Now z sin 264+ cos 20=2. 2 sin 6 cos 6+ y(1- 2 sin20) 
=2 sin 6. % cos 6+ Y(1- 2 sin20) 
=2 sin 6. y sin 6+ Yy(1 - 2 sin20) 
=2 y sin*6 + y(1 - 2 sin®0)=y. 
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lS 3 
Ex. 11. Prove HU SESE SL EteTOAr OHH UOT 
Sec 4A—1 tan 2A 


1 
— 1 
L. EH. §.= 008 BA _1l-— cos SA 008 4A 
LUE cos BA 1 -—cos 4A 
Cos 4A 


_2 sin? 4A. cos 4A 
cos BA. 2 sin? 2A 


=2 sin 4A cos 4AXsin 4A _ sin BAL, Sin 4A 
cos SA. 2 sin? 9A COS BA 2 sin*2A 


2 sin 2A cos 2A Cos 2A 
— —— —— =tan BAX-—; 
9 sin2 2A Sin 2A 


1 _tan SA 
tan 2A tan IA’ 


=tan 8AX 


= tan 8A cot 29A=tan SAX 

gs 
Ex. 12. Prove that tan 8A— tan 29A—tan A 

=tan 3A tan 2A tan A. 


L. HE. S.= tan (2A --A) - tan 2A -— tan A 


tan 2ATtan A I 
Cm — A — 
1- tan 2A tan A En LDA 


_ tan 2AFtan A— tan 2A — tan A+ (tan IA +tan A) tan A tan A 
1- tan 2A tan A 


= tan 2A T+ tan A ? I 
TE HE SAE AL tan 2A tan A=tan 3A tan 2A tan A. 


VEx, 18, Show that C0826 + cos *(« +6) 
~ 2 cos « cos 8 cos («+ 0) is independent of 0. 
The given exp.= cos? 0+ (cos « cos 8—sin « sin 9)°2 
— 9 cos « cos 6 (cos « cos 0—8in 0 sin 4) 


[P. U. 46) 


= 00820} cos2« cos26-+sin24 sin26— 2 cos < COS 0 Sin < sin 6 
— 9 cos2« cos28+2 cos < Cos 0 Bin «< sin 0 


54 A TEXT BOOK OF H. S. ELEOTIVE MATHEMATICS 


= 0082 0 - cO82 « cos? 6+-sin? « sin® 6 
= 0082 0 — cos? 0 (1- sin? «)Fsin2 « (1 - cos? 0) 
= 0082 6 - cos? 0--c0s8° 6 sin? «sin? &«— C0820 sin 
=3in2 «4, which is independent of 6. 
tan 2°60 

tan “tan 0 
= (1 sec 20)(14-se0 929)(1--sec 236)...(1--sec 270). 

1 1--tan2 6 
EEE fp OD 
cos 26 কক 8 1-tan* 0 
1--tan* 0 
Ne tan? 0-+1+tan2 0 _ 9 
1-—tan2 6 "1 -tan2 06° 


2 tan 6 
1- tan20 


VEx, 14, Prove that — —— 


‘.'  1-+sec 20=1+ 


“, tan 6 (14sec 20) = ( multiplying both sides 


by tan 9) 
=tan 20. 

Similarly it can be proved that tan 906.(1-+ 5002209) = tan220, 
tan 226(1-+sec 236)=tan 250, ...... , and tan 27-10 (13sec 270) 
= tan 2°06. 

, tan 6(1-+sec 26)(14+ sec 220)(1-+sec 2356)...(1 + sec 96) 

= tan 20, 


tan 2°06 
LM ne = (1 4+ sec 20)(1 sec 220)(1 4 sec 9836)...(1 + sec2"9). 


Exercise (4) 


1. Tf cot A= 3, find tan 2A, 
2. Tf sec 9= 3, find the value of cos 80. 
8. TIfsin 2A="28, find tan A. 
Cos BA 
0S A 
(ii) Express sin 2A and cos 2A in terms of tan A, 
[0.U.'81} 


4. (i) Simplify sin 3A cosec A- 
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Prove the following indentities :— 


Sin; 2050 

1-— cos 20 Ru: 

6. cot 2A tan A= cosec 2A [ 0. U. 47) 
2 
J. cost A-Ssin+A= cos 2A. lttan Asoo 9A. 
1-—tan2A 

g. 0820 _ ) 

Le sin 20 NL 

AO. cot A+ cot (60°4+-A) + cot (120°+A)=3 cot 3A. 
[ Pat. 45 J 


11. S08 860Tsin 86] +9 sin 20. 
cos 6-sin 6 


12, sinSA-sin3 (190°+A)-+sin® (240°+A)= - f sin SA. 
[PU ’39] 
V18. tan (3+) - tan (3 - 6) =2 tan 26. 


14, cosSA cos 3A+sinSA sin BA=cosS32A. [P.U. ’89, '43] 


sin A-Fsin 2A -+sin 4A sin DA LON BA 
* cos A+Fcos 2A-+cos 4A-FCOS HDA - 


16. cos? A+ cos? ( A+ 3) +oos* ( A-— 3)=5 [0. Uo 
A7. cos 86 sin 26 —c00s 40 sin ESI 
cosec 6 
18. 2 cosec A= tan A+ cob A. [B. EH. U.’48 J 


19. 4sin36 cos 3044 cos°0 sin 30=3 sin 40. 
[ Hints: 4sin30=8 sin 6 — sin 80, and 
4 cos36= 3 cos 04+c08 80 


V0. Sin (A+3B)-+sin (SATB) —9 cos (A+B). [A U.’47] 
sin 2A-sin 2B 


$1, cos 4x — cos 4y = 8 (cos % - cos y) (cos % + cos y)X 
H (cos #-— sin y)(cos x +sin y). [P. U.'86] 
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$9 sin 4A (1-— cos 2A) 


=tan A. 
Gos 2A (1 — cos 4A) ৰ 
য় 1 
LEE Tee st in OS CEL HE RR-TEAEE 
tan 3A —tan « cot 3x — cot A 598s 
(4. If 9 tan «=3 tan B, show that tan (4 - B)= Sin 2 
5 — cos 2B 


(0. U.'46; P. U, '47] 
25. Find the value of cos264-c0s2(120° — 9) + cos2(190°4+-6). 


86,7 IE: tai OE sco Da in 90= LL an 
an 0= 560 24, prove that sin 20 যয 
[P. U. ’40] 
VT. If 4 and B are acute angles and cos 9«=8 005 9% 1 | 
8 -— cos 2B | 
Show that tan «= V2 tan B. [C. U. '41] 
V28. Tf tan 6= + and tan $=, show that cos 260=sin 4%. 
[A. U. ’50] 
EEL 
ELE prove that 


2”? cos 6 cos 26 cos 226...cos 2"-16=1. 


~V80 P 2 cos 2°64+1 
fd that =—  — = - 96-1) X 
rove that ঢা ছানা (2 cos 6 — 1)(2 cos 26-1) 


(2 cos 226 — 1)--.(2 cos 29-16 - 1). 


Submultiple Angles 


The angles a 5 7 etc. are called Submultiple Angles. 
‘They are submultiples of angle A. 
21. We have proved the following formulas in case of 
multiple angles. 
(1) sin 9A=2 sin A cos A 
(2) cos A= cos2A — sin2A=2 cos2A-1=1- 2 Sin2A ; 
[1+ cos 2A=2 cos? A; 1- cos A= sin2A ] 
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2 tan A 


(8) tan BASS 


These formulas সা hold good whenever an angle is double 
of another. 


Putting g for A ( so putting 90 or A for 2A )in the above 


formulas we have respectively 5 
(1) sin A=2 sin D cos 


(2) cos A=008° 5- sin 5=2 cos? 5-1=1 -2 sine 5 


[ 1+c0s A=2 e082 5 1-c0s A=2 sin? 3] ; 


2 tan 5 
(3) tanA= ডং 
1 - tans 


22. The following relations regarding multiple angles have 
been proved before : 


(4) sin 3A=8 sin A-4 sinSA 
(5B) cos BA= 4 cosiA- 3 cos A 


3 tan A~— tan A 
1-3 tan2A 
These formulas are true whenever an angle is thrice another 
angle. 


(6) tan 3A= 


Now, putting 3 for A (s0 8. or A for 3A) in the above 
formulas we respectively have : 
(4) sin A=8 sin 3-4sin8 5 


(5B) cos A= 4 cos83 0 cos 
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Afi 4A 
8 tan tan নু 


(6) tan A= ন 
1-8 tan? 


£ 2 tan A 
Corollary : ue CLL 
orollary : (i) sin 2 THAIA 


A 
, 2 tan ত 
putting তু for A we get sin A= 


9A 
1+ tan ত 


1 - tan2A 1-tan? 5 
ZZ! .'., 008 A= ? 
1+ tan2A 1+ tan? 


(ii) ‘" cos 2A= 


23. To find the trigonometrical ratios of ড in terms 


of COS A, 


1-cos A=92 sine, কে sine = 301 — 008 A) 
A 1—co8 A....,, ; 
sin = + EEO A...) 


Again, *‘“ 1+cos A=2 0082, হট 00525 = (1 + cos A), 


cos 5=+ NY(1+ cos A):'.(ii) 
A sin — 

Hence, tan ৰ — = + 1-cos A s00ces (iii) 
ad রর 14+ cos A 


[ The other ratios can now be easily deduced ] 
24, Ambiguity of signs. 
In the above article we find that sin and cos have 


two values, equal but opposite in sign, derived from the. 
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value of cos A. The reason for this ambiguity is that when 
only cos A is known and not A, then A and 5 may have & 


sories of values. If « be the least of the series of values, then 
A= Yn + ( where n is any integer ). 


So, we are really finding the values of sin $(2nzx+<) and 


cos YH2nm£«) in finding the values of sin ৰ and cos 2) 
Now, sin $ (2n#+£«)=sin (n=+2) 
5 “ Lo Be 
=sin nt cos gj+cos nt sin 5= sin 5 
[ ' sin n#= 0 and cos n#= +1} 


Again, cos j (9n# +) = cos (*==5) 


[ELE av « 
=008 nm cos 5Tsin nT sin = 00s ত 


Hence, if only cosA is given and not A, we have two. 
2 A 
values of sin তু and cos তু 


If, however, the value of A also or the final position of 


the boundary line of the angle A is known, there will be no 
oe A 

ambiguity regarding the sign of the value of sin g or 008 ga) 
AES ARASS ৰ ্ 

for in such cases the quadrant in which g lies and conse 


quently the sign of sin টী or COS 5 will be definitely known. 
Hence the sign to be used in the above formulas depends on the 


quadrant in which lies. 
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Example. If cos 380° =, find the value of sin 165°" 


and cos 165°. 


sin 165°= + / SBT a 51 - 4) 
al a 
== ix 4- EE EOS E ar WY 


ff - o CU BSE EEE Benne se CO FET REES NY 
Again, cos 165°= V3(1+00s 330°) = = +5 *( 2) 


V8+1 
2N2; 


4 


Now, 165° being in the second ( quadrant ) its sine is positive 


nd cosine negative. 


R co N8-1 o V3+1 
165° = 5’= — « 
Sin 93° and cos 16 978 


25. To find the value of sin 3 and cos in terms of 


Sin A, 


. 9A A 
sin? ত ০০8° ead (1) 
and 2 sin র্‌ COS g=sin A:--(9), 
- A A)? . 
adding (1) and (2) we bave ( sin geo =1lt+8in A, 


sin oT 0089 = + V1+sin A‘‘-(3) 
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Again, subtracting (2) from (1) we get 
( sin £ a 0058) =1 ~-Sin A, j 
sin 3 0089= + Vl-sin A (4). 
Now, adding (3) and (4) we have 
2 sing = + ViTsin A + V1-sin A, 
sin = £3 VIF sin A +3 /1- sin A ..-..(5) 


Subtracting (4) from (3) we have 


089 = + V1TFBiIn.A FY V 1-Sin A. (6). 


26. Ambiguity of signs. 


From the formulas (5) and (6) above, we find that for one- 


value of sin A, either sin ৷ Or CoS fg has four values each. If 


only sin A is given, but not A, then A and hence ; may have: 


a series of values. Let « be the least of.this series of values. 


Then A=nz +(-—1)"< and .'. sin j=sin int H+( - 1) A} 
and cos 5=008 Finn +(- 1), 


Now, (i) if n be an even integer, let n= 2m. 
“ sinYinz+(-1)"4}=sin Homa + (- 1)2ma} 


” A 
=3in (n=+5) 
LE Ee y ue 
= sin m7 COS ত 008 mt sin 5 


= £s5in তু [ '" Bin m#=0 and cos mz= +1] 
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(ii) It n be an odd integer, let n= 2m+ 1. 
sin Fin -+(-1)"4}=sin (2m + Lr +(- 1)2mtla} 


=sin (mn=+- 3) [*(-1)e+1=-1) 
= Sin mt cos (5- 3) +o mT sin (a- 3)- + sin( 3 — 3). 


Hence, we notice that if only sin A is known and not A, 


sin ত will have four values. 
Similarly it can be shown that in such cases cos also 


will have four values, Viz., Cos ‘= a ) or Ecos (5- |) 


for one value of A. 


Now, we have sin $+00s7= A Ts Sin 54 A Cos ন) 


A TR RPE Fe 
0 sinl y+ 5) [ BI = 008 a= al 
V2 sin (§+3)=s ০0s a= NVlTsin A, 
63 OPTED ALAC EEE OR ERC] A 
Again, sin 5 — 008 5 = v%( a sin 5 Ra cos ) 
= V2 sin (5-7). 
A/S sin (5 — )=sin 57 008 5=+ Nl -sin A. 
Hence, if the value of A is known, it will be definitely 
known whether sin (5+3) and sin (§-) are positive or 


negative and there will be no ambiguity about the signs. 


Thus the sign to be used in the above formulas depends on 


the quadrant in which 5 lies. 
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27. Value of tan ৰ in terms of tan A. 


2 tan - 
From the formula we have tan A= 3 
js No tan? 
bl 

‘", tan A-—tan A tan? = 9 tan Eo (by cross multiplication) 


or, tan A tan? a+2 tan 27 tan A=0, it is a quadratic 


equation. By solving it we have 


A_-2+NV0O)?-4tanA X -tanA 
1-— TA 


t 
a 2 tan A 
_-2% JAF tan? AL 7252 Vl Ttan® A 
2 tan A 2 tan A 
= -15 ViFtan2 A 
tan A 


[ Here also the reason for the ambiguity in Signs is similar to 

the reasons of the previous two Cases. ] 
8. Ratios of angles of 18°, 86°, 54, 72, 
(i) Let A= 18°, then 5A=90°, .‘. 2A=90°- 3A. 
sin 2A= sin (90° - 3A) = cos 8A=4 COSSA — 3 COS A, 

or, 2 sin A cos A= cos A (4 cos?A- 3). 

Now, ‘“ A=18°, .', cos A740, 

‘, 9 sin A=4 co82A- 8=4(1 -sin2A) - 8=1 - 4 sin2A, 
or, 4sinSA+2sinA-1=0, 

Ee AE. Ce ES BERET 

= 7_2£ 9% -4X4X-l1= 2+ V4+16 
2X4 8 
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Since Ais an acute angle here, sin A must be positive 


, 80 
the negative value of A is inadmissible. 


Sin 18°= 1 V5-1). 
Again, cos 18°= + V1 —sint 18° = /1- LE ও 


ATE 


(ii) cos 36°= cos 2.18°=1 — 2 sin? 18° 


=1-9x6 = V5+1) 


sin 86°= /1—cos2 36°= VI; (V5 Ds 
V1-is (6+2/5)=4 10-2 5. 


(iii) ‘" angle 54° is the complement of angle 36°, 
‘. sin 54°= 00s 36° =4( /54+1), 
and cos 54°=sin 36°=1 V10—27/5. 
(iv) ‘ angle 72° is the complement of angle 18°, 


sin 72°=c0s 18°=+ V104+2 V5, 
and ¢08 72°=sin 18°= H( V/6-1). 


Examples (5) 
Ex. 1/ Find sin 16° and cos 15°. : 
008 15° +sin 15°= + ViTFsin 30°= VIFJ= V3.--() 
05 16° sin 15°= + VI—sin 30°= VI-T= V3---(i) 


Adding (i) and (ii) we get 2 cos 15°= V3+ V3= 8+ 1 


V2 
3d 
15=~vN 
Cos 2/9 
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Subtracting (ii) from (i) we get 


98in 15°= V$- -LE 


sin 15° = EE 


Vx, 2. Find sin 5 and cos 
. TT . k PEE i PE SEU) = FTAA EENY 
sin G= Sin 2293°= + VY(1— cos 45°) LL 5) 
SEY a He He x2 No) V5. V2. 


ds ; CE 5 CE WE PFT EAS y ] b 
c08 cos 2225°= + Vi(1+ cos 45°) Vis) 


=} V/2+ V2. 
Ex. 8. Show that cos 7° 30'=4( V/2+ 8-1) 24+ V2. 
[ Pat. '88 ] 
T° 30' X2=15; 
SEE TR ou IAT: BYOB Hl 
9 c0827°30’=1+cos 15: =1+ ETE 2/9 ROR 
cos?T°30 =2 TT + V6+ V2) 


[ multiplying the numerator and the denominator by 2rd 
Again {HH V2+ V3—D V2+ V3 
=15(6+2 6-2 N2- 2 324+ V2) 
=Y8+ V6- V2— V8N2+ V2)=M4+ V6+ V2). 
cos27°80'= {iH 2+ V8-— 1) /2+ V2)}° 
cos 7°80'=1UV/2+ 8-1) 294+ V2. 
Elec. Math (X) T—5 
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Ex. 4. Find the ratios of 8° and multiples of 8°. 
sin 8° =sin (18° - 15°)=sin 18° cos 15° — cos 18° sin 15° 


=14(V/5-1. দি 4 V/10+2V5X ন 
=H 5-1. N2.VN5+ V5X Ss 


= 5-6 V2)- HV3- D(N5+ V5). 
C08 8°= 008 (18° — 15°)= 008 18° cos 15°-+sin 18° sin 15° 
3 Inge ev 8tl 8-1 
=4V/I0F IV 5X ST 59 STE FTHVB-1X ত 
=B(V/5+ VB V8 D+ Al - D(V6- V2). 

N. B. With the help of the ratios of 8°, 15°, 18°, 30°, 36°, 
45° obtained so far, the trigonometrical ratios of any multiple 
angle of 8° can be found, because 6°=36°— 30°, 9°=45°- 86°, 
12°=30°- 18°, 21°= 36 - 15° ; ete. 

Tf the multiple of 83° be greater than -45°, its complement 
angle must be less than 45°; so the ratios of the multiples of 
8° greater than 45° can be obtained from this complement. 


Ex. 5. Show that OE = = tan 5. 


2 sind sing 
L. H. 8.= = =tan 5s 
2 sin C088 0089 
Od bp 
Ex. 6. Prove that (cos266° - sin? 6°)(cos? 48° — sin? 19°) 
ea J [ 0. U. (B. 80) '49 ] 
** cos 66° = cos (90° — 24°)=sin 24°, 
and cos 48° = cos (90° - 49°) = sin 492°, 
, the given L.H.S.=(sin224° — sin26°)(sin249° — sin2192°) 
=sin (24°+6°) sin (24 — 6°) sin (42°+ 19°) sin (49° = 12°) 
+“ “Bin2A - sin2B= sin (A+B)..sin (A - B) ] 
=sin 30° sin 18° sin 54° sin 30° 
=4.4( 5-1). (V5+1). 3=3HANV BHU 5-1) 
= ৰ X4= ৰ" 
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Ex. 7. Show that 4 (cos® 10° +sin320°) 
= 8 (cos 10° + sin 20°). 

COS 3A= 4 cosSA - 3 cos A, 

cos 30°= 4 cos 10°—3 cos 10° [ Putting 10° for A] 
Again, ‘" sin 3A=3 sin A—4sin® A, 

sin 60°= 38 sin 20°— 4 sin8 20° [ Putting 20° for A ] 
Now, 4 (cos? 10°4-sin3 20°)= 4 cos? 10°44 sin3 20° 

=c08 30°+3 cos 10°38 sin 20° - sin 60° 


=84৪ (cos 10°--sin 20°) -- EE 
= 3 (cos 10°-+sin 20°). 
Ex. 8. If cos A= and cos B=, find the value of 


C08 RB , A and B being positive acute angles. 


cos = E V3(1-+-cos 06), 


A-—B 


টাৰ Nj{l+cos (A-B)} — [ Putting A~B for 6 ] 


08 
COS A=$, ‘. sin A= V1 -cos2A 
= VN1-H=3 [Ais acute ] 

and ‘" cos B=#, .sinB=V1-B=5 [' Bis acute ] 
Now, cos (A- B)=c0s A cos B+sin Asin B 

cos (A - B)=$ X +3 X $= 8%. 

A-B = ET Cia yd 
= NIT HD= VIX VET T 
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VEx. 9, If 970°<9<360° and cos 9=+}38, find sin i and 


0 is greater than 270° but less than 360°, 
ঢ must be greater than 135° but less than 180°, 


* here sin 3 is positive and cos g is negative. 


Now, sin 5= + /1zc00s 6 — 008 8 =/ SB 135 _ ~V/E-2 5 


and cos LEE EH - 144 12 
T6918" 


9 sin A—sin 2A 
8 = tan? 2 


Ex, 10. 5S hat —— — —— 
fl eS 9sinAT+sin 2A To 


28in A—2sinA cos A_ 2 sin A(1- cos A) 


L. H. 8.= 
9s8in AT2sinAcosA 2sin A (1+cos A) 
in2 
—l-coA ER 2 neh 
1+cos A 9 0082 ঠি 


Ex. 11. Prove that (cos A--cos B)? +(sin A-sin B)? 
A 
= 4 cos? “e, 
L. H. 8.=0082A+ 00828 +2 cos A cos B-+sin°A-+sin2B 
y -2%3in Asin B 
= (c082A-+sin2A) + (c0s2B +sin28) 
+ 2(cos A cos B - sin A sin B) 


=14+14+2 cos (A+B)=24+2 cos (A+B) 
= 9{14-00s (A+B)}=2X 2 cos? “ey cos24 FB, 
9 
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রে 12. If A=240°, is the statement 


2sin f= VIFsin A — VI sin A correct ? If nob how must 


it be modified ? 


A 


Here A= 240°, ন 120°, so that sin ঠ is positive and 


greater than cos নং 
5 BIB: cos g=+ VI1TFsin A ce (1) 
and sin 5 cos 5= + N1l-sin A (2) 


Adding (1) & (2) we get 2 sin = ViFsin A+ Vi-sinA. 
So, the statement here is not correct. It will be correct, it 


it is modified as 2 sin 5= ViFsinA+ N1—sin A. 


VEx. 13. If sec ($4+«)-Fsec ($—<)=2 sec ¢, prove that 
C08 $= N32 cos নু [ Pat. 44] 


From the given condition we have 
El 0 fe Hat LEASE 

cos ($+«) cos ($-4) cos ¢' 
cos ($—«) +cos ($+0)_ 2 

cos ($+ «) cos ($— <) cos ¢’ 

2 cos $ cos A _ 2 

cos? $—sin2 A cos #’ 

or, 2 cos? $-2 sin? 4=2 cos? $ cos 4, 
or, 2 cos? $—2I cos? ¢ cos «= sin? «, 
or, 2 cos? ¢&(1- cos 4)=2 sin? «, 


in2 EGESIL, “ 
Or, cos? $= Bin locos AL] L}oos t= 0082 নু 
l1l-cos« l-cos« 


Or, 


Or, 


i Ed 
CoS $= V2 cos তু 
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X, 14. Tf tan NE eo prove that one of the values 


cos B+ cosC 
A. B [0 
of tons is tan তর tan ত 


‘sec? A=1 t+tan? A, 


SinBsinC 


+. here sec? A= LEE EE 
C08 B+ cos C 


sin? B sin2 C (cos BFcos C)2 +sin? B sin? C 
(cos B+ cos C)2 (cos B + cos C)2 


= (00s B + cos C)?+(1 - cos? B)(1-—c0s2 C) 
(cos B+ cos on 


_ 0082 B cos? C2 cos B cos C+1_ (100s B cos C)? 


(cos BF cos C)? (cos B +cos C)* 
NOG A= Lt cos B cos C aL TE ee B+cos C 4 
cos B+cos C 14-cos B cos C 


,‘, By Comp. & Div. we have 


1—cos A_1l+cos B cos C— cos B _ cos C 
1+cos A LEO B cos C+c0s B+ cos C 


(14008 B)(1 +008 C)’ 


2 gin? ge 2 sin? ট 9 sin? ডা sin? 8 ত sin® ন 


2 cos? 5 2 cos2 8 ত 2 cos? St 0082 5 ০০52 


‘0 tan? on ত tan? al FES 5=tan tan নু 


Hence one value of tan 5 is tan ন tan টু 
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Exercise 5 


1. Find sin 9° and cos 9°. 


2. Prove that cos 15°- sin Lie 3° [B. E. U. 38] 
8. Find the value of cos? 48° - sin? 19°. 
4. Find the value of cos? 36° + sin? 18°, 
5. Evaluate 2 sin 75° sin 15°. 
6. Show that 1 cos SOO ঢু 
Bin 6 


cos A _ cot JAT+1 


7. h ib: = ; 
Show that TAR SOE JAE 
RPE 51) SATA 929A-B 
8. IfsinA= টা and sin B=, find the value of sin ee 
and cos? ~~, the angles A and B being positive acute 
angles. 


9. Show that cos? 18° sin? 36° 4+cos 36° sin 18° =i. 


10. Find the value of sin? 72° cos? 54° ~sin 54° cos 72°, 
[ 0. U. (B. Sc.) '48 ] 


11. Tfsin «+ sin B= and cos «+cos B=b, find the value 


of cos («< +B) and tan Sh) 


12. Tf A lies between 450° and 630°, find sin ন and cos দু 
in terms of A. 

Prove that :— 

18. Sec 09+ tan 9= inn (+5). [0. TU. '89 ] 

14. 4(cos® 95°-4-c0s83 35°)= 8(c0s 25° + 00s 35°). 
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15. tan 6° tan 49° fan 66° tan 78°=1. 


2 2 cos A-+cos B 


“17. cos 3(%- 0)-sin 6.sin 3($4-0)= 00s 6 cos I($+ 0). 


16. tan sas Ee EB MARINA ৰ [B. HE. U. 39] 
[C. U. 50] 
| 


2 4m 7 ldn ’ 
.18. 16 cos = Ts COs 15 °° TE 5 008 পি =I; [B. E. U. °47] 


19. 4 48% 4 5% 4 XY 
9. cos g cos 5 +cos 5 eos মাত 
[Pat. '38, B. H. U. '46] 
) 20. (cos 24-008 y)2+(sin 2-+sin Y)2=4 co82 Iz - Yy). 
21. Ho= 840°, is the statement 2 sin § 


=-_ VlTFsin0- V1—sin6 correct ? It not, how 
must it be modified ? 


22, If A=320°, prove that tan “= = 1+ VIF tanh 
্ tan A i 


C08 « — col 
(28. If cos Ud Brose Eee prove that one value of 


tang is tan ন cot ন [ Pat, °49] 


24. If sin <= -$, and «4 lies between 180° and 270°, find 


the values of sin ন and cos নু [ Pat. 49 ] 


Pee, § 
25. Prove that 2 sin T= V1TFsin AL NV1-sinA and 


FF 


determine which are the correct signs when 270°> A> 180°. 
[B. H. U: '31 ] 
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6 lsc $ cos 0 -— 
26. Tt tan 5= 2 SOE ET 
I= I iE তঃ Show that cos ¢ TE B00) 


[ Pat. 40; A. U.’44,'46] 


Vl+e sing 1 (1 —e) cos? yj 
,0r, —= 
[;) 


V1l-e 008d tan? S (14-6) sin? ত 


sf BGO 
[ Hints ¢ tan a 


1- tang (1 —e€) cos? 5 (1+6) sine 5 


1+ tan® (1-6) cos? gt +e) sin? a 


2- tan 
Again, cos $= TE, 008 $=: 
1+tan® 5 
27. Show that 
sin = 2" cos 5 COS ন COS a +** *** COS নং gin ন 


Trigonometrical Identities 


29. Many interesting identities can be established 
connecting the functions of three or more angles when there 
is a relation among them, especially when the three angles 
A, B, C satisty the relation A+B+C=180°(z). In proving 
these identities we shall have to use the properties of 
complementary and supplementary angles. 

(1) IfA+B+C=2= 180°, the sum of any two of them is 
the supplement of the third. Thus, when A+B +C= 180°, 
A+B=180°-C=%-0C, B+C=180°-A, A+C=180 -B. 

Hence, (i) sin (A+B)=sin (# -C)=sin C, 

(ii) cos (A+B) =c00s (#— C)= - cos C, 
(fii) sin C=sin (A+B). 
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(iv) cos C= -— cos (A+B), 
(Y) tan (A+B) = tan (#-—C)= - tan C, 
(vi) cot (A+B) = -— cot C. 


(2) It 5+534+5=90°=5, or, if A+B+C= 180°, thon 


each of “ ত’ ত will be the complement of the other two, 


A 


90." তৰ 


Hence, (i) sin (§+8)=sin 6 -$)= COs 9 
(ii) cos (§+8) =s3in 5 


(iii) tan (5438) = cot 9 


REGS S 
(iv) sin = 008 ee, COS g=sin To, 
ANN LEBHC 
tan G০০ ট্ৰফি etc. 


Examples (6) 


Ex,1. IfA+BT+C=?, prove that 
sin 29A-sin 28 -+sin 2C=4 sin A sin B sin C, 
[C. U.'33, ’87, "38, "53, C0. Pre-U. ’64 1 
L. H. 8.= (sin 2A-+-sin 28) +sin 2C 
=2 sin (A+B) cos (A - B) +2 sin C cos C 
=2 sin C cos (A-—B)+2 sin C cos C 
['“ A+B=180°-C, .. sin (ATB)=s3in C] 
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=2 sin Cfoos (A — B)-Hcos C} 
=2 sin Cfcos (A — B) - cos (A+B)} 
[ *" cos C= - cos (A+B) } 


=9 sin CX2 sin A sin B=4 sin Asin B sin C. 


Ex. 2. TItA+FB+C=7, prove that 
co8 2A-+¢08 2B-+C08 20 = - 4 COS A COS B COB c-1. 
Li. EH. S§.= (cos 29A+-cos 28) cos 2C 
= cos (A+B) cos (A-B)+2 cos? C-1 
= — 2 cos C cos (A-B)+2 cos? C-1 
[ "cos (A+B) = cos (#—c)= -cos Cc] 
= _ 9 cos Cfcos (A — B) — cos c}-1 
= - 9 cos Cicos (A - B) +008 (A+B)}-1 
[ ** =008 C= 008 (A+B) J] 
= -9c08 CX cos Accs B—1l 
= —_4 cos A C08 B cos C— 1. 
Ex. 8. If AT+B+0C=180°, show that tan 2AT+tan 28+ 
tan 2C= tan 2A tan 2B tan 2C. s 


tan 2A + tan 2B 
as LOBES HOOT 6 
re (9A+98) 1— tan 2A tan 28 


Now, “" 2A+2B+2C= 360°, 
9A+28=360°- 20, .. tan (2A+28)= tan (860° — 20) 
= — tan 2C. 


tan 2A-+tan 2B 
Hi - sO 
alte) 1—tan 2A tan 28 


,', tan 2AT+tan 28= — tan 9C-+tan 2A tan 28 tan 2C 
[ By cross-multiplication } 


* tan 2A-+Htan 28+ tan 2C= tan 9A tan 2B tan 2C, 
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Ex, 4. It A+B+C=%, prove that 
sin Asin B+ sin C=4 cos o cos COs নু [0. U. "29, 50] 
L. EH. 8.=(sin A+sin B)+sin C 


RSE: ASB ANC cog C 
=2 sin ন) cos +2 sin তত 


= 2 co8 5 008 2 sin a COS ন 3 ——= 
= 2 co8 nj (os 2 Tsin 5) 


5 +০008 EN 


[+ 3-0-5] 


ts c AEE BIE AL 2 BSS LC 
2 cos 2 COS ত COS ত 4 ০০৪ ত COS তু COS ত’ 


=92 005 ( cos nl A+) 


Ex.5. ItA+B+C=3, prove that 
COs A+cO08 B+ C08 C=17+4 sin n Sin 5 sin a: 


L, H. §.=(cos A+cos B)+cos C 


AF EBL BIAS BIE SD 30 
cos +1-2sin তু 


=2 
cos 


[ ‘" co8Cc=1-2 sins C | 


TRIGONOMETRY J 


=92 sin (os — C08 “+84 


= Bin jX2sin a sin a+ 


SERRE NAF DERS [) 
= 4 sin sin 5 sin gti. 


Ex. 6. If A+B+C=7, prove that 
tan A+tan B-+tan C=tan A tan B tan C. LOnUd 


5 


**) AFB OER LULA BEAR OC) 
tan (A+B)= tan (# —C)= Lian C 
58 HATES = —tan C, 
tan Atan B= ~—tan Ct+tan A tan B tan C 
[ by cross-multiplication J) 


tan A+tan Bttan C=tan A tan B tan C. 


Ex. 7. HAT+BT+C=7,show that 


T—-B_, T-C 


VE “Hf 310 SIE ROA bi 
Sin gtsin Dein 1+4s5in —— sin 7 sin ft 


4 


—-B_. t-C 


Now, 4 sin A sin sin A 


্শ্‌ ৰ RE nt 
=2 sin "(9 sin “sin =) 


i =" —-(8B8+C 
=2 gin {cos BC cos 2 (8+0)} 
a tA B-C_ 9% —(m— A) 
=2 sin ত COS 1 b TJ YEE } 


TA B-C. ole 
=2 sin | cos OBL 
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A cos B00 AES 60 at 
4 4 4 


=98in 


Cla mrARB-C TL; —-A-BFHC\_ fun tsi ) 
(sin +n EEE ) (sin gftsin jE) 
AOTELAB Ln BO OG -(-s A 
TREE t sin sin 5) 


= sin Brin G—1+sin 5 | ‘4° Bin 5=1 | 


#-B ..xt-C 


«, Bin grein 5 +sin §=1+4 sin = sin চু jj 
Ex. 8. IfA+B+C=7, prove that 


A B [oo T-AOOT-BOOA-C 
cost c087 + COBG 4 COB Z COS 1 Te 


Here the RB. H. S.=2 cos ৰ (2 cos™ ঢা ECO 7°) 


9% - (B+C) B-C 
laps FES + cos £0 


jl 
A ] 2 (as 8) Loos £0) 
| 


25 
t—A +A BA) 
9 dit y 
cos — cos +008 চট 
T-A +A -A B-C 
= 9 % 
cos 008 — +2 cos ঢু COS I 


ue Md A B+C B= SG 
=[cos st ) 9 ee —— 
( 8 SH C08 +2 cos ঢা C08 সে 


= C08 +008 E008 S| < 05 3=0 | 
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Ex. 9. If A+B+C= 3, prove that 
A B B [o) টে AB 
tan ত tan ত t+tan ত tan sttang tan 31. 
[0..D.,736, 891 


A+B+C=7=180°, a+37+3=90 


A Bone C0 
Or, fts=90 ত 


tan (548) = tan (0° — $)= cot 9 


A B 
tang+ EE. c 1 


Or, 


2 
A B Cc 
1-— tan dian তু tan ত 


Or, tan gan j+tan Stang = 1 - tan gan 


{ by cross-multiplication ] 


A B B Cc [0) Bis 
tan ত tan diem tan Zt tan ত tan = a 


Ex, 10. If A+B+C=?%, prove that 


sin2A-+sin2B +sin2C=2+2 Cos A COS B COS 0. b 
[OU i; Pat U0.) 


co8 A= 1—IBINZA, i BBINDA— L008 2A 

sin2A=2(1 — cos 2A). Similarly, sin2B = }(1 -— cos 2B). 
Now, sin2A +sin28+sin*C 

=3(1 - cos 2A)+ (1 — cos 98)+-sin2C 

=3+3 — $(cos 2A + cos 9B) +sin2C 

= 1-3 X2 cos (A+B) cos (A-—B)+1- cos?C 

=9 — cos (A+B) cos (A-B) - cos2C 
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=94+008 C cos (A — B) — cos2C 
[15008 (A+ B)=c08(#— C)= —00s C ] 
=9-+008 Cfcos (A - B) — cos CF 
= 94-008 Cfcos (A—B)+cos (A+B)} 
=94+008 CX2 cos A cos B= 242 cos A cog B cos C. 


Ex. 11. If A+B+C= +, prove that 
C082A+ C0828 + c052C +2 COS A cOS B COS C=1. 
[ 0. U. 87, 47 } 
** C08 2A=2 cOS2A-—1, 
“, 2 cos?*A=1 t+ cos 2A, 
cos2 A= Y(1 + cos 2A). 
Similarly, co828 = 3(1 + 00s 28). 
Now, 082A + co082B + cos2C 
=3(14+c0s 2A + 14008 28) + cos*C 
=1+ (00s 2A + cos 2B) + cos?*C 
=14+3 X2 cos (A+B) cos (A — B)+cos2C 
= 1 +008 (A+B) cos (A - B) +cos2C 
= 1-— cos C cos (A —B) +cos2C 
[*" A+B=#-0C, ‘. ecos(AT+B)= -coscC] 
= 1-— cos Cfcos (A — B)— cos C} 
=1 - cos Cfcos (A — B)+cos (A+B)} 
=1-—cos CX cos A cos B= 1-—2 cos A cos B cos C. 


*,  cos2A+cos2B+cos2C+2 cos A cos B cos C= 1. 
Ex. 12. Tf A+B+C=180°, show that 


sin ATsin B-—sin C=4 sin a sin সী COs পু 
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L. EH. S.=(sin A+sin B)-sin C 


USE HIA TB A-B ae) [0 
=2 sin Et ছ ES 

ঢ] COS ন 25D 500 2 

Cc A- A 
= 2 cos ৰ COS 2 sins COS 5 
[ ‘ue ATES] 
9 9:2 

=2 008 5( 00s -sin $) 


= 2 cos ( COS Ecos ATP) 


= 9 cos 3x2 sine sin 5 =tin sin COS FS 


Ex. 13. Tt A+B+C= prove that 


sin2A-+sin2B-+sin2C+2 sin A sin B sin c=1. [0C.U.’88] 
COS 2A=1- I8In2A, ‘2 Sin2A=1 - cos 2A. 

“, sin2*A=3(1-—co8s 2A). Similarly sin2B = Y(1- cos 2B). 
Now, sin2A+sin28 +sin*C 

=3(1 — cos 2AT 1-— co8 9B) -+sin2C 

=1 — J(cos 2A+ cos 2B) +sin2c 

=1 - ¥ X2 cos (A+B) co8 (A-B)+sinC.sin C 

=1 - sin C cos (A - B)+ sin C.co8 (A+B) 
[ টী A+B=5- 0 OOS (A+B) = 008 (-c )=sin cl] 
=1 — sin Cfcos (A - B) 7 cos (A+B)} 

=1-sin CX2 sin A sin B=1-23in Asin B sin C. 
-, sin2ATsIn2B+Tsin2C+2 sin A sinB sin C=1. 


Ele. Math. (X) G.—6 
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= 2+008 C cos (A —B) - cos2C 

['," cos (A+B)=cos(#—C)= —-cos Cc] 
=2--c08 Cf{cos (A - B) - cos C} 
= 24-008 Cfcos (A —B)+ cos (A+B)} 


=24008 C X22 cos A cos B= 24-2 cos A cos B cos C. 


Ex. 11. If A+B+C=3, prove that 
CO082A-+ C0828 + c0s2C +2 COS A COs B cos C=1, 


LO. 087,247 J 
** cos 2A=2 cos2A-—1, 
9 cos?A=1 + cos 2A, 
Cos2 A= 3(1 + cos 2A). 


Similarly, cos2B = $(1 + 00s 28). 


No 


Ex. 


Nw, C082 A+ Cos2B + cos2C 
=3(1+ 00s 2A +1-Fcos 2B) + cos2C 
= 1+ 3(c0s 2A -Lcos 2B) + cos2C 
=1+53 X2 cos (A+B) cos (A — B) + cos2C 
= 1 +008 (A+B) cos (A - B) +cos2c 
= 1— cos C cos (A —B) +cos2C 
['" A+B=77-0C, .'. eos (AF+B)= -cosc] 
= 1 — cos Cfcos (A — B)-— cos C} 
=1 - cos Cfcos (A —B)+-cos (A+B)} 
=1-—cos CX2 cos A cos B=1-—2 cos A cos B cos C. 


CO82A + co82B +c0s2C +2 cos A cos B cos C= 1, 


12. Tf A+B+C=180°, show that 


Sin AT+sin B-—sin C=4 sin a sin FE: Cos 
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L. H. S.=(sin A+Fsin B)-sin C 


ATB A- i 
i COS E- 9 sine Gos ie 


Sin o) ঢ] ] 9 


=29 008 S005 “9 sine 008 G 


2 2 


= C A-B Cc 
= 2 co8 °( COS ত - Sin 2) 
= 2 cos ( COS BL0E ATP) 


i রব ৰ Tt 
= 2 cos 2x2 sins Sin 3=* sins Sin 2 COS 


Ex. 13. Tf A+TB+C= prove that 


sin2A-+-sin2B+sin2C+2 sin A sin B sin C=1. [C. U. '88] 
COS 2A=1-293in2A, ‘. 2 3in2A=1- cos 2A. 
sin2A=Y(1-— cos 2A). Bimilarly sin28B = (1 — cos 2B). 
Now, sin2A +sin28 +sin*C 

=Y(1 — cos 2A 1-— cos 2B) +sin*C 

=1 — 3(cos 2A + cos 28) +sin*C 

=1-}X2 cos (A+B) cos (A—B)+sin C.sin C 

=1 - sin C 00s (A - B)+sin C.cos (A+B) 


[ £3 A+B=5-0. “, cos (A+B) = 00s (-c)=n tl 


=1 — sin Cfcos (A - B) - cos (A+B)} 

=1-sinCX2 sin Asin B=1-23in A sin B sin C. 

“, sin2A + sin28+sin°Ct+2sin Asin B sin C= 1. 
Ele. Math. (X) G.—6 
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Ex. 14. Tf A+B+C=180°, shew that 
cos 5 cos C4008 2 008 224.608 3 cos e 


=sin Asin BF sin C. 


°* = 180° EE EPEC 90° 

“ A+B+C=180°, “, gas 90°, 

* °_ (B+C }=s B+C 

COS 9 008 { 90 ( ঢ ) sin নু) 
le B_. .. CA C 400. LAB 
Similarly, cos 2 8in V5 and cos 2 sin ত: 


Now, the given L. H. 8S. 


= sin ete GOS EC fsin e+ cos, © ও AB Os মে 8 


=3(sin B+ sin C) + (sin C+ sin A) +4(sin A+sin B) 
=sin ATsin BT sin C, 
Ex. 15. Tf A+B+C=27, show that ' 
COs2A + C08°B + CO82C - 2 cos A cos B cos C=1. 
"AF B#C=I7= 860°, AF+B=360°=cC 
cos (A+B) = cos (360° - C) = cos C. 
Now, cos2A + cos2B + cos2C 
= (1+ 00s 2A + 1+ 00s 28) +c0s2C 
= 1 + 3(cos 2A + cos 2B) +c0s2C 
=14+3 X2 cos (A+B) cos (A~B) +cos?C 
=1 +c00s (A+B) cos (A - B)+Fcos C.cos C 
=1+c0s C cos (A - B) + cos C cos (A+B) 
= 1+ cos C{cos (A -- B) +cos (A+B)} 
=17+c0s CX2 cos A cos B=14+-2 cos A Gos B cos C, 


+. COS2A+cCo82B-+cos2C—2 cos A cos B cos C= 1. 
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Ex. 16. IfA+BFC=r7, show that 


sin 2Asin 2B +sin 2C An. -+ BS SiG 
———_—_—_ _ _ _ = 8 s ত সক, 
sin ATFsin B+sincC a 5 2 In 2 

sin 2A+sin 28 +sin 2C=4 sin Asin BsinC " [ See Ex. 1 ] 


=4X29 sin 3 008 5X2 sind cos 5X2 sine cos 


= 32 Sin 5 sin চন Sin 2 cos © cos 5 Cog 5 


Again, sin A+ sin B+sin C= 4 cos 5 COS 5 ০০8 [See. Ex. 4] 


The given L. H. S. 


A BAGO B [) 
82 sin; Sin 8SinZ COS» COS = COS 
= EEL HAE CED Poi” 48 sing sin 5 sin 9 


ত 


A B Cc 
4 cos ত ০০8 ত 008 ত 


, 17. TtA+B+C=206, prove that 
c0s29 + cos#(6 — A) +c0s2(9— B) + c0s2(6 - C) 
=24+2 cos A cos B cos C. 
cos 29=2 co8260-1, .'. cos2?6 = (100s 20). 
Now, the L. H. S.=3{1+ 008 29-414 cos (26 — 2A) 
+ 1400s (29 ~ 28) + 1-+cos (20 - 20)} 


— — A 
=) {442 UE 96+ 26 — 2A BoE 26 -— 20+2 Fe 
9 2 
le Us (8-0)} 


= 2 + cos (26 — A) cos A+c0s (26 - B—C) cos (B - C) 
=2+c0s (B+C) cos A+ cos A cos (B- C) 

[:  260-A=BT+C and 90-8-C=A] 
= 2 + cos A{cos (B+ OC) +eos (B- CO) 
=2+0c08-AX2 cos B cos C=2+2 cos A Cos B cos C. 
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Ax. 18. Tf cos A+cos B+Fcos C= 0, show that 
cos 3A cos 3B + cos 3C = 12 cos A cos B cos C. 
L. H. 8§.= 4 cosA - 3 cos A+ 4 co88B - 8 cos B 
: +4 cos3C - 3 cos C 
= 4(cos3A+ 00838 + cos°C) — 3(cos A-cos B+ cos C) 
=4X8 cos A cos B cos C— 8X0 
['.* cos A+cos B-Fcos C=0, 
“, cos3A+cos3B+co83C=3 cos A cos B cos C ] 
=12 cos A cos B cos C. 
Ex. 19. Tix y+2= %yz2, prove that 
21-y2)(1-22)+1-22)(1-22)+2(1 - 52)(1-y2)= 40y2. 
Let z=tan A, y=tan B, and 2= tan C. 
t+ Y + 2= 02, 
“+. tanATftanBTftan C=tan A tan B tan C, 
or, tan A-—tan A tan B tan C= — (tan B--tan C), 
or, tan A(1- tan B tan C)= - (tan B+ tan C) 


tan Bttan C 


Or, taMMA=-—— 
He 1-—tan B tan C 


= -— tan (B +C) 

=tan {# - (8 +C)} 

+, A=#-(B+C), “ AFBFCO=7?. 

‘. tan 2A tan 2B -+tan 2C= tan 2A tan 28 tan 2C 


[ See Ex. 8 1 
2 tan A 2 tan B 2tancC 
1-tan2A 1-tan?B 1- tan2C 


or, 


he 8 tan A tan B tan C 
(1 - tan2A)(1 - tan*8)(1 - tan2C) ’ 
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2% ৰ 2 22 Bryz 


or be কচ 
’ 1-22 1-y2 1-22 (1-22)0-501-25)’ 


UE MTT EP TCE OE 

21 -y2)(1-22)+y(1—-22)(1- 22) +21 -22)(1-92) 
= 4%yz [multiplying both sides by (1 - 2°)(1- /2)(1-22)] 
Ex, 20. It 2+ y+ 2= 2y2, prove that 


30—_0t dy ye 3-28 3-0 3y—y° 82-283 
1-8%2 1-8y% 1-822 1-852" 1-3/2" 1-822" 


Let x =tan A, y= tan B, and 2= tan C. 


«2+ YFT2= Ye, 
tan AStan B+tan C=tan A tan B tan C, 
“A, tan ATftan B-+tan C-—tan A tan B tan C= 0--...(1) 


tan A+tanB +tanC —-tanA tan B tan C 


Now, tan (A+B+CO)=— — —— — — 
WN tan ); 1—tanA tanB —tanB tanC —tanCtan A 


=0 [ ‘." from (1) we get the numerator=0 J 
= tan 180°. 

‘, AT+BFC=nn( where n is any integer ) 

টং 3A+38+80= nn, Or, 3A+3B= 3n% -3C, 

‘‘. tan (3A+3B) = tan (3nr - 3C)= ~— tan 80. 


: _ tan 3A+-tan 8B 

Again, tan (SAT8B)= Cn 3A tan 8B 

- tan 3ATtan 3B _ ~— tan 3C, 
1-—tan 8A tan 3B 


fan 3A+ tan 38= — tan 3C tan 3A tan 8B tan 8C, 


tan 3A+tan 38 +tan 3C= tan 3A tan 8B tan 3C-:--... (2) 
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3 tan A -— tanSA _ Bx -—23 [oe 


ah  atite Be tab 3 * 2=tan Al, 
1-3 taon2A 1- 322 £ 


Now, tan 3A= 


EE IEE 8 
tan 3B= 5 0B tan*B_3y—Y 


‘J =tan B ], 
TEA 713802 “ 


Es HE 
Similarly, tan 3C = ie +» ‘+ from (2) we bave 


80-0 8y-y° BOE 8s FU 0S By 32-28 
1-8%2 1-3y2 1-322 1-3%2 1-392 1-322 


Exercise 6 
Tt A+B+C= 7, prove that : 
1. sin 2A-—sin 284+3sin 2C=4 cos Asin B cos C. 


2. cos 2A+cos 2B --cos 2C+4sin Asin B cos C=1. 


8. cos A+ cos B—cos C=4 008 5 COS Bj 3-1 


4. sin*A-—-sin*B+sin2C=2sin Asin C cos B. 


[Pat. U. °40] 
A Lou SF SELENE sie 
5. cot a Feo 2 cob ট Cot g Cot a cot a 
sin BFsinC-sinA_, B (0) 
$ sin Asin B+sin C U6 ie 9° 


7. cot A cot B+ cot B cot C+Fcot C cot A=1.  [0. U.'55] 


8, cos2A+co8*B+2 cos A cos B cos C= sin2C, [0. U. ’30] 


1+cos A-— cos B+cos C B 6 
MU — tian COb 
? 1Fcos A+Fcos B—cos C Ang 2 2 


10. 1-2sinB sin A cos C+ cos?C = cos2A + c0s2B, 
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11. c0825 +0085 + 00825 = 24-2 sin ঢ় sin 5 sin £ 
[0.0.48] 


A B 
12. LOB A oy pL OEE tp BOS im 00 OT. 01 
sSinBsinC SsinCsinA SsinAsinB 


VE EL UHC hd  A-A. T-B,. T-C 
13. sin 5Ttsin fein T=it+4 sin ঢু sin ঢু Sin TT 
[Pat. 89 ] 
cot A+cot B , cot B-+cot C cot C-+ cot AL] 
tanATtanB™ tanB-FtanC tan CHtanA ™ 


15. sin (B+20C)++sin (C+2A)-+sin (A+28) 


14, 


8 BS GCL CN) LIAB : 
= HS. 
4 sin EEE ES) [E. 8. 64] 


16. sins sin sin? §=1-2 sin fsin 5 sin 5. 
[Pat. '42 ] 
V17. Tf A+B+C=, and cos A=co8 B cos C, show that 
tan A=tan B+tan C. - [6. U. '88] 
If A+B+C=5, prove that : 


18. cot A+ cot B-Foot C= cot A cot B cob C. 
19. tan A tanB+tanB tan CtftanC tan A= 1, “[Pat'’389) 


50, 208 A-Fsin B-Fsin C_l1- tan TA 
* Sin A+Toos BTsinC 1-tan 3B 


21. Tf A+B=C, prove that cos2A +0082B +-cos2C 
—9 cos A 008 B cos C=1. [Pat. '43] 


22, If A=B+OC, shew that sin (A+B+C)+Fsin (A+B - C) 
+sin (A-B+C)=4 sin A cO8 B co8 C. 
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28. Tf +B+7= 0, prove that 
1-4-2 sin B Sin 7 cos «cos? = cos2B + cos27. 
24, Tf AT+BT+C=2S, shew that 
sin (S — A) sin (S - B)+ sin § sin (S —-C)=3in A sin B. 
95, If ABC 31802, and sin (A+9)=" sin G5, show 
A B _n-1 ’ 
৷ =, P. U. '45 
that tan 5 tan Ra [ J 
26. Tt A+B+C+D=I%, prove that 


tan AT+tan Bftan C+tan D 
hen anata fond A B Ct D. 
cot A-+cot B-Fcot C-Fcot D! BP AERC ton 
27. It cos (A+B) sin (C+D)=c08 (A — B) sin (C - D), 
Show that cot A cot B cot C= cot D. [00.80] 


28. It, Band6 be the angles of a triangle, show that 
C08? 2% -+cos2 28+ cos? 29=14+2 cos 24 cos 28 cos 206. 


29. Tif A,B,C and D be the angles of a quadrilateral, 


prove that cos A-+cos B +cos C-Fcos D 
+4 cos 3(A+B) cos $ (A+C) cos F (A+D)=0. 
80. Itx+y+2=%y2, prove that 
9% 


2 22 29 2y 22 
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[U. P. B. '52] 
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GEOMETRY 
Theorem 1 


The angles made by a tangent to a circle with a chord drawn 
through the point of contact are respectively equal to the angles in 
the alternate segments of the circle, 


Let PO be a tangent to D 
the circle BDR at the point R 
B and let BD be.a chord 
drawn through B, the point Cc 
of contact. 
To prove that Q B P 
(i) ZPBD=the angle in 
the alternate segment, Fig. 1 
and (ii) ZO0QBD= the angle in the alternate segment, 


Construction. From B draw the diameter BA meeting 
the circle at A. 


Take any point © in the arc conjugate to the arc BRD. 
Join AD, DC, BC. [ 
Proof. (i) ‘" ADB is an angle in a semi-circle, 
', ADB is a right angle. 
“,.  ZABD+ ZBAD=o0ne right angle. 


Again, ‘“ PO is a tangent at Band BA is a diameter of 
the circle through the point of contact, .', ABLPO. 
‘ ",  ZPBA=1 right angle, i.6., ZABDT+ LPBD= 1 rt angle. 
ZABD+LPBD= ABD + £ BAD 
Z PBD = Z BAD, which is in the alternate segment. 
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(ii) ‘~ ABCD is a cyclic quadrilateral, 
4 BCD+ ZBAD=2 right angles. 
Also ZPBD+ /ZO0OBD=2 right angles. 
Z PBD + 4 0BD = L BCD + Z BAD, 
But ZPBD= BAD [ Proved ] 
“. ZOQBD= BCD, which is in the alternate segment. 
Since angles in the same segment are equal, therefore 
£Z PBD being equal to Z BAD in the segment BRD is equal to 
all angles in that segment. Similarly the £OBD also is equal 
to all angles in the segment BCD, 


Theorem converse to Theorem 1 


If 0 straight line, drawn through an extremity of a chord of 
0 circle, makes with the chord an angle equal to the angle in the 
alternate segment, then the straight line is @ tangent to the circle. 


Let BD be a chord of a 
circle BRD and let PO, drawn R D 
through B, make £PBD equal 
to the angle in the alternate 
segment BRD, 

To prove that PO is a Y iQ B RUSE X 
tangent to the circle at B. Fig, 2 


Construction. At B draw the tangent XY to the circle. 


Proof. ‘.* XY'is a tangent to the circle at B and BD is 
a chord through the point of contact, 
.‘, ZXBD =the angle in the alternate segment BRD. 
But £PBD = the angle in the alternate segment BRD. 
“.  £PBD= {/ XBD, 
, PO coincides with XY, which is the tangent at B. 


. “PO is a tangent to the circle at B. 
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Miscellaneous Examples (1) 


Ex, 1. Show that the perpendiculars dropped on the tangent 
and the chord through the point of contact, from the middle 
point of either arc cut off by the chord, are equal. 

[0. U. 1915) 


Let PD be a tangent and PQ a 
chord through the point of contact. Q 
C is the mid-point of arc PCO. 
CD and CE are perpendiculars to 
PD and PO respectively from C. 


Cc 
To prove that CD = CE. dl 
Join CP and CO. 
Proof. ‘'" arc PC=arc QC, je D0 
£ POC= £ OPC. Fig. 8 


Again, ‘“ PD is a tangent and PC a chord through the. 
point of contact, .'. £CPD= {POC in the alt. segment. 
ZCPD= {QPC. Nowin A®°EPC and PCD, LE=/D 
(right angles), Z EPC= Z CPD and the side PC is common. 
the triangles are congruent. .'. CD = CE. 
Ex. 2. AB, a diameter of a aircle, is produced to meet the 
tangent at Cin D. Show that £BDC+2/BCD is a right angle, 
Let 0 be the mid-point of AB, then O is the centre of the 
circle. Join OC and BC. 
Proofs * “0B =00C, ran NAIOCBF 4 OBC. 
The exterior 4 OBC of ABCD = £ BCD + £ BDC. 
Z00B= /BCD+ BDC. Adding £BCD to both sides 
We have 40CB+/BCD=2/BCD+/BDC. But CD is & 
tangent and CO a radius through the pt, of contact, 
the £0CD,i.e., £0OCB+ ZBCD= one right angle, 
£ BDC +2 / BCD =0ne right angle. 
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Ex. 3. Two circles intersect ab A and B, and through P, 
any point on the circumference of one of them, straight lines 
PAC, PBD are drawn to cut the other circle at C and D. Show 
that CD is parallel to the tangent at P.  [O. U.’85; HE. 8.68] 


At P the tangent PT is 
drawn to the circle PAB 

To prove that PT Il CD. 

Join CD and AB. P 

Proof. ‘“ PT isa tangent 
and PA is a chord through the 
point of contact, 

HAART = 4 ABP in the Fig. 4 
alternate segment 


Again, ‘" ABDC is a cyclic quadrilateral, 


*, the exterior Z ABP= the interior opposite ZC. 
“, /TPC= PCD, but these are alternate angles, 
“. TPT HCD; 
Ex. 4. If two circles intersect, the angles subtended at 
points of intersection by a common tangent are 
supplementary. 


Two circles intersect at A and 


A 
B and PO is a common tangent || 
touching the circles at P and O. 
To prove that 4 PAQT+ ZL PBO / BN 
=2 right angles. P 0) 
Join AP, AQ, BP, BQ, AB. Fig. 5 
Proof. ZBPO= /PAB in the alt. segment 
and 4BQP= BAO in the alt. segment [ ‘/ POis a tangent ]. 
the whole £PAQ= Z{ BPOQ+ £ BOP. 


‘. ZPAQ+ LPBO= ZBPO+ LBOP+ L PBO=2 rt. angles. 
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Ex. 5. Tangents are drawn at A, B, C to the circle 
circumscribing an acute-angled AABC so as to form another 
triangle. Show that the angles of this triangle are respectively 
Supplements of twice the opposite angles of A ABC. 

LC. U. 1939) 

Let DE, DF and EF be tangents E 
to the cireum-circle of AABC at A, B, 

C respectively and let them form the 
ADEF. 


To prove that £D, ZEand LF 
are supplements of 2/C, 29/B and 
2 / A respectively. 

Proof. ZDAB= {ACB in. the Fig, 6 
alt. segment and £DBA= Z ACB in the alt, segment. 

Ze DAB + £DBA= 2 / ACB. 

Now, in AABD, £D+ £DABT+ £DBA=2 rt. angles, 
£D+2 ZACB=2 rt. angles. 

£D is the supplement of 2 £ ACB or 29 /C. 

Similarly, it can be proved that ZE= supplement of 2/B: 
and ZF = supplement of 2/ A. 

Ex. 6. A chord AB of a circle bisects the angle between 
the diameter through A and the perpendicular from A to the 
tangent at B. [ 0. U. '42 Addl. ; cf. D. B. 1926 ] 


Let AB be a chord and AC, a diameter 
of the circle ABC. PB is a tangent to the 
circle at B and APLBP. 

To prove that, ZBAP= / BAC. 

Proof. Join BC. ABC is a right 
angle being in a semi-circle. A 

Z ABP = £ ACB in the alt. segment. 

Now, in AABP and AABC, 

Z APB= Z ABC ( being right angles ). Pp 

ZLABP= ACB, ‘. the remaining Hig 7 
angles are equal, i. 6. £ BAP = { BAC. 


[o) 


B FF 


(9) 
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Ex. 7. Two circles touch internally at A; PO, & chord 
of the outer, touches the inner circle at R. Prove that AR 
bisects the angle PAO. [P. U. '838] 


Hints. Let AQ cut the inner circle 
at B. Join BR and draw AT a# common 
tangent to the circles at A. 

Proof. ‘“ AT is a tangent and AR 
ig a chord through the pt. of contact, 
‘~, ZL TAR= LZ ABR in the alt. segment. 

Similarly £ TAP= £0. 


“, ZPAR= LABR- LO Fig. 8 


= {BRO (‘'." ext. LABR= LQ+ ZBROQ) 
= £ BAR in the alt. segment (*." PO isa tangent). 
‘“. AR bisects the Z PAO. 


Theorem 2 


If iwo chords of a circle intersect, the rectangle contained 
‘by the segments of the one is equal to the rectangle contained by 
the segments of the other. 


(i) Fig. 9 (ii) 
Tet two chords AB and CD of a circle intersect at P inside 


(in the first figure) or outside (in the second fig.) the circle. 
To prove that AP.PB=CP.PD. 


Construction. Join AD and BC. 
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Proof. In APAD and APBC, £APD= BPC, 
and i PAD = £ PCB being on the same are ; 
the romaining angles PDA and PBC are equal. 
‘, the A‘PAD, PBC are equiangular, 


—_= —_, +. AP.PB=PC.PD. 


Corollary: (i) If a chord AB and a tangent PO of a cwrcle 
intersect at P outside it, then AP.PB= PO. 

Let the chords AB and CD intersect at P outside the circle 
[ See fig. 9 (ii)]. Join AD, BC. 

Proof. In AAPD and APBC, £BAD= {BCD on the same . 
arc, and ZP is common to both. .'. the remaining angles 
ADP, PBC are equal. .", the triangles are equiangular. 

AP PD চ 


ET “. AP.PB=PC.PD, 
PC PB’ 


Now, if the chord CD gradually moves away from AB 
towards the circumference, the points C and D will come 
nearer to each other. Thus when C and D will coincide, the 
two segments PC and PD will be equal. Suppose C and D 
coincide at the point Q on the arc CD. Then the st. line PO 
becomes a, tangent to the circle and PO= PC. 


AP.PB=PC.PD=POC.PC=PC?=PO, 
(2) If from a point P outside a circle a secant PBA and 4 


st. line PO be drawn so that AP.BP= PO?, then PO is a tangent 
to the circle, 


Let the secant PBA drawn from the external pt. P cut the 
circle at B and A and PO drawn from P meet the circle at © 
and let PA.PB = PO2. 

To prove that PQ is a tangent to the circle. 

Proof. If PO is not a tangent to the circle, then it will, 
when produced, meet the circle at some other point, say R. 
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Now, since the chords AB and RO intersect ab P outside the 
circle, .'. AP.PB=PR.PQ ; [here give its proof as in theorem 2] 
but AP.PB= PO? (byp.) 

PR.PO=PO?, .", PR=PO, i.e.. R coincides with 0. 

-, PO produced does not meet the circle at any other point. 

PQ is a tangent to the circle. 

[ What will be the Converse of Theorem 2? State and 
prove it. ] 
Miscellaneous Examples (2) 
Ex.1. Pis any point in AB, a chord of a circle. Show 
‘ how to draw 2 line PC from P to the circumference of the 


circle so that PC? = PA.PB. [0.040] 
Tiet O be the centre of a circle and P be any point on its 
chord AB. 


Join OP and ab P draw PC perpendicular to OP cutting 
the circle ab C. Then PC is the required line. 


Proof. Produce CP to cut the circle at D. 


42, OPLCD, SRC= BD: 
Now, AP.BP=PC.PD [ *." the chords AB, CD cut at P ] 
=PC.PC=PC. 


Ex. 2. A semi-circle is described on AB as diameter, and 
any two chords AC and BD are drawn intersecting at P., 


Show that AB? = AC.AP +BD.BP. [0. U. '47; D. B. ’89] 
Hints: Draw PMALAB. In the D 

duad. ADPM, £D and ZPMA are rt. SRPBDE 

angles, i.e., ZD+ ZM=2 rt. angles. (na AN 

“, Tis a cyclic quadrilateral. Now, SQ 

since the chords DP, AM of the M B 

circle ADP M intersect at the external Fig. 10 


pi. B, .. AB.BM=BD.BP:--(i) 
Similarly, '“ PCBM is a cyclic quadrilateral, 
AB.AM = AC.AP-*.(2) 
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Adding (1) and (2) we have 
AB.BM + AB.AM = BD.BP + AC.AP, 
0r, AB(BM + AM)= AC.AP +BD.BP, 
i.e., AB.AB= AC.AP +BD.BP, 
‘. AB? = AC.AP+BD.BP. 


Ex. 8. ‘Through any point in the common chord of two 
intersecting circles two chords are drawn, one in each circle, 
Show that the four extremities of these Chords are concyolic. 


Let © be a point on the 
common chord PQ and let two 
chords AOB and COD be drawn 
in the two circles through 0. 

To prove that A, C, B, D are 
concyclic. 

Proof. The chords AB and Fig. 11 
PO of circle PAQ intersect at O. 


+. AO.BO=PO.Q0. Again, in the circle PDQ, 
CO.DO=PO.Q00. ‘.'. AO.BO=C0O.DO. 
A, C, B and D are concylic. 


Ex. 4. If two circles intersect, show that tangents 
drawn to thom from any point in their common chord 


produced are equal [0. U, 1984] 


Let two circles intersect ab A and B, and let TP and TR 
be tangents to the circles from any point T on the common 
chord AB produced. 

To prove that TP= TR. 

Proof. '“ TP is a tangent and TAB a secant of the 
circle ABP, ‘'. TA.TB=TPt. 

Similarly in the circle ABR, TA.TB= TR2, 

“LL UTPETRS, A TP=TR, 


Ele. M. (X) G.—?7 
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Exercise 1 


1. A tangent is drawn parallel to a chord, show that 
the intercepted aro is bisected at the point of contact. 
[0. U.’45; D. B.’32] 
2. A,B,C are points on a circle. BC produced and the 
tangent at A intersect at P. Prove that Z ACP= PAB. 
8. Two circles touch each other internally at A and 
chords APO, AXY are drawn. Show that PX Il OY, [0. U. °47] 


4, Two circles touch each other internally and a 
straight line is drawn to cut them. Prove that the parts 
of it intercepted between the circles subtend equal angles at the 
. point of contact. (0. U. '24] 

5. Divide a circle into two segments so that the angle 
in one may be double of the angle in the other. 

6. Two circles touch internally or externally and from 
the point of contact two straight lines are drawn to cut 
them. Prove that ths lines joining the points of section 
are parallel. 

7. ABC is a triangle right-angled at. C, from C » 
perpendicular CD is drawn to the hypotenuse. Show that 
CD? =AD BD. \ (0. U. '44] 

8, Two straight lines AB and CD intersect at O so that 
AO.BO= CO.DO ; prove that A, B, C, D are concylic. 

9. Two circles intersect at A and B; show that AB 
produced bisects their common tangent. [0. U.'19) 

10. Two chords AB and CD of @ circle intersect at O 
outside it, If OB=0D, show that AB = CD. 

11. ABC is a triangle in which AX, BY, CZ are the 
perpendiculars from the vertices to the opposite sides. If the 
perpendiculars meet at O, prove that A0.0X = BO.0Y = CO.02. 

[G. U. 48] 
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12. Show that the rectangle contained by the segments 
of any chord drawn through a given point within a circle is 
equal to the square on half the shortest chord which may 
be drawn through that point. [0. U. °49] 

13. If three circles intersect one another, the three common . 
chords are either concurrent or parallel. 

14. A,B, C are three points on a, Straight line. Find the 
locus of points of “contact of tangents from A to the circles 
passing through B and C. [C. U. 49] 


Construction of Tangents 


Problem 1 


Draw a tangent to a circle at a given point on the 
circumference. 


Let 0 be the centre of 
the circle and P any point on 


the circumference. i Y 
To draw a tangent to the ! 
circle at P, y 
Construction. Join oP XxX Rf. Y 
and at P, draw XY perpendi- ihe 
cular to OP. ন Fig. 12 


Then XY is the required tangent. 


Proof. ‘" XY is perpendicular to the radius OP at P, 
*. XY touches the circle at P. 


; Hence, XY is a tangent to the circle at P. 
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Problem 2 
Draw 0 tangent to 4 circle from a given external point. 


Tet © be the centre of , 
the given circle and P be the 
, given external point. 
To draw & tangent to the 
circle from P. 


Construction. Join OP. 
On OP as diameter draw 
semi-circle cutting the given Fig. 18 
cirele ab 0. Join PO. 

Then PO is the tangent required. 

Proof. Join O00. The ZOOP, being in 2 semi-circle, iS @ 
right angle. 

*. PO is perpendicular to the radius OO at 0. 

Hence PO is 2 tangent to the circle at 0. 


[N. B. If a complete circle be drawn on OP a8 diameter, 
it cuts the given circle at another point. Let R be the point. Tt 
PR is joined, PR is another tangent to the circle from the pt. P. 
Hence, two tangents can be drawn to a circle from an external 
point. J 

Common Tangent 


Tf a straight line touches two given circles, it is called 
common tangent to the circles. The common tangent is of two 
kinds, viz., (i) the Direct Common Tangent and (ii) the 
Transverse Common Tangent. ণ্‌ 

Tf the two points of contact of the common tangent lie on 
the same side of the line of centres of the given circles, it is 
said to be a direct common tangent. But if the two points 
of contach lie on the opposite sides of the line of centres, 
the common tangent is said to be a transverse common 
‘tangent. 
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Problem 8 

To draw « direct common tangent to two given circles. 

Let A and B be the centres, and R and 7? the radii of the given 
circles. 

Let R be greater than r. 

To draw a direct common tangent to the circles. 

Construction, JoinAB. With centre A and radius equal 
to the difference of the given radii ( i.6., R- 1? ) draw a, circle. 

From B, draw a tangent BC to this third circle. Join AC 
and produce it to meet the greater circle at P. From B, draw 
the radius BQ parallel to 
AP in the same sense. 
Join PQ. 

Then PO is a direct 
common tangent to the 
given circles. 


Proof. ‘" AP=R and 


AC=R-—7,.'. CP=7= BO. XxX 
Thus CP and BQ are equal 
and parallel. Fig. 15 


‘+. BCPO is a parallelogram. 
Again, * Z CPQO= the corresponding 4 ACB 
=0ne right angle ( BC being a tangent ), 
BCPOQ is a rectangle. 
ZCPO and ZPOB are right angles. Hence PO isa 
direct common tangent to the given circles. 

[N. B. (1) Since another tangent can be drawn from B 
to the third circle on the opposite side of C, another direct 
common tangent may similarly be drawn to the given circles 
corresponding to PO. 

(2) Show how ‘to draw a direct common tangent to two 
equal circles. ] 
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Problem 4 
To draw a transverse common tangent to two given circles i 


Let A and B be the centres and R, 7 be the radii of the two 
given circles. i 


‘To draw a transverse common tangent to the circles. 


Fig. 15 


Construction. Join AB. What centreA and radius equal 
to the sum of the given radii ( .2., R-Fr ) draw a circle. 

From B, draw a tangent BC to this circle. Join AC cutting 
the given circle (A) at P. Through B draw the radius BQ parallel 
fo AP in the opposite sense. Join PO. 

Then PQ is a transverse common tangent to the circles. 

Proof, ‘“ AC=RT+rand AP=R, 

“,. PC=7=B0Q, and PC | BO. 

PCBOQ is a parallelogram and its angle PCB is a right 
angle. ,'. POBQis a rectangle, so the angles at P and © are 
right angles. .". POQis a tangent to the circles, Hence PO is 
2 transverse common tangent to the given circles. 

[N. B. Asin Problem 3 here also another tangent can be 
drawn from B to the third circle and so another transverse 
common tangent may be drawn to the given circles. 
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Hence there are four common tangents to two given circles, 
when they are external to each other. According to the relative 
positions of the given circles we have 1, 2, 8, or 4 common 
tangents to them. ‘There will be no common tangent, if the 


circles are concentric. ] 


Construction of regular figures in or about a given 
cricle. 


Problem 5 


To construct a regular figure of 8 sides (i) in, or (ii) about a 


given circle. 


Fig. 16 


[ First method ] Lot O be the centre of the given circle. 


To draw a regular figure of 8 sides (5.e.,an equilateral 
triangle) (5) in and (45) about the circle. 


(i) Construction. Draw any equilateral triangle XYZ and 
produce YZ on both sides to D and E. 

Take any radius OA of the circle. Ato draw £AOB equal 
to ZDYX and ZAOC equal to ZXZE. : Let OB and OC cut the 
cirols at: B and C. ‘Join AB, ‘BC, AC. ‘Then AABC ig the 
required regular figure of 8 sides in the circle. 
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Proof. ‘.“ Each angle of the equilateral AXYX is 60°, 
LXYD= LXZE=190°. ‘. at 0, £LAOB= Z AOC = 120°, 
4B0C=120°. Now, ‘.' the three angles at the centre 

O are equal, .'. the ares AB, BC, AC are equal. 

“, the chords AB, BC and AC that cut off the equal arcs 
are also equal, 

“,  AABC is equilateral. 

Hence, AABC is the required inscribed regular figure. 

(4) Construction. Draw the inscribed AABC as before. 
Now, draw three tangents to the circle ab A,B, © forming 
the APOQR, then POR is the regular figure about the circle. 

Proof. ‘“ QP and OR are tangents to the circle, 

Z 0BQ= Z OAQ=o0ne right angle. 
ZAOB+ ZL Q=2 rt. angles, but L AOB=120°, . Z0= 60°. 

Similarly each of the angles P and R is 60°. 

. POR is an equilateral triangle. 

Hence POR is the required regular figure about the circle. 

[ Second Method] (i) Draw AP a diameter otf the 
circle. With centre P and radius OP draw an arc cutting 
the given circle at B and C. Join AB, BC, AC. Then ABC is 


the regular inscribed figure of 3 sides. 


Proof, Join 0B, 0C, BP, PC. Then ABOP and ACOP are 
equilateral, .". £B0OC=190°. 

“, ZBAC in the cireumference=3F Z BOC at the centre= 60°. 

Again, Z BCA= Z BPA in the same segment = 60°. 

‘,  AABC is equilateral. 

(ii) Now, draw tangents to the circle at A, B, C. 

Then the tangents will form an equilateral triangle about 
the circle, 


[ Third Method] Let OA be any radius. Draw the 


chords AX, XC equal to OA. Join AC and draw the chord CB 
equal to AC. Then AABC is equilateral [proof is easy]. 
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Problem 6 


To construct a regular figure of 4 sides (i) in, or (ii) about 
qa given circle. 

[You know that a regular figure of 4 sides is a square.) 

Let 0 be the centre of the given circle. 

To draw a regular quadrilateral ss 
(i) in and (ii) about the circle. 

Construction. Draw two diameters 
AB and CD at right angles to each 
other. 

(i) Join AC, CB, BD, DA. Then 
ACBD is the required inscribed regular 
quadrilateral. 


Proof. The angles at © are right angles. 
the chords AC, BC, BD and AD subtend equal angles 
at the centre, .'. they are equal. - 

Again, ZCAD, / ACB, ZCBD, £ADB are right angles, 
‘being in semi-circles. 

ACBD is a regular figure of 4 sides, t.¢., @ square in 
the given circle. 

(ii) Draw four tangents to the circle at A, C, B and D. 
Let them intersect at P, OQ, R, S and form ‘the quadrilateral 
PORS. Then PORS is the required regular quadrilateral about 
the circle. 

Proof. ‘.“ AB and SR are perpendicular to the samo 3t. 
line 0D, ‘'. SR Il AB. Similarly AS I BR. 

“, ABRS is a parallelogram 5 but BAS is 2 right angle, 

*.  ABRS is a rectangle. Similarly ABOP is & rectangle. 


*, SR=AB=PO. Similarly PS=0CD = RO, 


But ABs=0D, ‘. PS=PO. 
PORS is a regular four-sided figure or a square about 


the given circle. 
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Corollary. To construct a regular octagon in and about 
the given circle, bisect the four angles between the two 
diameters AB, CD. Let the bisectors cut the circle at 
E, F, G, H. Join the successive points on the circumference. 
The figure thus formed is a regular octagon in the circle, 

[Proof is easy]. 
gain, the regular octagon about the circle is obtained by 
drawing tangents at the eight points. 


Problem 7 


To construct a regular polygon in a circle. 


Let n be the number of sides of the polygon and O the 
centre of the given circle. 


ALO La LABEL Lob LOA And LOH out the cjrole 
(7 


at A and B respectively, Join AB. 


Draw the chords BC, CD, ete. equal to the chord AB. 
Thus the inscribed regular polygon of n sides (i.e., the regular 
n1-gon) is formed. [Proof is easy] 

Again, the regular n-gon about the circle is obtained by 
drawing tangents to the circle at the points of section, A, B, 
C, D, ete. 


Regular figures of any number of sides (8, 4, etc,,) may also 
be drawn by this method. 


Medial Section 
When a straight line ‘is divided into two parts so that the 


rectangle contained by the whole line and one part is equal 


to the square on the other part, it is said to be divided in 
medial section, 


The ‘point of section is called the point of mediak 
Section. 
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(a) To divide a given straight line in medial section. 


Let AB be the given straight line to c 
be divided in medial section. [) 
Construction. Draw BC perpendi- 
cular to AB and make BC=3AB. Join  & x 


AC and from CA cut off CD equal to BC. 
From AB cut off AX equal to AD, Fig, 18 
Then AB is divided at X in medial section. 


Proof. '“ /Bisa right angle, 
AB2= AC? — BC? = AC? - CD?=(AC +CD)(AC — CD) 
= (AD + CD + CD).AD =(AD +2CD).AD 
=(AD +28C).AD =(AD + AB)AD las BC =3AB] 
= AD? + AB.AD, 
,*, AB? - AB.AD = AD2, or, AB(AB = AD)= AD2, 
or, AB(AB-—AX)=AX? [' AD=AX ] 
or. AB.BX= AX. 
Hence AB is divided in medial section at X. ন 
[ N. B. Here AB is ‘divided internally in medial section. 
To divide it externally in medial section, from AC produced. 
cut off CD equal to BC, and produce BA to E s0 that AE = AD, 
Then AB is divided externally in medial section at E.] 


(b) To construct an isosceles triangle having each of the 
angles at the base double of the vertical angle. [G0 20,87) 


Construction: Take any st. a 
line AB and divide it in medial 
section at: X so that AB.BX = AX?, 
With centres B and X and radius 
AX draw two ares cutting each 8 
other at C. Join AC, BC and CX. b 
Then ABC is the triangle required. Fig. 19 
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Proof. Draw the cireum-cirgle of AAXCG, 
Now, AB.BX= AX2=BC?2 ( '" BC= AX), 
BC is a, tangent to the circle AXC at C. 
CX is a chord through the point of contact. 
£BCX= { CAX in the alternate segment. 
‘" _ AX=CX (by construction). .'. ZACX= /CAX, 
++ the whole ZACB=29 /CAX=9 ZA. 
Again, £BXC= £LCAXT+ LACX=9 LA; 
but £CBX= /BXC ( ‘" BC=AX=CX), .', LB=9/A. 


++ 4£B= ACB. .'. AABCis an isosceles triangle and 
its LB= LC=9 LA, 


(0) Divide a right angle into five equal parts. 


Tet ABC be a right angle to be G 
divided into five equal parts. 

With the side BC draw an isosceles 
triangle BCD so that each of the angles 


‘C and D is double of the vertical Z CBD. 8 c 


D 


Now, bisect the CBD by BE. Af 
B draw ZDBF and FBG equal to Z CBE. Fig. 20 
Then the right angle is divided into five 
equal parts by BE, BD, BF and BG. 


Proof. ‘'.' /c= £D=9/cBD, £C=172°, :. Z CBD = 36°, 
+. 4CBE= /DBE=18°,., Z DBF = £ FBG= £ CBE =18°, 
*. the remaining 4 ABG=90°-18°X4=18°, 


‘Thus the right angle is divided into five equal parts. 
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Problem 8 


on (i) in, or (ii) about a given 


To construct a regular pentag 
[C. U. °15, "84, '17, "47] 


circle. 
Tet O be the centre of the given circle in which a regular 
pentagon is to be inscribed. 
D 


i 


Fig. 21 


(i) Construction. Draw an isosceles triangle POR so 
that each of the angles 0 and R is double of ZP. Draw 
any radius OA and at O draw £AOB= £0. Let OB cut the 
circle &b B. Join AB. Draw the chords BC, CD, DE each 


equal to AB and join AE. 


Then ABCDE is the inscribed regular pentagon. 


ZQ0=2/P and ZLR=2/P, 


Proof. 
5 4P= 180°, 


APE LOAF LR=5HLP, 
LP=86°, ./. £0519. 
AB, BC, CD, DE are equal chords, 


Now, 
them at the centre are 


. the angles subtended by 

ZAOB= {BOC= LCOD= ZDOE=72. 

f the four angles= 79° X 4= 288°, but the 
Z AOE = 360° — 288° = 12", 


the chord AE is equal to the other chords. 
* AAOB is isosceles, Z OAB= Z OBA, and 
ZOABT ZL OBA= 180° - 72° = 108°. 


equal, 1.¢., 
* the sum 0 


angles at © = 360°, 


Again, 
ened A A0OB=12, 
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4 OAB= £OBA=54°. Thus each base angle of the 
triangles in the figure is 54°. 
‘« each angle of the pentagon = 54° X 9 = 108°. 
*, ABCDE is a regular pentagon inscribed in the circle. 


(li) Draw PO, QR, RS, ST and PT tangents to the circle 
ab A, B, C, D and E respectively, forming the pentagon 
PORST, which is the regular pentagon about the circle. 

Proof. ZO0OAQ+ ZO0OBO=2t. angles, 

‘+.  £O0QO= supplement of Z/AOB, Similarly the ZP, ZR, 
4S, ZT are supplements of their opposite angles at O. 

But the angles at O are all equal, 

ZP, LQ, LR, LS, LT are equal. 
Again, join PO, 00. A AOQ, BOQ are congruent. 
‘. £AOQO= £B0Q=5 LAOB. Similarly ZAOP =3 AOE. 
+  £AOQ= LAOP. .'. AAOP and AAOQ are congruent, 

*.« AQ=AP, .'. PO=9AQ. Similarly QR=2B0Q, but 

AQO=BQ, ‘'. POQ=O0R. ‘. PORSTis equilateral. 


‘. . PORST is a regular pentagon about the given circle. 
Problem 9 


To construct a regular hexagon (a figure of 6 sides ) (5) in, 
07 (i5) about a given circle. 

Let O be the centre of the given 
Circle. To construct a regular 
hexagon (i) in and (ii) about the 
‘Circle. y 

(i) Construction. Draw . any 
radius OA and draw the chords 
AB, BC, CD, DE and EF equal to OA. Pasar 
‘Join AF. Fig. 22 

Then ABCDEF is the regular hexagon in the given circle. 
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Proof. Join OA, 0B, OC, ete. Now, since the five 
chords AB, BC, CD, DE and EF are equal, they subtend equal 
angles at the centre O. 

Again, ‘“ A‘AOB, BOC, etc., are equilateral, each of the 
five angles AOB, BOC, COD, DOE, EOF at the centre is 60°. 

the remaining angle AOF is also 60° (‘'. the angles at 0 
=3860°). .. AAOF is equilateral. 
The hexagon is equilateral and each of its angles ABC, 
BCD, etc., being 60° X 2 or 120°, all its angles are equal. 

Hence, ABCDEF is a regular hexagon inscribed in the 
given circle. 

(ii) Construction. Draw six tangents to the given circle 
ab A, B, C, D, E, F. They intersect and form a regular 
hexagon about the given circle. [Proof is similar to that of 
Problem 8.] 


Problem 10 


To construct a square equal in area to & given rectangle. 
[0.0.5 DBs G.U.] 
TLiet ABCD be the given rectangle. e 
To construct a square equal in area 
to the rectangle ABCD. 
Construction: Produce AD to 
E so that DE=DC. Draw a semi- OE 
circle on AE as diameter. Produce : 
CD to meet the semi-circle at F. ss 
Draw a square on DF, which is the Fig. 23 
square required. [You should draw the square in the figure] 
Proof. Let O be the mid point of the diameter AE. 
Join OF. Then OA=OF=0E. ‘* /D is a right angle, 
+, DF?=0F2—-0D2=0E?—0D2=(0E+0D)(oE — 0D) 
=(AO +0D).DE =AD.DE =AD.DC, 
ee The square on DF = the rectangle ABCD. 
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Corollary :—(1) To construct a rectangle equal to a given 
square. 

Hints: [Draw a fig.] Let a be a side of the square, 
Take a straight line AB greater in length than 20 and draw & 
semi-circle on it as diameter, At A draw ACLAB s0 that 
AC=0. 

Draw CE Il AB, cutting the semi-circle at D and E. Draw 

‘" DFLAB. Then the rectangle contained by AF, BF is the required 
rectangle. 

The 4 ADB in the semi-circle is a right angle. 


\ 
*" DF is perpendicular from D to the hypotenuse AB, 


“,  q2=AC?=DF? = AF.BF. 
(2) To divide a given 86. line so that the rectangle contained 
by the segments may be equal to a given square. 


[ Hints : Let AB be the given st. line and 1 be a side of the 
given square. Now, proceed as in cor. (1) above. ] 
N.B. See Appendix for other cases. 


Problem 11 


To construct a square equal in area to a given recilineal figure 
(or a given polygon ). 


(Fig. 283A) i 
Let ABCDE be the given rectilineal figure. 
To construct a square equal to it in area. 
Construction. Join AC, AD, and draw BFIAC and 


EH || AD. Let BF, EH cut CD produced at F, H respectively. 
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Join AF and AH and draw AKLFH. ‘Then: AK ‘is the 
altitude of AAFH. Bisect FH at 0. 
From any st. line XY cut off XP = FO and PN= AK, 
Draw a semi-circle on XN as diameter and let M be the 
middle point of XN. 
Draw POQLXY so that PQ meets the semi-cirele at 0. On 
PQ draw 2 square PORS, which is the required square. 
Proef. ‘“"  At*ACF, ABC stand on the same base AC and 
between the same parallels AC and BF, .'.  AABC= AACF. 
Similarly AADE= AADH. 
AABC+ AADC+ AADE = AACF + AADC+ AADH, 
.", the fig. ABCDE= AAFH=3FH.AK=FO.AK. 
Again, PO2=QM2- PM? (‘," LP is a rt. angle ) 
= MX2 - PM? ( ‘/ MX=0M = radius ) 
=(MX+PM)(MX - PM)=(MX+PM)(MN—-PM) 
= PX.PN= FO.AK=fig. ABCDE. 
‘. The square on PO= the rectilineal fig. ABCDE. 


Problem 12 


To find the mean proportional between two given straight 
lines. 
Let a and b be the given 


St. lines. ‘To find a mean D 
proportional between a and b,. 

Construction. Take any 4 J 
St. line AX and from it cut off A [5] 


AB=a4 and BC=b. Draw a L Fig 94 
semi-circle on AC as diameter 

and draw BDLAC s0 that BD meets the semi-circle at D. ‘Then 
BD is the mean proportional required. 


Ele. M.(X) G.—8 
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Proof. Join AD, DC. ADC in the semi-circle is a right 


angle, 

*£* BD is perpendicular to the hypotenuse AC from the 

right angle, '“ A ABD, DBC are similar. 
AB_BD . 9 BD 

tN BD ECL, BDU: 

BD is the mean proportional between a and b. 

[ N. B. In fig. 24, let AC and AB be the given st. lines. 
Tet them be placed one upon the other so that the two 
extremities A coincide. In this case AD is the mean propor- 
tional between AC and AB, and CD is the mean proportional 
between CA and CB. 

12. (a) Find geometrically the value of NB. 

[In fig. 24] Take a st. liue AC=5 units of length. 

From AC cut off AB=1 unit of length. 

Draw AD the mean proportional between AB und AC, 

Now, ‘,' AD is the mean proportional between AB 
and AC, thr 

“, AD?=AB.AC=5.1 8g. units =5 square units. 

“, AD = NB units of length. 


AD is the geometric measure of VB. 


[N.B. JVIB= NV5X8, so the mean proportional between 
5 and 8 units is the value of VIB. Similarly /33= ~6°8X 5, eto.) 


Exercise 2 


1. Find the mean proportional between 8 cm, and 4 cm. 
9. Find geometrically the values of /35 and 26. 
3. Draw a regular decagon in 9 given circle. 
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4 Draw a regular polygon of 12 sides in or about a given 
circle. 
5. Describe a circle in, or about, a regular polygon, 
6. Inscribe a square in a given circle, 
+ Inscribe a regular octagon in 2 circle of radius 5 cm. 
(0. U. 85] 
8. Insoribe in a circle of radius 2 cm, a square and find 
its ‘side by measurement and calculation. [0. U. 51] 
[ Ans. = 282 cm. ] 
9. OQonstruct a regular hexagon circumscribing a circle of 
radius 1'5 inches. Measure a side of this hexagon, 
[ Pat. U. '50] 
10. About a circle of radius 1", describe an equilateral 
triangle. Draw a square whose area is equal to that of the 
“triangle. Measure the sides of the square and the triangle. 
LE Urb) 
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SOLID GEOMETRY 


Solid Geometry deals with the properties of points, lines, 
planes and solids in a three dimensional space. 

1. Dimension. The length, breadth and thickness are 
each called a dimension of a body. 

2,' Point. A point has position only but no dimension, 
that is, it has neither length nor breadth nor thickness. 

(8. Aline has length but no breadth and thickness. So it 
has one dimension only. 

[N.B. You know that a line is traced out by the motion 
of a point. Lines, therefore, meet at a point. ] 

A straight line is the shortest distance (or line) between 
two given points on a plane. 

4. Surface: A surface has length and breadth but no 
thicknéss. So it has two dimensions. 

[N.B. It is evident that a surfaceis generated by the 
motion “of a line. Surfaces, therefore, meet in lines. A surface 
is bounded by lines. A line intersects a surface in points. ] 

5. Solid. A solid has three dimensions,.that is, length, 
breadth and thickness. 

[N. B. A solid is generated by the motion of a surface, so 
2 solid is bounded by surfaces. ] 

6. A plane or a plane surface is a surface such that the 
straight line joining any two points in it lies wholly in it. 

7. Lines or points which lie in the same plane 
(or through which a plane may be made to pass ) are said to 
be coplanar. 

8. H'wo 8t. lines are said to be parallel when lying in the 
same plane they do not meet though indefinitely produced 
both ways. 

[ N. B. Two coplanar st. lines either meet at a point or 
are parallel. ] 
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9. Two straight lines through which a plane cannot be 
made to pass are said to be skew or non-coplanar. 
Two skew st. lines never meet however far they may be' 
produced, but they are not parallel as they are not coplanar. 
T'wo pencils, one placed on the other, may be an instance of 
Skew lines. t 


10. The angle between. two skew Bt, lines is the angle 
between one of them and the straight line drawn parallel to the 
other through any point in the first. 

Let AB, CD be two: skew st. lines and let PQ be drawn 
parallel to CD from any point Pin AB. Now, the angle 
between AB and PO is the angle between the skew st. lines 
AB, CD. 


11. A straight line is said to be parallel to a plane, if it 
does not meet the plane though indefinitely produced. 


12. Parallel planes. Two or more planes are said to be 
parallel, if they do not meet even when they are extended 
indefinitely, 

[N. B. It is to be noted that in Solid Geometry, a St. line 
is supposed to be of infinite length and a plane of infinite 
extent, ] 


18. A straight line is said to be perpendicular or normal 
to a plane if it is perpendi- 
cular to every Straight line 
drawn in the plane through 
the point at which it meets 
the palne,. . 

The st. line PO meets the 
plane MN at 0. It PO. is 
berpendicular to all st. lines, such as AO, BO, CoO, ete., drawn 
in the plane through 0, then PO is perpendicular to the 
plane MN. 


Fig. 25 


/ 
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14, Vertical line or plane: A straight line or a plane 
is said to be vertical when the st, line or the plane is parallel 
to the direction of the plumb line hanging freely at rest. 

15. Horizontal line or plane: A straight line or a plane 
is said to be horizontal when it (st, line or plane) is perpendi- 
cular to a vertical line. 

16. Skew Quadrilateral: A quadrilateral having two 
of its adjacent sides in one plane and two other adjacent 
sides in another plane is said to be a skew quadrilateral. 


Axioms 

17. Theo following will be considered as self-evident truths 
or aXioms in Solid Geometry : 

(a) Two straight lines can meet at but one point. 

(Lb) A straight line can meet a plane at one point only. 

(c) Only one straight line can be drawn joining two given 
points. 

(d) A straight line joining any two points on & plane must 
lie wholly in the plane even if it be produced indefinitely in 
either direction. 

(e) It a plane rotates about any straight line in.it, ib may 
be made to pass through any point in space. 

(f) An infinite number of planes may be made to pass 
through any straight line or through any two points. 

(9) One and only one plane may be made to pass through a 
given line and 2 given point outside it. 

(h) If two planes have one point in common, they have at 
least a second point in common. 


(i) One and only one plane may pass through two 
intersecting straight lines. 


[N. B. (a) A straight line may be related to a plane in 
the following three ways : 

(i) Ifa st. line is parallel to a plane, there is no common 
point between them ; 
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(ii) If a st. line intersects a plane, it has only one point 
in common with the plane ; 


(iii) Ifa st. line and a plane have two points in common, 
then the line lies wholly in the plane. 


(5b) Two coplanar st. lines must either intersect or be 
parallel. 


(c) A plane is determined uniquely, if 

(i) three non-collinear points be given ; 

( Thus any three st. lines forming a triangle must lie in a, 
plane. ) 

(ii) a st..line and a point outside it be given ; 

(iii) two parallel st. lines be given ; 


(iv) two intersecting st. lines be given. 


Miscellaneous Examples (8) 


Ex. 1, Tf ast. line intersects two parallel st. lines, then 
the three st. lines are coplanar. 

Let the st. line NM cut the 
parallel st. lines AB, CD at EandF 
respectively. To prove that AB, 
CD, MN are coplanar. 

Proot.  '" ABIcCD, .'. they 
are coplanar. Fig. 26 


Now, ‘." E and F are points on 
AB and CD respectively, .'. E and F must lie in the plane 
of AB, CD. I 
* the st. line EF or MN must lie in that plane. 


‘+ AB, CD and MN are coplanar, 


120 A TEXT BOOK OF HE. §. ELECTIVE MATHEMATICS 


Ex. 2. Show that if three or more parallel st. lines 


intersect a given 86. line, they are coplanar. [0.U.’15,21] 
TLiet the parallel st, lines AB, CD, EF cut the st. line MN at 
P, O, R respectively. It is required. ua 


to prove that AB, CD, EF are coplanar. 
Proof. '“ ABCD, “. a plane AL B 
may be made to pass through them. 
Liet ‘p’ be that plane. Now since ‘tot 
the pts. P and Q are in the plane ‘D7’, 


NS ne Rd co MN Hash He im Ef F 
that plane. 
the pt. R is also in plane ‘Dp’. N 
Now, '." ABIIEF, .'. they are Fig. 27 


coplanar. Suppose they lie in another plane ‘2’. So the 
point R lies in the plane ‘9’. But two planes p, 9 cannot pass 
through the st. line AB 2nd the pt. R outside it. 


p and g are one and the same plane. 
EF lies in the plane ‘p’. “. AB, CD, EF are coplanar, 
Similarly it can be proved that any st. line parallel to AB, 
CD, EF and cutting MN is coplanar with AB, CD, EF. 


Ex. 3. Through a given point draw & 5t. line which 
intersects two given 8t. lines not lying in one and the same plane 
with the given point. LOL U2) 

Let O be the giver point and AB, CD be the given Bt. lines 
not being in the same plane. 

[3 3 [9) 

Let a plane ‘m’ pass through 0 
the pt. O and the st. line AB. 
Suppose ‘m’, intersects CD at OQ. 
Then OQ must lie in the plane ‘m, a B 
f.e:, O00 and AB are coplanar. P 

they must intersect at 2 point ‘Fig. 28 

Hence the st. line 0Q is the required st. line. 


[N.B. If 001] AB, they will not meet and then no such 
st. line can be drawn. ] I - 
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Ex. 4. Prove that the common Sections of any three planes 
[O.UEd 


(non-collinear) meet at a point. 


Let m, m, P be the three planes. 
To prove that they meet at a point. 


Proof. The common section of two 
planes is 2, St. line. Here let the common 
section of m and be AB and that of m | 
and pbe CD. Now if AB is not parallel Le 
to p, AB and CD must intersect at 2 pt. bi 
Let O be that point. 

Hence, the three planes meet at O. 


0 


Fig. 29 


[ Instance : The floor and two adjacent walls of a room 
meet at a point. J 

Ex. 5. Any three straight lines forming a triangle are 
coplanar. 

Let the three st. lines AB, BC and CA form the AABC. 

One and only one plane may be made to pass through 
two intersecting st. lines AB and 'BC, AB, BC are coplanar. 
Honce the st. line joining A,C must lie in the same plane 
with AB, BC. ‘'. The sides AB, BC, CA of AABC are 


coplanar. 
Ex.6. Draw 2 St. line to cut three given non-coplanar 
St. lines. (0. U.’18] 


Let AB, CD and PO be three non-coplanar Bt. lines. 


To draw 2, st. line cutting them. 

Draw a plane through AB. Now rotate the plane about AB 
s0 that it intersects CD and PO at X and Y respectively and XY 
is not parallel to AB. °° X, Y and AB lie in the same plane, 
‘", the st. line XY must intersect AB at some point. Hence XY 


is the required st. line. 
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Ex.7. Ita st. line outside a given plane is parallel to 
any st. line drawn in the plane, itis parallel to the plane 
itself. [0:04 81] 

Let AB be the st. line in the plane PQ and let CD, a sh. line 
outside the plane, be parallel to AB. 


To prove that CD is parallel to the plane PO. 


Proof. ‘." CD IAB, ,’, they are coplanar. ,'. the common 
section of the plane PQ and the other plane is AB. 


Hence CD produced can never intersect PQ-plane, because 
if CD intersect the plane PQ, the Dt. of intersection must lie on 
AB which is impossible ( ‘,* AB I CD ). 

+. CD. is parallel to the plane PO. 


Ex. 8. Ifa st. line is parallel to each of two planes, prove 
that it is parallel to their line of intersection. [C. U.'34] 


Let XY be the line of intersection of the two planes M 
and N and let PQ be parallel to each of the two planes. 
To prove that PQ || Xv. 


Suppose the plane drawn through PO parallel to the plane 
M intersects the plane N in the St. line AB. Then ABI Po. 
+. the two planes M and PA are parallel and the plane N 
intersects them in XY and AB respectively. .',” XY I AB. 


Now, ‘." XY and PQ are each parallel to AB, .'. POI XY. 


Ex.9. ABand CD are two intersecting st. lines; EF is 
+ another st. line parallel to CD and meeting AB at some point. 
Show that the three lines lie in one plane. [0. U. ’56] 
Let AB, CD intersect at O and AB, EF intersect at P. 
Now, AEE CD, 1. 0D,-LEF are coplanar, Let them 
lie in the plane M. Since the pts. P and O lie in M-plane, the 
st. line PO, i.e., AB also lies in that plane. 


‘+. AB, CD, EF lie in one plane. 
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Ex. 10. Two planes drawn one through each of two paralleb 
8b. lines out one another in 2 st. line parallel to them. 
[0.0.22 } 
Let the two planes M and N, drawn respectively through 
the two parallel st. lines AB and CD, cut one another in the 
st, line PO. To prove that PQ is parallel to AB and CD. 
Proof. ‘." ABCD and CD lies in N-plane, 
AB is parallel to N-plane. Again, ‘' AB lies in 
M-plane and the planes M, N have intersected in PO, 
‘“, ABIPO, butABICD, .. PO I cD. 
PO is parallel to AB and CD. 


Exercise 8 


1. Show that any number of 8t,. lines passing through 2 
given point and intersecting 2 given st. line are coplanar. 

[ 0. U.'54] 

9, Straight lines which intersect one another mutually 
are coplanar. 

3. Tfa plane cut two parallel planes, then the lines of 
section are parallel. 

4, Show that through a given point P, a plane may be 
constructed parallel to each of two 8t. lineg AB and CD, which 
do not lie in the same plane. [0. 0. '381] 

5. The sides of a quadrilateral, of which the diagonals cut 
one another, lie in the same plane. 

6. Draw a plane cutting two Bides of a triangle 
proportionally. 

7, The sides of a parallelogram are coplanar. 
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If 0 straight line is perpendicular to each of iwo intersecting 
straight lines at their point of intersection, it is perpendicular to 
the plane in which they lie, 


Fig. 30 


Let the straight lines OP be perpendicular to each of the 
intersecting st, lines OQ and OR at their point of intersection © 
and let XY be the plane in which OO and OR lie. 


It is required to prove that OP is perpendicular to the 
Plane XY, 


Cons. Through O draw any 8t. line OD in the plane XY 
and complete the parallelogram OADB in the plane. Join AB 
cutting OD at C. Join PA, PB, PC, 


Proof. The diagonals of the parallelogrm OADB bisect 
Sach other at C, , PC is a median of the AAPB,. 

AP? + PB? = 9AC? {-9PC?2...(1). 
Similarly, OC is the median of the AOAB, 
*'. 0A? + 0B? =9AC? +9002...(9) 

Subtracting (2) from (1) we have 

(AP? — 0A2) + (PB? - 0B?) = 2(PC? - 002)...(3). 
Again, ‘.' OP is perpendicular to OA and 0B, 

PA? = Sen Lohan 
and PB?=0B?+0P2 

-. PA?—_O0OA?=0P? and PB? — 0B? = 0P2...(4) 
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Hence from (8) and (4) we have 

OP2+0P? =2(PC? — 002), or, 20P? =2(PC? — 002), 

or, OP?=PC?-. 002, 1, PC?=0P? +00, 

Z POC is a right angle. 

,‘, OP is perpendicular to OD, any st. line drawn in the 
plane XY through 0. 

/“, OP is perpendicular to the plane XY in which OA and 
0B lie. 


Miscellaneous Examples (4) 


Ex. 1. From 0, the centre of a circle, a perpendicular OA. 
is erected to the plane. Show that all points on the circum- 
ference are equidistant from A. [C. U.] 

Let O be the centre of the circle 
and OA be perpendicular to the plane 
of the circle. Let B, C be any two 
points in the circumference of 
the circle. Join AB and AC. 
It is required to prove that AB = AC. 
Join OB and OC. 


Proof. ‘" OB and OC lie in the 
plane of the circle and OA is perpen- 
dicular to the plane, i Fig. 31 

‘. OA is perpendicular to OB and OC. .‘, Z£AOB and AOC 
are right angles. Now in the right-angled A *AOB snd AOC, 

0B = 0C (being radii of a circle) and OA is common to botb, 
the A are congruent. 
+‘. AB= AC, 

Ex. 2, Find the locus of a point in space equidistant from 
two given points. [C.U, '89, 47). 

Let A and B be the two given points. 
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Join AB. Bisect AB at © and through O draw a plane 
perpendicular to AB. Then this plane is the required locus. 

Proof. Let P be any point in this plane. 

Join PO, PA, PB. ‘" OP isa st. line lying in this plane 
and OB is perpendicular to the 
plane, .,', OBLOP. 

Now, in A*AOP and BOP, 
AO =BO0, PO is common to both 
and £AOP= {BOP 

(being rt. angles). 

‘. The A* are congruent, 
‘", AP=BP. Similarly it can 
‘be proved that any point in 
this plane is equidistant from A 
and B. 


‘+. ‘This plane is the Fig. 32 
Tequired locus. 


Ex. 83. AB is perpendicular to a plane and if from B, the 
foot of the perpendicular, the line BE is drawn perpendicular to 
a line CF in the plane, show that CE is perpendicular to 
the plane of AD, BE. [0. U. ’50] 

AB is perpendicular to the plane XY at B and CF is any 

straight line in the plane XY, 
‘BE is drawn perp. to CF. 
AE is joined. To prove that the 
‘st. line CE is perpendicular to 
the plane of AE and BE. 

Join AC. 

Proof. ABis perp. to BE 
‘and BC, as it is perp. to the 
plane XY. Now from the Xx 
Tight-angled triangles ABE Fig. 838 
‘and BEC we have AE?=AB24-BE? and EC?=B0C?-BE?, 
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AE? +EC? = AB? +BE? + BC? - BE? = AB? + BC? 
=AC2 [ '“ ABC is a rt. angle ] 

“.. ZAEC is a rt, angle. -.  CELAE: 5. but CELBE, 
“, CE is perpendicular to the plane in which AE and BE lie. 

Ex. 4. One and only one perpendicular can be drawn to a 
plane through a given point outside the plane. 

Let © be a point outside the plane M. lItis required to prove 
that one and only one perpendicular can be drawn from O to the 
the plane-M. 

Proof. If possible let OA and OB be two perpendiculars 
drawn from O to the plane. Now, suppose the plane-N is drawn 
through OA and OB, and let it cut the M-plane in the straight 
line CD. 

‘*" OA, OB are both perp. to the plane-M and CD meets 
them in that plane, .‘, OA, OB are both perpendicular to CD, 
but OA and OB lying in the same plane cannot both be 
perpendicular to CD. Hence only one perpendicular can be drawn 
from O to the plane- M. 


Ex. 5. Prove that a point can be found in a plane 
equidistant from three given points outside the plane. State the 
exceptional case, if any. (0:07 86") 


Tieb m be the given plane and A, B, C be the three points 
outside the plane. « 


Draw the plane bisecting AB at right angles. Then every 
point in this plane is equidistant from A and B, Let this plane 
intersect the plane m in the line ab. Then every point on ab is 
equidistant from A, B. Again draw the plane n bisecting BC at 
right angles. Then every point in plane n is equidistant from B 
and C. Let this plane intersect the plane m in the line cd. Then 
every point in cd is equidistant from B, C. 

,*, every point on the line of intersection of the planes p 
and nis equidistant from A, B and C, 
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the point of intersection of ab and cd is equidistant from 
A, Band C. Let ab and cd intersect at X. 


Then the point X is equidistant from A, B and C. 
Hence X is the required point. 
Tf the line of intersection of the planes p and n be parallel to 


the plane m (i. ¢., if A, B, C lie on a, st. line parallel to the plana 
m ), no such point can be found. 


Exercise 4 


1. Draw a plane perpendicular to a given straight line 
through a given paint in it. 

9, Prove that one and only one verpendicular can be drawn 
to a plane through a given point in it. 

8. Prove that all points in space equidistant from two given 
points lie in a plane. « [0.U.'89 ] 

4, Find the locus of a point in space equidistant from three 
given non-collinear points. (C.U. °51] 


GEOMETRY B Lay 
Theorem 2 


All straight lines drawn perpendicular to a given stroight line 
at a given point in it are coplanar. 


Fig. 34 


TLiet the straight lines BC, BD, BE be each perpendicular to 
the st. line AB at B. 
It is required to prove that BC, BD, BE are coplanar. 


Cons. Only one Blane can be drawn through 
two intersecting Bt. lines. Let XY be the plane drawn 
through BC and BD and HF be the plane drawn through 
AB and BE. Let the two planes intersect in the 


straight line BF. 


Proof. ‘“ AB is perpendicular to BC and BD at B, 


AB is perp. to the plane XY. ‘“., AB is perp. to BF 
lying in XY ; but ABLBF, .. of the three 8t. lines AB, BE, BF 
lying in the same plane, BE and BF are perp. to AB at the 
same poinb B, which is impossible unless BE and BF 
coincide. 

BE must lie in the plane XY 
BC, BD and BE are coplanar. 
st. line drawn perpendicular to 


+ 


Similarly, any other 
B lies in the plane XY. 
Ele. Math. (X) G.—9. 


AB at 


180 A TEXT BOOK OF H. S. ELECTIVE MATHEMATICS 


Miscellaneous Examples (5) 


Ex. 1. If a triangle revolves about its base, show that the 
vertex describes a circle. MO. Pre-U. 54, 0:U.°19] 


A 


B [9] [ 
Fig. 85 


Let ABC be the given triangle which revolves about the base 
BC as the axis. Two prove that the vertex A will describe a 
circle. Draw AO perpendicular to BC. 


Proot. ‘" OAILBC, .. O is a fixed point on BC. So 
during the revolution AO will always be perpendicular to BC at 0. 


+. The revolving line OA will describe a plane. 
Again, °‘." Ais always equidistant from 0, 


+. the pt. A will describe a circle of which 0 is the 
centre and OA is the radius. 


Ex. 2. Prove that there cannot be more than three 
mutually perpendicular straight lines 


in space meeting at a 
point. 


[ 0. U.'82, 86, 48 } 

Let OA, OB, OC be mutually 
perpendicular at the pt. 0, 
Tf possible, let OD be another 
St. line perpendicular to OA, 
OB and OC at 0. 


Draw the plane XY passing 
through OA, OB. 

** OC is perp. to OA and Fig. 86 
OB at 0, .'. OC is perpendicular to the plane XY. 
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Again. ‘." OD is perp. to OA and 0B at 0, "+ OD is perp. 
to the plane XY, ‘‘. OC and OD are both perpendicular to the 
plane XY at the same point, which is impossible unless OD 
coincides with OC. 


Hence more than three st. lines cannot. be mutually 
perpendicular at a point. 


Ex. 3. Prove that all straight lines drawn perpendicular 
from a given point to a system of parallel straight lines in space 
are coplanar. 


Let AB, CD, EF:‘‘be a system of 
parallel st. lines in space and let 
PQ, PR, PS::‘be respectively drawn 
perpendicular to them from the 
point P. To prove that these 
perpendiculars are coplanar. C 

Proof. Suppose XY tobe drawn 
through P parallel to the given 
parallel st. lines. Fig. 87 

XY || AB and POLAB, SE UPOLX Kd 
Similarly PR, PS,'--are each perpendicular to XY at P. 


Now, since PQ, PR, PS,'-are perpendiculars to the same 
gt, line XY at P, these perpendiculars are coplanar. 

Ex. 4. Show that there is one and only one point equidistant 
{rom four Riven points which do not lie in one plane and no three 
of which are in one st. line. [N. U. '48] 

Let A, B, © and D be four points not lying in one plane and 
no three of which are collinear. 

Tt is required to prove that there can be only one point 
equidistant from the four points. 


Proof. All points in space equidistant from A and B 
must lie in the plane bisecting AB at right angles. Similarly 
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the points equidistant from B and C and those from CandD 
respectively lie on the two planes bisecting BC and CD at right 
angles. 

These three planes mutually intersect in three st. lines. 
These three st, lines meet at only one point common to the 
three planes and this point is equidistant from A, B, C, D. 
Hence there is only one point equidistant from A, B, C, D. 


Exercise 5 


1. How many borizontal lines can be drawn through 
a given point -in 2 vertical line and how do they lie ? 


[0C.U. 1916] 
9. Tta right angle revolves about one of its arms, then the 
other arm describes 2 plane, [H.8.'62,; B. U, E.’64] 


8. Find the locus of & point equidistant from three 
non-collinear points. 


4. Prove that the four angular points of a horizontal 
rectangle are equidistant from any point on the vertical line 
through the centre of the rectangle. 
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Theorem 8 


If two straight lines are parallel and if one of them ts 
perpendicular to a plane, then the other also is perpendicular to 
the same plane. 


Fig. 38 


Let. AB and CD be two parallel st. lines meetin g the plane 
XY at B and D and let AB be perpendicular to the plane XY. 


It is required to prove that CD also is perpen dicular tothe 
plane XY, 
Cons. Join BD, then BD lies in the plane XY. Through 
D draw DELBD in the plane XY, Join BE, AE, AD, 
Proof. ‘." AB is perpendicular to the plane XY, 
,“, AB is perpendicular to BD and BE that lie in plane XY. 
Now, AE? =AB2-+BE? [ ‘  ZABE=1rt. angle ] 
= AB? +BD2+DE? [ " /BDE=1 rt, angle ] 
=AD2+DE? [ ‘:" ZABD=1 rt. angle] 
Z ADE is a right angle, .'. EDILAD, 
But DE is perp. to BD ( const. ), +. ED. is perpendicular 
to the plane ABD containing BD and AD. 
But CD, being parallel to AB, lies in the plane of BD and AD, 
i.6.,in plane ABD. .'.DE is perpendicular to the plane of AB,CD. 


ss CDALED:, 
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Again, ‘“ BD cuts the parallel st. lines AB and CD and 
Z ABD is 2 right angle, .. £CDB is a right angle. .'. CDLBD. 
CD is perpendicular to BD and DE. 
But BD and DE lie in the plane XY, 
CD is perpendicular to the plane XY. 


Converse Theorem 


( Converse to Theorem 8 ) 


If two straight lines are perpendicular to the same plane; 
they are parallel to one another. 

As in theorem 3, it can be proved that DE is perpendicular 
to AD [ Here write up to this from theorem 3. টু 

Again, ‘." CD is perpendicular to the plane XY ( by 
hypothesis ), “. CDLDE. .'. CD, AD, BD are coplanar. 

But AB, AD, BD are coplanar, +. AB and CD are coplanar. 

Now, ‘“ ZABDT+ £CDB=I1rt. L +1 rt. 4 =2 right angles, 

‘. AB and CD are parallel. 

Corollary. If AB is perpendicular to any plane XY and 
if from B, the foot of the perpendicular, & st. line BD is drawn 
perpendicular to any st. line DE in the same plane, then AD is 
perpendicular to DE. [ Drawn Fig. of theorem 8] 

Join BE, AD, AE.  ‘." AB is perpendicular to the plane XY, 


AB is perpendicular to BD and BE. 

', AE?=AD2+BE? [‘', ZABE=1 rt. angle ] 

=AB2 +BD2+DE? ['" /ZBDE=1 rt. angle ] 
=AD2+DE? [‘- ZABD isa rt. angle ] 


“. ZADE is art. angle. .. ADIDE. 


[ This theorem is known as “The Theorem of Three 
Perpendiculars. | 
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Miscellaneous Examples (6) 


Ex. 1. Straight lines in space which are parallel to & given 
straight line are parallel to one another. 

LO! 014, "19; ’99, 85 ] 

Let the st. lines AB, CD,:‘‘be each parallel to the given 5t. 
lines PO. Draw & plane XY perpendicular to PQ through any 
pi. Qin it. Let this plane cut AB, CD," at B, D,-'- 

Proof. ‘“ ABIlPQ and PO is perp. to the plane XY, 

AB is perp. to the plane XY. Similarly CD is perp. to 
the plane XY. Now, ‘. AB, CD are both perpendicular to 
the same plane XY, ‘'. ABICD; and so‘on. Hence. the 
theorem is proved. 

Ex; 2. AB, AC are two st. lines intersecting at right 
angles, and from Ba perpendicular BD is drawn to the plane 
of AB, AC. Show that AD is perpendicular to the line AC. 

[ 0. U. ’88 ‘ 

Let m be the plane of AB, AC. Draw BELAB, then 
BE | AC. ‘." BD is perp. to m-plane (hypothesis), .'. BDLBE. 

BE is perpendicular to both BD and AB. ‘. BE is 
perp. to the plane of BD, ABI. ‘AC is also perp. to 
that plane. Now, since AC meets AD lying on that plane at A, 

ACLAD. 

Ex. 8. If perpendiculars are drawn from an external 
point to a system of parallel straight lines in @ plane, Show 
that their feet lie in a st. line perpendicular to the parallel lines. 

[0.U.’27; D.U. ’41] 


Let" AB;'“6D, EF;:-be"e system of parallel st. lines lying 
in the plane m and OP, 00, OR, ° be respectively drawn 
perpendiculars to them from an external point O. ) 

It is required to prove that the feet of the perpendiculars 


lie in the same st. line which is perpendicular to the parallel 


lines AB, CD, EF**: 
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Proof. Let XY be drawn parallel to AB, EEMEFR 
through 0. ‘~ ABIlXY and OPLAB, ‘. OPLXY. Similarly 
00, OR, --‘are perpendicular to XY at 0. ,*, the perpendiculars 
OP, 090, QR,--‘must lio in the same plane and that plane will 
be perpendicular to the plane XY. Let n be that plane. 
Now the plane n will intersect the given plane m in 2 st, line. 

‘the perpendiculars OP, 00, OR,*lie in n-plane, 


‘their feeb must lie on the line of intersection of m 


and n planes. ‘“. the feeb P, Q, Rye are in the same 
straight line. 

Again, ‘." XY is parallel to AB, CD, EF,.and ‘." XY is 
perpendicular to the n-plane, .'. each of the lines AB, CD, 
EF,'-‘i8 perpendicular to the n-plane and the straight line 
POR:..is. in that plane. ‘. the st.line POR--., the line of 


collinearity, is perpendicular to the parallel lines AB, CD, EF" 


Exercise 6 


1. Draw a straight line perpendicular to a given plane from 
an external point. 


9. From an external point P, PO is drawn perpendicular 
to the plane XY and LM is any straight line in the plane XY. 
If PO be drawn perpendicular to LM, show that 00 is 
perpendicular to LM. ‘ [0. U. 48] 


8. Find the locus of the foot of the perpendicular drawn 
from a given point upon .any plane passing through a given 
Straight line. [D. B. ’24] 

4, Tf perpendiculars are drawn from any point to a system 
of parallel straight lines in space, then all the perpendiculars 


lie in a plane perpendicular to the parallel lines. 
: [0. U.’26] 
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Projection 


Definitions: (1) The toot of the perpendicular — drawn 
{rom a. given point to 2 plane is called the projection of the 
point on the plane. ্ 

(29) The projection of a 
line on a plane is the locus of 
the foot of the perpendicular 
drawn from. any point in the 
given line to the plane. 

The line ab in the figure 
is the projection of the line 
AB on the plane XY. 

[ N. B. ‘The projection of a St. line on a plane is a st. line”. 
It is a theorem, but it is out of syllabus. A straight line and 


Fig. 39 


its projection on any plane are coplanar. ] 


The angle between a straight line and a plane. 


The angle between a straight line and a plane is the angle 
between the straight line and its projection on the plane. 


Let ab be the projection 
of the straight lino AB on the 
plane XY. Then BA and ba 
are coplanar and they must 
meet, produced it necessary, at 
some point O in the plane XY. 
Then the angle between AB 
and the plane XY is measured by the angle Bob. 


X 


Fig. 40 


Miscellaneous Examples (7) 


Ex. 1. Find the length of the projection of of a straight line 


AB on a plane XY in terms of AB and the angle which AB makes 
[0. U. 84] 


with XY. 
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Let ab be the projection of AB on the plane XY. 
It is required to find the length of ab. 
Let the st. line AB make the angle 6 with the plane XY. 


Draw AP ilab meeting Bb at P. Then AP=a0b and 
ZBAP=9, ‘. Job =AP=AB co08 0. 


Ex.2. If a st. line outside a given plane is parallel to 
any 8st. line drawn in the plane, it is parallel to the plane. 
itself. (0. U. "31. °83] 


Let the st. line AB outside the given plane m be parallel 
to any st. line PQ lying in plane-m. 

It is required to prove that AB is parallel to the plane m. 
ABIPQ, ‘. AB and PQ lie in the same plane. 

Let n be that plane. Then PQ must be the line of 
intersection of the planes m and n. .'. AB, when produced 
can never meet the plane m, because if AB meets m, it must 
meet it in the st. line PQ, which is impossible as AB Ill PO. 


the st. line AB is parallel to the plane m. 


Ex. 8. If a st. line is parallel to a plane, show that it is 
parallel to its projection on that plane. [C. U.’44) 


Let AB “be parallel to the plane m and PO be the 
projection of AB on the plane m. Join AP, BO. 
FQ is the projection of AB on the plane m, 
each of the angles APO and BOP is a right angle. 


Again, ‘,“ AB is parallel to the plane m and AP, BOQ are 
perpendiculars on the plane, ‘'. Z£PAB and Z£ABOQO are 
right angles. .'. ABOP is a rectangle .. AB Il PO. 


Ex. 4. Tf a st. line AB is parallel to a plane, then any st. 
line CD parallel to AB is either parallel to the plane or lies in it. 
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[ Hints: Let the st. line AB be parallel to the plane-m. 
AB I|ICD, .'. there is only one 
plane (say 7) through AB, CD. 
The plane n meets the plane m in 
the line lL, or is parallel to m. 
If n is parallel to m, then CD 
lying in nm is parallel to m. 


If n meets m in the line lL, then since AB has no point in 
common with m, AB lll. But AB Il CD and AB, CD and l are 
coplanar, .'. either CD is parallel to 1 or coincides with Ll. 
Hence CD is either parallel to the plane m or lies in it. 


Ex. 5. If two intersecting planes are each perpendicular 
to a third plane, their line of section is also perpendicular to that 
plane. 1B. U. E.’64 


Tet the two intersecting planes MN and XY be each: 
perpendicular to the plane PQ 
and let AB be the line of inter- 
section of the planes MN and 
XY. To prove that AB is 
perpendicular to the plane PO. 

Let the planes MN and XY 
intersect the plane PQ inBM 
and BY respectively. In the plane PQ draw BC LBM and 
BD LBY. 

The planes MN, PQ are perpendicular to each other and 
BC is drawn in the plane PQ perpendicular to their line of 
section BM, .'. BC is perpendicular to the plane MN. 

BC is perpondicular to AB lying in plane MN. 

Similarly, BD is perpendicular to AB. 

AB is perpendicular to the two intersecting 
BD at B, .. AB.is perpendicular to the plane PO containing 
BC and BD. 


lines BC and 
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Ex. 6. Show that through a given point a@ plane may be 
constructed parallel to each of two skew lines. [0:04 '31] 

Tet AB and CD be the two given skew lines and O the given 
point. Through © draw OP and OO parallel respectively to AB 
and CD. The plane passing through OP, OQ is the required plane. 

Proof. ‘" AB and CD are respectively parallel to OP 
and 00, .'. AB and CD are also each parallel to the plane 
containing OP and OQ. 

Ex. 7. The angle which a st. line makes with its projec- 
tion on & plane is less than that which it makes with any other 
St, line which meets it in that plane. 1C: U0. 18,80, 31] 

Let ab be the projection of the st. line AB on the plane m 
and ‘let BA and ba meet at O in the plane. 

Draw OP = 0b in the plane m and join BP and Pb. 

Proof. ‘‘: Bb is perpendicular to the m-plane, .. ZBDbP 
is a right angle. .,, ‘BU<BP (hypotenuse). Now in A®°BOb 
and BOP, Ob=0P, OB is common ‘to both, but Bb<BP, 


‘°° 4 BObLCBOP: 
Exercise 7 
1. Tt a straight line is parallel to a plane, it is parallel to 
its projection on that plane, 


2. ‘The projection of the middle point of a straight line 
On a, plane is the mid point of the projection. [020.16] 


3. Prove that the length of the projection of a straight 


line on a plane=the length of the straight lineX the cosine 


of the angle which it makes with the plane. 


4, Show that the projection of a straight line on 2 
plane cannot be greater than the line. What. may be the 
maximum length of the projection ? 

5. Prove that equal and parallel straight lines have equal 
and parallel projections on a plane. 16. 23] 

6. Show that if the projections of a given line on two 


intersecting planes be both straight lines, the given line i8 
itself a straight line. [C. U. '26] 
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Dihedral Angle 


The angle between two planes is the plane angle between 
two straight lines drawn, one in each plane, from any point. 
in the line of intersection at right angles to it. 

This plane angle is called a Dihedral angle between the’ 
two planes. Thus a dihedral angle 
is generated by two intersecting 
planes. 

Let the two planes BC and AD 
intersect in the st. line AB. 

From any pt. OQ in AB, let OP 
and QR be drawn perpendicular to 
AB in the planes BC and AD 
respectively. 

Then ZPOQR= the dihedral angle between the two planes. 

From any other pt. M in AB st. lines ML and MN are 


drawn perpendicular to AB, one in each plane. 

Then ZLMN measures the dihedral angle between the 
two planes. ‘“ POINLM and QRUIMN, . LZPOR= LLMN. 

Definition. One plane is said to be perpendicular to 
another when the dihedral C 
angle between them is a right 
angle. _ 

The plane BC will be A HEAL 
perpendicular to the plane Q 5 D 
AD, if the dibedral angle 
POR is a right angle. Fig. 42 

[N. B. (i) The dibedral angle between two intersecting 
Planes is either equal or supplementary to the angle between 
their normals. 

(ii) If a plane intersects two parallel planes, the two: 
corresponding dihedral angles are equal. 
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(iii) If a st. line is perpendicular to a plane, then any 
plane passing through the st. line is perpendicular to the 
given plane. 

Let the st. line PO be perp. to the plane XY at O and let AB 
be any plane passing through PO 
and intersecting the plane XY along 
the st. line OB. 

To prove that the plane AB is 
perpendicular to the plane XY. 

Cons. In plane XY, draw OQ0.LOB. 

Proof. ‘“ PO is perp. to plane XY, 

Fig 43 ", PO is perp. to both OB and OO. 

the st. lines PO in plane AB and the st. line OO in plane 

XY are each perp. to OB, the line of section of the two 

planes, ab 0. .'.  ZPOQ is the measure of the dihedral angle 

between the planes AB, XY, ©‘. this dihedral £POQ is a right 
angle, ,", the plane AS is perpendicular to the plane XY. ] 
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CHAPTER V ই ae af 
NS LCUTFADT 
CO-ORDINATE GEOMETRY ar 


1. That branch of Mathematics in which Geometry is 
studied by means of Algebra is known as Co-ordinate Geometry 
(Or, Analytic Geometry). 

You have already learnt what is meant by the co-ordinates 
of a point and that the poisition of a point on a certain plane 
is known when its co-ordinates are known, Ifit is a moving 
point, there must exist certain relation between its co-ordinates 
which can be expressed as an algebraic equation. li 


2. (i) Co-ordinates. 


You know that a plane is divided into four parts, if two 
Straight lines at right angles to each other are drawn on it. 


Let XOX’ and YOY’ be two infinite st. lines at right angles.’ 


Q(x yp) 


Cor y QL 


Vv 

Fig. 1 
to each other at the point 0. As the two st. lines are fixed, 
the pt. O is also a fixed point. 


Each of these two st. lines is called an axis. The st, line 
XOX’ is called the axis of x (or, z-axis) and the st. line YOY is 
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called the axis of y (or, y-axis). The pt. O ig called the origin. 
The distances of any point of the plane from the two axes are 
called its co-ordinates. 


(ii) Abscissa and ordinate. The position of any point 
on the. plane with respect to the axes can be determined. 
Let P be any point on the plane. FromP draw PM and PN 
perpendiculars to a-axis and y-axis respectively. Then the 
distance of P from the y-axis is PN or OM (°" PN= OM). This 
distance from y-axis is called the abscissa (or, # co-ordinate) 
of the point. The distance of P irom the 2-2Xis is PM 
and this distance is called the ordinate (or, y co-ordinate) 
of the point. 

In the given figure the co-ordinates of the point P 
are (x, y). It is a general convention that the co-ordinates 
of a point are written within brackets—first the abscissa 
and then the ordinate with a comme between the two. 
Thus the point (83, 4) denotes a point whose abscissa is 3 units of 
length and ordinate is 4 units of length. 


(iii) Quadrant. The two axes have divided the plane 
into four parts, each of which is called a quadrant. In the 
figure-(1) the portions between ZXOY, LYOX', £LX'OY' and 
ZY'OX are respectively called the first, the second, the third 
and the fourth quadrant. 


(iv) Positive and negative co-ordinates. According to 
convention the distances measured in the direction of OX ard 
OY are positive and Gistances measured in the opposite directions 
(i.., in the directions of OX’ and OY') are negative. 


Thus it is evident from the given figure that the abscissa 
and ordinate of any point P (x, y) in the first quadrant are 
both positive. In the second quadrant the abscissa of the pt. © 
is negative while its ordinate is positive, 1.8., the co-ordinates 


CO-ORDINATE GEOMETRY 145 


of Q are (—z, Y). Both the abscissa and the ordinate of any 
pt. Q) in the third quadrant are negative, so its co-ordinates 
are (—z, —Y). The abscissa of any pt. Q2 in the fourth 
quadrant is positive while its ordinate is negative. Hence its 
co-ordinates are (0, — y). 

Thus, if the co-ordinates of a point are known, the quadrant 
in which it lies and its position in the quadrant can easily be 
determined. Conversely if its position in any quadrant be known, 
its co-ordinates can be determined. 

It is to be noted that both the abscissa and the ordinate of 
the origin O are zero and so the co-ordinates of the origin are 
(0, 0). The ordinate of any point on the x-axis is zero and 80 its 
co-ordinates are (x, 0). The abscissa of any point on the y-axis 
is zero and so its co-ordinates are (0, y). 


8. Cartesian co-ordinates: When the two axes XOx' 
and YOY' are at right angles to each other, the co-ordinates of 
any point are called the rectangular co-ordinates. 


Tf the XOX’ and YOY’ are not at right angles but are inclined 
at any other angle, the co-ordinates with respect to these axes 
are called oblique co-ordinates. We have to study rectangular 
co-ordinates only. 

As the system of the co-ordinates was first introduced 
by the philosopher Descartes, it is known a8 Cartesian 
co-ordinates. 

4. Lengths of Segments. We shall now determine the 
distance between two given points or the length of any segment 


of a straight line. 
(i) To find the distance of a point from the origin. 


[ Draw here the fig. 1 ] Let OX, OY be the rectangular 
axes and P be a pt. whose co-ordinates are (2, Y). 


Ele. Math. (X) G.—10 
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Wo have to determine the length of OP, the distance of P 
from the origin 0. "Draw PMLOX and join OP. 


*,* the co-ordinates of P are (2,y), ‘., OM=% and PM=y. 
OP2=0M2+PM?=02+y2, ‘. OP= VJo2+y2, 


(ii) To find the distance between two given points. 


Tet OX and OY be the rectangular axes. LetP and Q be 
the points whose co-ordinates 
are (21, Y1) and (02, Ya) 
respectively. 

To find the length of PO 

Tf [ 866 fig. 2]. Let PM, ON 
‘be drawn perpendicular to 
OX. Draw QRLPM. 

Now, OM=%), ON=%32, 
PM=yi, and OQN=y2. 

+. OQOR=NM=0OM - ON 

=%)_ 292, Fig. 2 
and PR=PM-RM=PM-ON==7Yy)-Y2: 

,*, In the right-angled APOR, 

PO? =OR2 + PR? =(t1 — 2)? +(y1 — V2)°, 
“. PO= Voi —92)2+(y1 —y2)*. 

[N.B. (i) The above formula always holds good 
Whether 1, Yy1, #2, Y2 be positive or negative. Hence it 
can be applied to find the length PQ in whichever quadrant 
P or O may lie. 


P (4) 


(ii) The distance of P from the origin can be found by 
putting x2=0, y2=0 in the above formula, as in this case Q 
coincides with the origin (0, 0). ] 

5. Sections of a finite straight line in a given ratio. 

Here we shall determine the co-ordinates of the point of 
intersection of a st. line where it is divided in a given ratio. 
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A finite st. line can be divided in two ways, either internally 
or externally. 


(a) To find the co-ordinates of a point dividing a straight 

line in a given ratio. 
‘“ Tieb OX, OY be the 
rectangular axes and P, Q 
be the given Dts. whose 
co-ordinates are (zi, y1) 
and (2,2) respectively. 
Let PO be divided at R 
in the ratio m $1, 80 that 
PR: RO=m: nN. 

It is required to find the 
co-ordinates of R. Let the Fig. 8 
co-ordinates of R be (2, Yy). 

(i) [In fig. 8] Suppose R divides PO internally at R. 
Draw PM, QN, RL perpendicular to OX and draw PV | ox, 
cutting RL and ON at T and V respectively. 


Now; a AEE MOVE eee 7 EDS 


but PT=ML=0L-OM=%-%1;5 
and TV=LN=ON-OL=%9-%,; 


20m ৰ _ mg +nd1 
y BAP 0) rn SUE ETS 
Ba-0 in m+n 
Again, Ms eAAPRT and A\POV are similar, 

RTLPR Mme PAZ IRA SD POR PR BTM 
av Pao mnt’ PR m’ PR m 
PO_ntm PRE TN 
on, BE m ‘* PO mt 


But RT=SRL~-TL=RL- PM=Y-Y1, 
and QV=Q0N-—VN=0ON- PM=(y2—91). 
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PENS oteay 1 WH SAFO 0} 
‘* ya—-Yy1 QV mtn 


or, Y(m+n)=mly2—Y1)+YAm+n)=mystny1 


Kd y= at) 
m+n 


,“, the co-ordinaes of R are (eat, Hany). 
m+n mtn 
(ii) HR divides PQ externally in the ratio m : n [see fig. 4], 
then PR: ROQO=m: mn. 
Now, '“ RTI av, 
LPT PR ut, 
TV RQ mn 
But PT = ML=%-2;, 
and VT=SNL=9%-—- 29, 


Y¥ 


R&,¥) 


&2.42) Q 


2—T)_m 
0-09, i 
or, m-n)=mag - ne; Fig. 4 
RO CELL Mente 
m-n 


Again, ',' APRT and APOQV are similar, /, FTSRPL_ Mm 


but RT=y-y; and QV=y9—-Y), HUE mM বু 
Y297-Y1 m-n 


é mys ~— 
Y= 2 NY 
m-n 
+". the co-ordinates of R are (22 Eh... 2 ULE UL Fersk 41 0). 
m~-n mn 


SN B. If PO is bisected at R, i.o., if R bo the middle 
point of PO, then m= mn. 
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meg tnr, _meatme) most) 0) +a2 
m+n m+m 2m 


Then 


and my2+ ny mya ty)_Y1 “ys, 
2 


m+n 2m 


of R, the mid’ pt. will be (5 0) 


So, the 00-ordinates 


6. To find the area of a triangle from the co-ordinates 
of its vertices. (or, To find the area of a triangle formed by 


joining three given points ). 


(1) Let (zi, yi), (22, Y2) and (%3,y3) be respectively 


the co-ordinates of the Y 
vertices A,B andC of the 
A ABC. 


To find the area of 
the A ABC. 
Draw AM, BN and CP 


perpendicular to the z-axis. 


Now, AABC = trapezium 
AMPCHtrapezium PNBC 


~ trapezium AMNB. Fig. 5 


+e 


The area of a trapezium 
= $ X height X (sum of the araliel sides), 
The area of AABC=3MP(AM +PC)+$PN(PC + BN) 
— IH MN(AM +BN) 
=i — 01 )y1 +y3)+(22- 03s)(ys +Y2) 
-(%2—%1)y1 t+ ya) 
=Y(0,y2— 2201 Hays — t3y2+2sV1 — 2103) 
=iic(y2— ys) +02lys 91) +0sly1 — y2)} 
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(2) The following artifice may be adopted in finding out the 
aren of a triangle or any rectilineal figure. 


Write the co-ordinates of the vertices, 


one set below the other, and repeat ip tye 
the first set last of all at the bottom. 
Then multiply downwards as indicated ol a 


by the arrows (i.e, t1y29, %2Yy3,..-80.) 
and take the algebraic sum of the 2 20 


products. 
Again multiply upwards as indicated i 


by the arrows ( i.6., 2y1, 2sy2, ete. ) Ah 

and take their algebraic sum. 

Now subtract the second sum from the first and take half of the 
difference. This will be the required area. 


[N. B. (a) With respect to 0, the origin, there may be 
5 different positions of the triangle, vig, 


(1) The origin 0 may be within the triangle, (2) O may 
coincide with an angular point of the triangle, (3) © may be 
On a side of the triangle but not on any vertex, (4) O may 
bo outside the triangle and Within the angle included by ‘its two 
sides, and (5) O may be outside the triangle and within the angle 
vertically opposite to any of its angles. 


(2) According to convention, the area, of the plane rectilineak 
figure is positive, if its angular points are taken clockwise. ] 


7. Condition for collinearity of three points. 


This condition may be derived from the formula, for the 
area of a triangle. If the area of the triangls having the 
three given points as its vertices be zero, then these points 
are collinear, Let the co-ordinates of the 8. points be 


ESET SS 
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(21, y1), (22, Y2) and (03,Y3). Then the condition for their 
collinearity is that 


(2,92 2291) + (024s — 2392) + (0sy1 — 2103) = 0. 


8. To find the area of a quadrilateral whose vertices 
are given. 


(1) Let (21, y1), (22, V9), 
(23, Ys) and (x4, Yy4) be 
respectively the co-ordinates of 
the vertices A, B, C,D of the 
quadrilateral ABCD. 

It is required to find the 
area of the quad. ABCD. 


Draw AM, BN, CP, DQ 
perpendicular to the x-axis. 
Now, the quad. ABCD = trapezium AMOQD + trap. DOPC 
— trap. AMNB - trap. BNPC 
= 3 MO(AM +DQ)+30P(DO + CP) -JMN(AM--BN) 
—JNP(BN + CP) 


= io, - 01) T+y4) Has aNyatVs) 7997 21Ny1 V2) 
- (23 t2Ny2 +s) 

=Yi(0iy2— 0291) Heaps — 2sV2) + (0 sya — Tas) 
(94ay1 — ova). 


Cor. Similarly if the co-ordinates of the vertices of a 


polygon of n sides be (1, y1), (2, V2), *"*""s (on, Yn), then its 


aren = i092 - 0201) + (020s — t3sy2) + Tony ~ 2yYn)t. 

[ N. B. The ares, of a quadrilateral may be found by dividing 
it into two triangles by drawing any of its diagonals. J 

(2) The area of a quadrilateral may also be easily found 
by the artifice shown in Art. 6(2). ] 


Fig. 6 
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Examples (1) 
Ex. 1. Find the distance of the following points from the 
origin: (a) (-5, 19), (b) (-4, —3), and (c) {(m+-n), (m - nj}. 
(a) The co-ordinates of the origin are (0, 0). 
‘. the reqd. distance 
= J%2+y2= V(-5)2+(12)2= VI69=13. 
(Db) here the reqd. distance 
= V524+y2= V(-4)2+(-8)2= /95=5. 


(c) bere the abscissa =m-+mn, and the ordinate= m — n. 


the reqd. distance 
= (m+n) +Om—-n)?= VJ2m2+2n2= VAUm2 +n). 


Ex. 2. Find the distance between the points (0, 0) and 
(9 cos 6, a sin 8). 


Here the pt. (0, 0) is the origin, so the distance of the point 
(a cos 6, a sin 0) from the Origin is to be found. 
the reqd. distance 
= V(a cos 6)2-+(a sin 6)2 = Va(sin20F cos20) 
= Va2 [‘, sin29+cos20=1] =a. 
Ex. 8. Find the distance between the following pairs 


of points :—(i) (5,3), (29,2); (ii) (3, -2), (-4,3) and 
(iii) (aw, bz), (by, — ay). 


(i) The distance between the points P(z1, y1) and O(x2, y2) 
is found from the formula, 


PO= V(z) — 22) +(y1 -Y2)*. 
the reqd. distance 
= 06-3)34(8-2)2= V9F1= VIO. 
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(ii) Let P (8, —2) and O( - 4, 8) be the points (Fig. 7] 
Here PR=1 and RO = 5, 
PO= VT2+52= VTE. 


Fig. 7 


Otherwise : The distance 
= V18—(—-41}24+1-2-(3) = V07)24+(- 5)2= VT. 
(iii) Here the reqd. distance 
= V(az— by) + ibr— (- ay}? 
= Van = by) + (be + ay)? 
= /GsF G4 
Ex. 4. Find the distance between the points whose 
co-ordinates are (a cos 6, a sin 6) and (a cos %, a sin $). 
Let P and Q be the two given points. 
PO? = (0 cos 0 —a cos $)2 +(a sin 0 — a sin ¢)? 
=02 00820 +a? cos2¢ — 2a? cos 0 cos $ 
+a? sin20 +a? sin2$— 20° sin 0 sin # 
= 02(c0820 + sin20)-++a2(cos2$ + sin2$) 
_ 9a2(cos 6 cos $-F+sin 0 sin $) 
=a2 +02 — 202 cos (6 - $)= 202 — 20° cos (6-$) 
=2902{1 — cos (9 - $)}= 202 X2 sin? 3(9 ~$) 
=40? sin? 3(6- $). 


the reqgd. distance= PO= 90 sin: ঢ 
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Ex. 5. Find the co-ordinates of the middle point of the 
straight line joining the points (6, 2) and (- 9, — 4). 


‘,* the co-ordinates of the mid point of the Straight line 
joining (21, v1) and (29, ya)=(2Ltas, tv), 

here the reqd. co-ordinates of the middle point 
= (452, 254) = (9, 1). 

Ex. 6. Prove that the triangle whose vertices are A (3, 1), 
B(9, 7) and ©(-3, 7) is a right-angled isosceles triangle and find 
the length of the hypotenuse. 

Here AB? = (3 -9)2+(1-7)2=(- 6)2+(- 6)2=179, 

AB= VT9=60)/0. 
Again, AC? ={3 - (— 3)}2+(1-7)2=179, 
AC= VT9=6 V2. 
AB = AC and hence the triangle is isosceles. 
Now, BC* ={9 —(- 3)}24+(7 - 7)2=(19)2= 144, 


‘," AB? =179 and AC?=79, AB2 + AC? = 144 = BC2, 
£A is a rt. angle. 
Hence AABC is a right- 

hypotenuse BC = 19, 


it is a right-angled triangle. 


angled isosceles triangle and its 


Ex, 7. Find the co-ordinates of the point which divides 


the straight line joining the points (8, 12) and (~ 2, 7) internally 
in the ratio 8: 2, 


Let (z, y) be the required CO-ordinates. 
Now from the formule, 


We have o=4x- pi 2X8=-6416-09, 
and y= 3x12 = 21424 =9, 


the required co-ordinates are (2, 9). 
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Ex. 8. Find the co-ordinates of a point which divides the: 
straight line joining the points (4, 5) and (7, — 1) externally in 
the ratio 4: 8. 

Lieb the co-ordinates of the point be (x,y); here the: 
co-ordinates of the given points are (4, 5) and (7, -1) and the 
given ratio=4 : 8. 

from the formula we have 
w= MDa tX TNE 16, 
m-n 4-38 


ৰ - _Mmy2- mi 4X71 3X5_ NEL 19: 


the reqd. co-ordinates are (16, — 19). 

Ex. 9. Show that the st. line joining the points (4,3) ané: 
(8, 6) passes through the origin. 

The origin is the point (0,0). The st. line joining the 
points (4, 3) and (8, 6) will pass through the origin, if the points 
(4, 8), (8, 6) and (0, 0) are collinear. 

The condition for this collinearity is 

(01y2— 2291) (02ys — 2302) (09y1 — 2iys)=0. 
Here the pts. are (0, 0), (4, 8) and (8, 6), 
here (0192 — 2291) +(0ays — 0302) (os — 10s) 
=(0X8-0X4)+(4X6-8X8)+(8X0- 0X6) 
=0+(24 - 24) +0=0. 
the three points are in the same sb, line, te. the 
String line joining the points (4, 8) and (8, 6) passes through 
the origin. 

[ Alt. Proof. ] Let the co- Srdinates of the pt. P and © be 
(4, 8) and (8, 6). , The origin is the pt. (0, 0). 

Here, OP= Vi12432= V2%8=5, , 

= /824+62= VI00= 10, 
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and PO= V(4-6)24G- 6)2= V164+9= V95=5. 
OP+POQO=10=00. 


Hence, 0, P and QO are in the same straight line. 


[N.B. It OP+PO=00, then 0, P, Q must be in the same 
straight line. If not, then OPQ must be a triangle and in this 
triangle the sum of the sides OP, PO is equal to the third side 
‘00, which is absurd. ] 


Ex. 10. Find the ratio in which the point (5, 4) divides 
‘the join of (3, 2) and (6, 5). 


Let the required ratio be m< n. 


+" the point has divided the straight line joining (8, 2) 
and (6, 5) in the ratio.m : n, 


Y + 
+. from the formula, s= "22 TN Fe have 
m+n 


5=X6tnX8 


EE Or, 6m+3n=5m+bn, 


m2 


Or, m= In, . 
nl 


the regd. ratio=2 ¢ 1. 


[N.B. (i) Here I be negative, i.e, if = - 2, 
fn 


then we shall understand that the join is divided externally in 
the ratio 2: 1. 


(ii) Here the same ratio is obtained from y=™istnys, ] 
m+n 


Ex. 11. It the point (x,y) be equidistant from the points 
(2, 8) and (- 1, 2), then will 80+ y=4. 
‘The distance between the points (x, y) and (2, 8) 
= (6 - 2)2+(y - 3)2, 
nd the distance between the points (x, y) and (- 1, 2) 


= V+ 12+ (y = 2)2. 
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‘These two distances are equal (hyp.), 
N(G+12 + 2)2= Ve - 2):4+0— 8)* 
or, (0+1)+(y-2)°=(s- 2)2+( - 3)2 
or, 2s2°+2%+y2-4y+5=22-405+y2-6y+13, 
or, 62+2=8, 8%+y=4. 
Ex. 12. The square of the distance between the points: 
(83, 5B) and (z,4)is 17; find the abscissa of the unknown 
point. 
The distance between the pts. (83, 5) and (0, 4) __ 
= V(8-7)24+(5-4)2= V(3-2)*+1, 
the sq. of the distance=(3—-2)2 +1. 
(8-2)2+1=17, or; (83-7)2=16, or, 8—-2= +4. 
2=34+4= -lor7. 
the required abgcissa = — 1 or 7. 
Ex. 13. Prove that the points (83,3), (-8, —-3) and 
(- 8 V8, 8 V8) are the vertices of an equilateral triangle. 
Let, A, B and C respectively be the given points. 
Now, AB?=(3+3)24(84+8)2=1729, ‘. AB=6V2; 
BC2=(- 8438 V/8)2+(- 8-803)? 
=94+27-18 /83+94+274+18 /8=172, 
BC=6NV/2; 
and CA? =(—- 83 /8-8)24+(3 /8-8)2=172, ‘. CA=6 V2. 
AB=BC=CA. Hence AABC is squilateral and the 
three given points are its three vertices. 


I$ 


Ex. 14. Find the area of the triangle whose vertices are. 
(a, bc), (b, ca) and (c, ab). 
A (area)=Yn(y2 — 93) +023 — 11) +2s(y1 — Ya), 
the reqd. area= ¥{alca— ab) + Hab — be) Hol be — ca)} 
=3la2(6—) +5°(a- e)+ 0°07 a) 
=Y(a — D)(b—o0)(c - a). 
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Ex. 15. Find the area of the triangle whose vertices are 
a 9, sin 9), (cos 36, sin 39) and (0, 0). 


the area, of a, triangle 
=Yi0(y2— Ys) +oalys = 1) + as(y1 = vo)} 
the reqd. area 
= J{o0s 6(sin 30 — 0)--c0s 39(0 — sin 9) 4 O(sin 9 — sin 30)} 
=3isin 80 cos 6 — cos 39 sin 6+ 0} 
= (sin 30 cos 9 —cos 36 sin 09) 
=3 sin (309 - 0)=3 sin 20. 
Ex. 16. Find the area of the quadrilateral the co-ordinates 
‘of whose angular points, taken in order, are (1,2), (8,2), 
(6, -1) and (4, — 8). 
Here %)=1, %2=3, 23 =D, 4 = 4 and 
Y1=2, Yy29=4, Y9= 1, y4= — 8. 
‘, A=HIX4-8X29)+(3X -1-5X4)+(5X -8-4X -1) 
k +(4x2-1X -8)} 
=3(-2-23-11+11= - 123. 


the reqd. area = 123 units of area. 
Ex, 17. Show that the three points (a, 0), (0, 0) and (1, 1) 
are collinear, if a+ b= ab. 


The given points will be collinear, if the ares, of the triangle 
‘having the given points as its vertices be zero. 


Now, the area, of the triangle 
=Yi21(y2 — Ys) -Hoolys — V1) +2s(y1 — Yo)} 
=3{a(b — 1) + 0(1 — 0)4+1(0 — 5)} = Yad — a — b). 
Hence, the three given points will be collinear, 
if 3ab—a-b)=0, i.e, if ab-a-b=0, 
t.6., if a+ b= ab. 
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Ex. 18. (a) Show that the four points (5, 2), (8, 7), 
(-1, 4) and (1,—1) are the angular points of a parallelogram, 

Let the co-ordinates of the pts, A, B, C, D be (5, 2), (8, 7), 
(1, 4) and (1, —1) respectively. 

Tf the co-ordinates of the middle pt. of AC be (h, b), 

then, h=25" =9, and L=254=3. 

Again, it the co-ordinates of the middle pt. of BD be (hy, ki), 
then hy) =251=9, and b) =251=3. 

The diagonals AC and BD have the same middle pt., 

1,6., the diagonals AC and BD of the quadrilateral, having the 
given pts. as its angular points, bisect each other. 


Hence, the quadrilateral is a parallelogram. 
[N. B. From geometry we know that a quadrilateral is a 
parallelogram if its diagonals bisect each other. ] { 
(2) Show that the four points A(8,3),B (5, 5),C (6,4) 
and D (4, 2), when joined in order, make up a rectangle. 
Here, AB? =(3- 5)? +(8 ~5)2=8, 
and CD°=(6-4)2+(4-9)2=8, ‘. AB=0CD. 
Again, BC? =(5 - 6)2+(5 - 4)2=2, 
and DA?=(4-8)24+(2-3)°=2, .. BC=DA. 
Now, AC?=(3-6)2+(8- 4)2=10, 
and BD? =(5—-4)2+(5-2)2=10, .'. AC=BD. 
We find here that the opposite sides of the quadrilateral are 


equal and its diagonals also are equal. Hence the quadrilateral 
is a rectangle. 


[N. B. To prove a quadrilateral to be a square, you should 
Show that its sides are equal and its diagonals also are equal. To 
Drove a, quadrilateral to be a rhombus, show that its sides are 
equal but its diagonals are unequal. ] 
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Ex. 19. Prove that the join of the middle points of two 
sides of a triangle is equal to half the | 
third side, A 
Suppose the co-ordinates of the 
vertices A, B, C of the triangle .to be 7 a 
(9), yi), (%2, Y2) and (23, V3) 


respectively and let P, Q be the mid c 
points of AB and AC respectively. x 
To prove that PO=3BC. 


The co-ordinates of P are Fig. 8 
(Sta; V1 ut { 
2 2 
and those of O are (ss, uit), 
9 9 
a Pa= (Fes tl +03)" + (V1 +Yy2 _Y1 +s) 
2 2 2 9 


ন NEC -%3)°+#Hy2- Ys)* 
= VG — 2s) +y2 — 9502. 

Again, BC= V(z2-— 03)? +(y2-93)2. “. PO=jBc. 

Ex. 20. Find the co-ordinates of the centroid of the triangle 
Whose vertices are (51, y1), (22, y2) and (23, Y 3). 

Let the co-ordinates of 
the vertices A, B and C of AQ.) 
the AABC be (xz), y1), 
(99, y2) and (ts, ys) res- 
pectively. [Fig. 9] 

Let D be the middle 
point of BC and join AD. 
Let AD be divided at @ in 
the ratio 2:1, then G is 
the centroid of the triangle. B (2,42) 

To find the co-ordinates of G. Fig. 9 


[0 (Xs ১43) 
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Here, the co-ordinates of the mid point D are 


t502 +03), Hy2 Hy s)}. 
Let (zx, y) be the co-ordinates of G. 


G divides the straight line joining A(x), y1) and 


D (2 vats) in the ratio 2: 1, 


2X০5 +1X 
=22 0s tn) +X oo +0900), 


2x 3st) TIXV ayy, + ys +95). 
‘", The required co-ordinates = 
{Ye +c2+ 23), yi + V2 +3). 
Ex, 21. Prove analytically that, in 2 triangle, the sum of 
the squares on any two sides is equal to twice the square on 
half the. third side together with twice the square on the 
median that bisects the third side. ( Apollonius’ Theorem ) 


and y= 


Let AD be a median of the 
triangle ABC. To prove that 

AB? + AC? = 9(AD? + BD?2). 

Let BC=2l1. Now, if BC be 
taken as the w-axis and its mid pt. 
D be taken as the origin, then the 


co-ordinates of B and C are 

respectively (-l, 0) and (1, 0). [ 
Suppose the eo-ordinates of A are : 

(4, B). f Fig. -10 


AB? = (+1)? +82, AC? =(«- D*+0°, AD? =42 +B? 


and BD? =(- Y=. 
J, AB? + AC? =(<+ +824 (4-1)? 48° 
= 9(42 +12) +28? = (42482) +212= (AD + BD?). 


Ele. Math. (X) G.—1l 


1692 A TEXT BOOK OF H. §. ELECTIVE MATHEMATICS 


Ex, 22. Prove that the lines joining the middle points of 
the opposite sides of a quadrilateral bisect each other. 
[ 0. U. 1958 ] 


Let P, 0, R,S be respectively the middle points of the 
sides AB, BC, CD, DA of the 
quadrilateral ABCD. 

To prove that PR and 
QS bisect each other. 

Take AB as the w-axis 
and A as the origin and 
Suppose AB=a,. 

Then the co-ordinates of A 
and B are (0,0) and (a, 0) Fig. 11 
respectively. Let (%;,y1) and (x2, y2) be the co-ordinates of 
C and D respectively. 


Then the co-ordinates of P,Q, R and S are respectively 


bo) nt), (efss tv) ona (2,2). 


+". The co-ordinates of the middle pt. of PR are 


Ee Yy1iFYy 
(2 eT u] A? 5 (+ +29 19s) 
= 9 ITTY 


ৰ লা পৰাৰ 


2 


Again, the co-ordinates of the middle Dt. of OS are 


GH) 22 V1 iV 
— 1} 21 }%2 (sn +o, Y1tY2). 
Sho Ee ttn 


2 


+" ‘The co-ordinates of the middle pts. of PR and QS are 
the same, .‘, they bisect each other at the same point. 
Hence the problem is proved. 
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1. Find the distance of the following points from the 
origin $— 

(02,5) (i) (38,4) (11) (8,19) 

(iv) (~6,8) (vy) {(a+2), (o- b)} 

2. Find the distance between the following pairs of 


points £ — 

(a) (5, 2),(9, 8) (6b) (26, 10), (2, 3) 

(c) (8,19), (-4,7) (0) 0=38, 4), (5,19) 
(e) (m, 0), (0, n) (f) (a+b,c- a), (a—-b,c+d) 


(g) (cos 0, sin 6), (sin 0, cos 0) (h) (a, —b), (-a,b) 

8. Find the co-ordinates of the mid points of the st. lines 
joining the following pairs of points ‘— 

() (5, 0) and (0, 7) (i) (-9, - 4) and (6, 2) 

(i) (4, —2) and (8, — 5). 

4. Find the co-ordinates . of the points which divide 
the st. lines joining the following pairs of points in the 
given ratio :— 

(a) (6, —10) and (- 4, 14), ratio 8 : 4 (internally) 

(b" (3, 5) and (2, — 7), ratio.3: 9 (internally) 

(c) (-1, 2) and (4, = 5), ratio 2 * 8 (externally) 

(a) (3, 2) and (6, 5), ratio 2: 1 (externally) 

5. Find the co-ordinates of the point P which divides the 
at. line joining A (1, 2) and B (4, 8) s0 that AP = 2PB. 

6. Find the ratio in which 

(1) the point (—2, 2) divides the st. line joining the points 
(- 4, 6) and ($, 3); 

(ii) the point (1, 8) divides the join of (4, 6) and (8, 5). 

7. If the distance between the points (zx, 7) and (2, 8) be 5, 


find the value of x. 
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8. Tf the distance between the points (11, 3) and (3, y) 
be 10, find the ordinate of the second point. 

9. The square of the distance between the points 
(19,5) and (x,8) is 29; find the abscissa of the unknown 
point. 

10. Prove that the points (2, 2), (—-2, —92) and 
(- 238, 2 V3) are the vertices of an equilateral triangle. 

11. Prove that the triangle formed by joining the points 
(1, 4), (8, 8) and (4, 1) is isosceles. 

12. Prove that the points (2a, 4a), (2a, 6a) and 
(24-4 V8a, 5a) are the vertices of an equilateral triangle whose 
side is 20. [ 0. U. (B. Sc.) '52 ] 

18. Show that (0,0), (2,1), (—1, 7) and (- 3, 6) are the 
vertices of a rectangle. 

14. Prove that the points (3, 4), (-1,7) and (-3, —4) 
are the vertices of a right-angled triangle. 

15. Show that the st. line joining the points ( - 4, —3) and 
(8, 6) passes through the origin. 


16. Verify that the points (1,5), (8, 14) and (—1, —4) 


are collinear, ECU) 
17. Show that the three points (3a, 0), (0, 36) and (a, 20) 
are collinear, [ OC. U. (B. Sc.) 24 ] 


18. If (9, y)is equidistant from (4,7) and (- 5, 8), show 
that 92 - y+ 12= 0. 


19. It (x,y) is equidistant from (2, 4) and (— 3, 3), show 
that 5bx+y=1. 


20. If the point (x,y) is equidistant. from (5, 0), (0, 5) 
and (8, 4), show that = 0, y= 0. 


21. Find the co-ordinates of the point equidistant {from 
( 8, 8), (2, 1) and (5, 8); 
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22, Find the co-ordinates of the point equidistant from 
(5, 4), (8, 6) and (1, 4). 


28. Find the condition that (x, y) should be equidistant 
from (2, 8) and ( - 1, 2). 
24. Find the area of the triangle whose vertices are :— 


(i) (9, -2), (4,2) and (-1, 3)’ 
(ii) (8, 5), (2, 4) and (5, 2) 
(iii) (8, 9), (2, 6) and (9, 2) 
(ivy) (1, 2), (8, 0) and the origin 
(vy) (cos 06, sin 6), (cos 26, sin 29), (0, 0) 
(vi) (a, b+o0), (b, e+a), (6, a+b) [ 0. U. 1958 ) 


25. Find the distance between (-2,8) and (3, —1) and 
the co-ordinates’ of the point of trisection that is nearer to 


(=2,.8) [3.ARs Aa 

26. Find the. centroid of the triangle whose vertices are 
(1,7), (- 4, 8) and (6, 1). 

27. Find the centroid of. the triangle whose vertices are 
(8, — 4), (4, 7) and (2, 9). 

28, Find the lengths of the medians of the triangle whose 
vertices are (2, 0), (4, 4) and (6, 2). 

29. The area of the triangle formed by joining the points 
(5, —1), (x, 6) and (1, 3) is 10 square units. Find ox. 

80. If the points (0, - 4), (<1, y) and (8, 2) are in the 
same straight line, find Y. 

31, In AABC, AD bisects BC at D and is divided at G 


in the ratio 2:1. Prove that the straight lines drawn from 
B and © through G to the opposiae sides are divided in the 


Same ratio. 
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82. Find the area of the quadrilaterals the co-ordinates of 
whose angular points, taken in order, are 


(Bi,,030- Ds Gr KiB): (8,0 778);.05,12) 
(ii) (a 2), ( "a 2, 1). (2, Ll): (4, 1) { 

(ii) (0, 0), (8, 1), (4, 2), (1, 5) 

(iv) (7, 9), (6, 5), (4, 9), i 8). 

88, Find the centre and radius of the circumscribed triangle 
whose vertices are (8, 4), (7, 7) and (3, 9). 

84. Show that the origin is the centroid of the triangle 
Whose vertices are (4—b, b-c), (- a, —b) and (b, c). 

85. (a) Prove that the points (7,3), (9, 6), (10, 12) and 
(8, 9) when joined, taken in order, will form a parallelogram. 

(b) Show ‘that the four points (1, 2), (4, 6), (—4, 12) 
and (- 1, 8), when joined in order, form a rectangle. 

(co) Verify that the figure, formed by joining the four 
points A (2, 5), B (5, 9), C (9, 19) and D (6, 8), is a rhombus. 

(d) Justify that the four points P(-2, —7), (2, -— 4), 
R(- 1, 0) and S(- 5, ~ 8) are the vertices of a square. 

86. It the figure formed by Joining the four points (<, Bi), 
(49, Ba), (43, 83) and (4, Ba), taken in order, be a parallelogram, 
then prove that 

“1 +43 = +44 and By +B =Bo +a. 

87. The line joining A (bb cos «4, Db sin « ) and B 
(a 00s B, a sin B) is produced to the point M (x,y) so that AM 
and BM are in the ratio of b to a ; prove that 


tan Ts, { 0. U. 1959 compl. ] 


88. The co-ordinates of A,B,C are (6, 8), (-3, 5) and 
(4, —2) respectively and P is the point (x, y) ; show that 


APBC_ost+y-2, 
NABORE TTT [0.U.] 


CO-ORDINATE GEOMETRY 167 


89. The co-ordinates of A,B, C,D are respectively (6, 8), 
(- 8, 5), (4, —2) and (x, 3%) and 


Meo DEC; find a. [0. U. 1949 J 

40. Prove the following analytically :— 

(a) If G be the centroid of a triangle ABC, then 

(i) 8(GA2+GB?4+GC?)=BC2+CA?+AB? 

(ii) AGBc=} AABC. 

(5) Tf D, E, F be the middle points of the sides BC, CA, AB 
respectively of a triangle ABC, then prove that 

AABC= 4ADEF. 

(c) Prove that the lines joining the middle points of the 

adjacent sides of a quadrilateral form a parallelogram. 


LOCUS 
9. Locus and its equation. 


You know that if a point moves in accordance With some 
given condition or conditions, the path traced out by it is 
called its locus. 

The given condition which the point has always to satisfy 
may be expressed by co-ordinates, 


The Equation of the locus: The equation of the locus 
of a moving point is the equation that is satisfied by the 
Co-ordinates of every point on the locus and by no other 
point, 

You know from Geometry that (i) the locus of a point which 
Moves So as to be always equidistant from two fixed points is 
the perpendicular bisector of the Straight line joining the fixed 
points ; 

(ii) if the point moves so as to be always equidistant from 
two intersecting straight lines, its locus is the pair of straight 
lines bisecting the angles between them ; 

(iii) if the point moves so as to be always equidistant 
from a fixed point, its locus is the circumference of a 
circle ; etc, 

0:0) Te express the condition by co-ordinates, 

or, to find the equation of the locus : 


The geometrical conditions Vv 
may be expressed by means of 
Co-ordinates. 


Suppose the geometrical condi- P 
tion of the movement of a variable 
point is that its distance from the 
Y-0%is is always twice its distance 
from the z-axis. Fig. 12 
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It is required to find the equation of the locus of the 
point. 

Tet OX, OY be respectively the x- and y-axis [ Fig. 12]. 
Liet one position of the moving point be P ard its co-ordinates 
be (z, y). So, here we have %= 2y. 

Since in any other position also of the pi. P, its abscissa (x) 
is twice its ordinate (y), we have 2 = 2y. 

The equation of the locus of the point is 2= 2y. 

Hence, to find the equation of a locus (i) first draw & 
figure representing the given condition, (ii) in it take the 
co-ordinates (x, y) of one position of the moving point, and then 
(iii) express the giyen condition in terms of , y Which in its 
simplest form is the required equation. 


[ N. B. The equation thus obtained will be satisfied by the 
co-ordinates of any position of the moving point, and not by the 
co-ordinates of any point outside the locus. ] 


Examples (2) 


Ex. 1. Find the equation of the locus of a point which is 
always equidistant from the points (8, 4) and (5, 6). 

Liet A and 8 be the points (3, 4) and (5, 6) and let P be a 
position of the moving point and let (zx, y) be the 
co-ordinates of P. 

Now, AP2=(%- 3)2+(y - 4)°, and BP2=(¢ ~ 5)24+(y- 6)2. 

from the given condition AP = BP, 
(2-8)24(y - $)2=(2 5249 6)°, 


or, +y=9 [simplifying ] which is the reqd. equation. 
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Ex. 2. Find the equation of the locus of a point if its 
distance from the w-axis is double its distance from the 
point (1, 1). [ 0. U. (B. Sc.) '88 J 

Let (z, y) be the co-ordinates of any position of the moving 
point P and the given point be A (1, 1). 

Now, the distance of P from the x- -AXIS = Y, and the distance 
of P (x, y) from A (1, 1)= VG DY Ds 

Ws ln the given condition y=2 V(z— DF - 1%, 

or, =4{(%- 1)2+(y - 1)2}, 

or, A 452 - 8x +4y2 — 8y +8, 

'. 4052 +3y2-— 8%- 8y4+8=0, which is the regd. equation. 

Ex. 8. The poini P and Q are (-4, 0) and (-1, 0) 
respectively. A point A moves in such a way that AP : AQ 
=2:1. Find the locus of A. 

Let (x, y) be the co-ordinates of the moving Dt. A. 


Then, AP = N24 4)2+y2 and AQ= VGFL)2+y* 


2172 
from the given condition We have HEE = দ্‌ 
t y 
(52+4)2+y2 4 


GFDL OU He+12+4y2= (+42 +, 


(Simplifying) 2 +y2= 4, which is the reqd. equation. 


Ex. 4. The co-ordinates of two fixed points A and B are 
respectively (—2, 4) and (6,8). A point P moves so that the 
area of the triangle PAB is always 10. Find the equation to the 
locus of P, 

Let (x, y) be the co-ordinates of the moving pt. P. 


Now, the area of APAB=3in(4- 8)+(-2)(8- y)+6(y - 4) 
=318y — 44 — 40}=4y — 2% — 20. 
+", from the given condition, 4y — 2% — 20 = 10, 
% - 2y + 15= 0, which is the equation required. 
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Ex. 5. A straight line moves such that the sum of the 
reciprocals of its intercepts on the axes is constant. Prove 
that the line passes through a fixed point. [ Bombay, 1935 ] 


Let the equation of the moving 8t. line be EE Jy 


Let its intercepts on the w-axis and y-axis be a and b 
respectively. 


Now, from the given condition, I+ is constant. 


Suppose, 2+5=% where k is a constant ) Or, tee, : 


Comparing. it with the above equation, we find that the 


st. line EH 1) passes through the pt. (k, k), which is a fixed 
Dt. ( k being a constant ). 


Hence, the st. line passes through a fixed point. 


Ex. 6. A straight line moves 60 that the sum of the 
intercepts made by it on the axes is always constant. Find 
the locus of the middle point of the intercept between 
the axes. 

Suppose, in one position of the moving straight line, («,B) 
are the co-ordinates of the middle point of its intercept between 
the axes. Then, evidently, the intercept made by it on the 
-a%is is 2% and that on the y-ais is 28. 

‘, from the given condition we have 
94 +28 = constant = 2k (suppose), . A+B=h, 
Hence, evidently the equation of the locus of the moving 


point is z+ Y= k. 
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Ex. 7. A and B being fixed points (a, 0) and (-a, 0) 
respectively, find the locus of P when PB?+PO0C?=9PA2, 
‘C being the point (d, 0). [ Utkal, 1948 ] 


Let the co-ordinates of P be (zx, y). 

Now, PB*=(z+a)*+y2, PC?=(z - d)2 +y2 

and PA?=(y-—a)?+y2. 

‘+ from the given condition, (x+ a)? + y2+(c-d)2-+y? 
=2%- a)2 +292, 

or, 2az+a2—-9ds+d2= - 4an+ 902, 

“or, (3a—d)z +d? -a2= 0, which is the regd. equation. 
Ex. 8. Given the base and the difference of the squares 


of the sides of a triangle. Find the equation ‘to the locus of 
the vertex. [0.U. 1944] 


Let the given base be BC=20. Taking the base as the 
%-aXis and its middle point O as the Origin, we have ( — a, 0) 
and (4, 0) as the co-ordinates of B and C respectively. 


Let (x, y) be the co-ordinates of the moving vertex A. 
+. AB*=(z +a)? +y2 and AC? = (0 ~-a)?+y2. 
So, by the given condition, AB? — AC? = constant. 


. Ue+a)2+y2}- {0 - 4)2 + y?}= constant = # (suppose) 


Or, daz=k. . 2= FA this is the required equation. 


Exercise 2 


1. Find the equation to the locus of a point which 
moves in such a way that twice its abscissa always exceeds 
the ordinate by 4. t 


2. Find the equation to the locus of @& point which is 
always equidistant from the two points (0, 0) and (3, 4). 
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8. Find the locus of a point which moves in such a way 
that its distance from the point (3,0) is always equal to its 
distance from the origin. 

4. Find the equation to the locus of a point which 
moves in such a way that twice its distance from the z-axis 
always exceeds three times its distance. from the y-axis 
by 4. 4 

5. Find the equation to the locus of a point which. 
moves so that its distance from the y-axis is double its 
distance from the point (2, 2). LOA 


6. A point moves so that its distance from the point (1,0) 
is always equal to its distance from the axis of y. Find the 
equation to its losus. 

J. Find the equation to the locus of a point which. 
moves in such 2 way that its distance from (5, 12) is always 
equal to 18. 

8. A point moves in such a way that the sum of the 
squares of its distances from the two fixed points (a, 0) and: 
(—a, 0) is constant and is equal to 2k2. Find the equation 
to its locus. 

9. The co-ordinates of two vertices of a triangle are 
(3, 2) and (5, 6). Find the equation to the locus of the third 
vertex if the area of the triangle be 12 sq. Units 

10. Find the equation to the locus of a point which moves 
in a plane so that the sum of its distances from two fixed straight 
lines at right angles to each other, is always equal to a constant 
quantity b. 

11. A moving line passes through 9 fixed point (a,b) and 


meets the co-ordinate axes in P and 0. Find the locus of the. 


middle point of PO, 


THE STRAIGHT LINE 


Equation of a straight line 


10. To find the equation of a straight line parallel to 
one of the co-ordinate axes. 

Suppose QR to be 2 str, line parallel to the y-axis [fig. 14]. 
Tet it cut the w-axis in R and let OR=4 units. Then the 
distance of OR from y-axis is equal to a units. 

Let (x, y) be the co-ordinates of any point F on OR. Now, 
in any position of F, whatever may be its ordinate, its abscissa 
will always be equal to 0. Even if OR is produced both ways, 
the abscissa of any point on it will be equal to a, and the abscissa 
of no point outside it can be equal to a. 

Hence, the equation of the str, line OR is X=. 

Similarly it can be proved that if TN be a str. line parallel 
to the t-axis at a distance of b units from it, the ordinate of any 
point on it (TN) is always equal to b. 

So, the equation of TN will be y= b. 

Corollary : (1) If in the first equation 4=0, then the 
distance of OR {from the y-axis being zero, QR must coincide with 
the y-axis and then = 0. 

“. the equation of the y-axis is x = 0. 

(ii) Similarly, if in the second equation b= 0, the distance 
of TN from the c-axis being zero, TN will coincide with the 
w-axis and y will be equal to 0. 


Hence the equation of the x-axis is y= 0. 


11, Gardient of a straight line. 


Let OX, OY be two axes perpendicular to each other and 
P, Pj, P2 be three positions of the point P on the same 
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str, line. Let PN, PiM; and PMs be perpendiculars on the 
-aXis. Let PR jbe perpendicular to P2Ms from P, and let 


¥ 


Fig. 13 


it cut P;M; at OQ. Suppose the str. line PP; makes an angleo 
with the z-axis. 


Now, PN, PiM) and PgMs2 are the ordinates of the pts. 
P, P) and P32 respectively and since PR || OX, the ZPsPR= 6. 

But by the gradient or slope of a straight line is meant 
the increase in the ordinate of any point on it corresponding 
to unit increase in its abscissa. In the figure, when P moves 
to the position Pj) from the position P, its abscissa increases 
by the length NM) and its ordinate increases by PO. So the 
increase of ordinate is Pi Q corresponding to the increase NM 1 
of the abscissa. 

When abscissa increases by 1 unit, the increase of the 
FUSE ey 
NM; PO 
of the straight line. 


ordinate= PO=NNM, ] which is the gradient 


Again, if P moves from the position P to P32, then the 
abscissa increases by NMg2 or PR and the ordinate increases 
by Pa2R. 
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‘". When the abscissa increases by 1 unit, the increase of 
the ordinato= 25. 
PR 
| ti PiQ_PoR 
‘“ APOP; and APRP lar, . —L-= 2, 
Now, APOP; and A 2 Are similar, ES PR 
Hence it is proved that the gradient of any point on the 
Straight line is constant. 


Now, if uvit of length be the same with respect to the 
two axes, then =n 6 (i.e., the tangeut of the angle 


made by the straight line with the positive direction of the 
-axis.) 

Definition of gradient: The gradient or slope of a straight 
line is the tangent of the angle that it makes with the positive 
direction of the x-axis, 

Gradient is denoted by m. 

1.(i) To find the gradient of the straight line joining 
two points. 

Let P and P; be two given points [draw fig. 13] 
and let their co-ordinates be (), y1) and (x29, Y2) 
respectively. 

Suppose PP) makes an angle 6 with the positive direction of 
the x-axis. 

PiQ_Y2- Vip V9, 
22-0) Mita 

[N. B. It is seen in fig. 18 that parallel straight lines have 
the same gradient. ] 

11. (ii) We have considered before the condition for 
collinearity of three points, 


the gradient required= tan 6 = 


Here, suppose A(zi, yi), B (2,2) and © (x3, Yys3) are 
three points. If the gradient of the straight line. AB be 


fe 
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equal to the gradient of BC, then as AB and BC have the same 
inclination with the z-axis, the points A, Band C must be in 
the same straight line. 


Now, the gradient of Ln Yi V2 nd the gradient of 
17%2 


BO=12 Ys, 
27s 


A, B, C will be collinear, if Fr Yo=V2 7 Vs, 
ti-229 Bto- 0s’ 


i.6., if 1(y2—Y3) Hays —Y1)+23(y1 — v2) =0. 

(iii) . By the angle 6 (in Art. 11) it is meant that any 
straight line parallel to the x-axis will have to revolve in the 
positive direction by angle 6 to coincide with the given 
Straight line. 

If the position of the given straight line be the same as that 
of AB in art. 16, then m= tan XAB (and not tan BAO). Here m 
being the tangent of an obtuse angle will be negative. 

12. To find the equation to the straight line which is 
inclined to the x-axis at a given angle and cuts off a given 
intercept from the y-axis. 


Fig. 14 
line AB is inclined to the z-axis (to its 
positive direction ) at an angle 6 and cuts off the’ intercept OC 
from the y-axis. Let 0C=b units of length. 


Ele. Math. (X) G—12 


Suppose the st. 


- 
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Take any pt. P on AB and let its co-ordinates be (2, Y ). 
Draw PM perpendicular to the z-axis and CNLP M. 


Now, £PCN=6, CN=OM=2, PM=y, 


P 
NM=CO=b and tan gl. 
CN 


Wehave y= PN+NM=PNTb=CONX CN + b=s tan 04+ b. 


y=m2+b ( where m= tan 6 ). 

This relation i8 satisfied by the ‘co-ordinates (zx, y) of any 
point P: on AB, but not by the co-ordinates of. any point 
outside AB. 

Hence the equation of the st. line AB is y=mzx +b. 


[ Otherwise J: (Draw fig. 14 ) suppose AB cuts the y-axis 
at C and cuts off the intercept OC(=b) from it. Let the gradient 
of AB be m. 

Take any pt. P on AB and let its co-ordinates be (x, y). 


‘Then the co-ordinates of © are (0, B). 
* ) 
Gradient m=? - b= 
radient m 0) Or, y- b=mg, 


‘+ Y=me tb ( where m is the gradient of the st. line ). 

[N. B. (1) We have considered above the case where AB 
cuts the y-axis in the positive direction. If it cuts the axis in 
the negative direction, b will be taken as negative. 

(2) Here 6 is taken to be an acute angle and m or tan 6 
fo be positive. If 6 be an obtuse angle, m will be taken 
negative. 

(8) The above equation is called the tangent form of the 
straight line. ] টী 

Corollary’, (i) If AB passes through the origin, then 
the intercept cut off by it from the Yy-aXis will be zero, 1.¢., 
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b=0. In that case the equation becomes Y=m%. Bo, the 
equation of a st. line passing through the origin is y= mx. 

(ii) Ifm=0 in the equation y=m2+b, then the equation 
will be parallel to the w-axis, for in that case tan 0=0 and 
consequently = 0. So the equation of a st. line parallel to the 
x-axis is y= b. 

(iii) If two st. lines have the same gradient (m), they will 
be equally inclined to the w-axis and consequently they will be 
parallel to each other. 

138. To find the equation of a straight line passing through a 
given point and inclined at a given angle to the %-aNis. 


Suppose the st. line খু 
passes through the given 
point QO (zi, Yi) and is 
inclined at an angle 8 to the 
Z-axis. Hrom P draw PM 
perpendicular to the x-axis 
and let ONLP M. 


Here PN=PM — NM M 
eS Fig. 15 
OQN=%- 1. 
=PN_VU_Y), Tif tan 9=m EAE on LE 
Now, tan 9 EN Gu f ed 


Hence, the required equation is Y—Y1 =mM2x-x;). 

[ Otherwise J]: Suppose the st. line passes through the 
point (51, y1) and makes an angle 6 with the t-axis. Let 
y= me-+b be the equation of the st. line. Then the equation is 
satisfied by the co-ordinates (21, 91). 

y=me+b:-"(1) and y1= me + 0:(2) [ Putting y1 for 
y and %; fort ; m and b are constant | 
Now, subtracting (2) from (1) we have 
y—Yy1 =o 1), which is the required equation, 
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14. To find the equation of a straight line passing through 
two given points. 

Suppose. the st. line passes through the given points (2), y1) 
and (22, y2) and let its equation be y= ms -+b...(1) where m and 
b are unknown. 

As the two points lie on the st. line, the equation 
Y= m+ is satisfied by the co-ordinates (21, y1) and (52, y3) 
of these points. 

ss YJ) =m) +Db-(2) and y2=ma2 + b:-(3) 

Subtracting (2) from (8) we have y2 — y1 = m(z2 21) (4). 
and ) (1) 29 (2) 29 19 YY = mz; -% ) ***(5). 

Now, dividing (4) by (5) we het ~~ কল = A 


Re DT ৰ (%— 21) which is the required equation, 


SY Y= 


[ N.B. (i) Here 2 i= t9 may be stated as the 
tb See SA WEG BEE 


required equation. 


(li) The m or gradient of this st. line= i Y2 
2) 


= difference of the ordinates | 
© difference of the abscisse " 

15. To find the equation of the straight line which cuts off 
given intercepts from the aves of co-ordinates. 

Let the st. line AB cut the 
%-aXis at A and the y-axis at 
B and let the intercepts 
OA=% units and OB=b units. 

Let P be any point on AB 
and let its co-ordinates be 
(2, 4). Draw PM  perpendi- 
cular to the y-axis, 


Here PM=y and OM= gz, 
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Now, ‘“ AAPM, AOB are similar, 


OM! BP 2 _BP 
+ SEA EEO পান 
“ EDUC ATION 
PM _AP YAP 
and = 407.7 "A2 
0B” AB’ BELAB (2) i MEPL, of Evréensio 


Adding (1) and (2) we have SERVICE, 


১ CA D235 VL সত 
2 y _BP LAP _BPHAPLABLY, SI ICUMTAL 
a b AB AB AB AB শালা 


Hence, the required equation is Pn I 


[ Otherwise J: In fig. 16 draw PNLOY and join OP. 
Here PN= OM =. 
Now, AAOB= AAOP + ABOP, 

J. 0A. 0B=3.0A.PM +3. OB.PN, 


Jab=3ay+Ibr, or, ab=ay tbo, 


“, 1=2+° [dividing by ab ], i.8., +2 =1. 
ba 0. b 


[N.B. (1) We have considered above the case in which 
the st. line cuts OX and OY in their positive directions. 
But it may cut one of them in the positive direction and the 
other in. the negative direction or it may cut both in their 
negative directions. In these cases a and b Should be taken with 
their signs ( positive or negative ). 

(2) The equation obtained above is called the intercept 
form of the st. line. ] 


ee’ 
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V16. To find lhe equation of a st. line in terms of the 


perpendicular drawn to it from the origin and the angle that 


the perpendicular makes with the axis of 2. 


Let OR be perpendi- 
cular to the st. line AB 
from the origin 0. OR 
makes an angle « with the 
positive direction of the 
%-4Xis and OR=p units. 

To find the equation of 
the st. line AB. 

Take any pt. P (2,y) on 
AB and from P draw.PN 
perpendicular to the z-axis. 
Draw NLLOR and PMLNL., 


Y 


NER 
A 
HA NF x,y) 


AACN 


a] iN ASA 


Fig. 17 


Now, OR=OL+LR=0L+PM. *" OLN is a right-angled 


triangle, 


". 4+ LLNO=90°= ZLNO+ LPNM. 


‘+ £PNM=«, ON=2 and PN=Yy. 


+ 


ON 


and En =Sin « 
‘PN 


L % 
=0C08 A, ,', OL=O0ON cos &A=% Cos <; 


PM=PN sin «=Y Sin «. 


++ OR=0OLTPM, or, p=% cos «+Yy sin «<, 


Hence, the required equation is x cos «-+y sin «=p. 


[N. B. This form of the equation is called the perpendi- 


Cular form or canonical form. ] 
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[ Another Proof] Let OP be drawn perpendicular 
from the origin © to the st. line AB Y 
and let it make angle 0 with the 
%-aXis, Let AB cut OX at A and OY সং 
af B, and let OP=p units. Here 
the intercepts of the axes are OA 
and OB. 


So, from the equation Ae =1, 


in the intercept form we have 


CL Y 
RAB 2 Ee UGS lS 
OALLOB ( ) 
* P i 
Again, OF = og 6, .'. OA= OE ED 5 
OA Cos 60 cos 
Sf LEE tos (90°-9)=sin 6, , OBS BEL (2) 
OB Sin6 Bin 


Now, from (1) we have ME OUTS 
JO HT Ai 


cos@ sin6 


% COS 9 Y sin 0a 
Dp Db 


cos 0+ Yy sin 0 =p, which is the required equation. 


Corollary : (i) Putting the equation in the gradient form 
we have y= (- cot <) 2 +p cosec <. 
Here, we find that the gradient m of the st. line= — cot « 
i.e. tan 0= - cot <= tan (90°44). 
6=90°4+-«, which is evident from the figure also. 


(ii) Writing the equation in the intercept form we hav 


CoB LY Bn ALY Or, BES Ol om fs 
[) p psec YP cCosec AL 


v 
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Here the intercept from the 2-aXiS=p Sec « and that from 


the y-axis =p cosec &. 


(iii) TIfin the equation w cos A+Yy sin «=, the value 
of p is changed, keeping 
the angle «4 unchanged, 
different st. lines are 
obtained. The lengths of 
the perpendiculars on them 
from the origin are 
different, but as « is fixed, 
the same st. line is per- 
pendicular to all these Fig. 19 
St. lines. 


Hence, the st. lines are parallel to each other. 


(iv) Again, if the value of « is changed, while the 
length (p) of the perpendicular from the origin remains the 
same, the perpendicular will Y 
revolve as « changes. 

Hence the foot A of the 
perpendicular will lie on the 
circumference of a circle, x 
Whose centre is the origin © 
and radius =%. 

So, in the different 
positions of the perpendicular, 
the st. lines are tangents to 
the circle. Hence the equation represents some st. lines 
each of which is a tangent to a fixed circle, having the origin 
as its centre and the length of the perpendicular from the 
Origin to the st. line as its radius. 


Fig. 20 
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17. The equation of any straight line is linear. 

Let P (0), y1) and © (59, y2) be any two points on a 8t. line. 
Now, any other point A (z, y) will lie on the st. line, t.6., will be 
collinear with P and QO, if 


dy) - y2)+2(y2 — 9) +02 —Y1)=0, 

ie, if aly Y2)+Ye2—0i)tniy2—291=0. Hence this 
will be the equation of that st. line. 

Now, putting y1-Y2=0, t29—-%i=b and 2iy2—02V1 =, 
the above equation is reduced to the equation as+by+c=0 
and this is the general form of the first degree equation in 


Z and y. 
18. Any linear equation (i.e. a first degree equation in 


and y) represents a straight line. 

The general form of the first degree equation in % and y is 
az-+by-+c= 0 (where a and b are not zero.) *""(1). 

Let (x1, Y1), (22, 92) and (23, ys) be any three points on 
the locus of the above equation. So, the equation is satisfied 
by the above co-ordinates, 

Aan + byy Fo= 09) 

aga by2 +C= 0" (8) 
axs + bys HE= 0" (4) 

From (2) and (3) we have by the method of cross-multi- 
VENOM ESC Es fe (Suppose) 

Yy1_Y2 29-2) V2 2991 
Now, putting the values of a, b, cin (4) we have 
hiosly1 = Yy2) FY 302 ধ 2i)T+(0iy2 -%291)}= 0, 
23(y1 —Y2) TVs -21) +02 - 2291) =0, 
(0192 - 991) T02Vs = 23y2) +031 — 213) =0. 
y2) and (ws, Ys) are collinear. 


plication, 


Or, 
Hence the pts. (21, Y1); (02, 
+ as+by+c=0 represents 9 straight line. 
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Suppose P to be 2 point on the same plane. 

Let the co-ordinates of P, referred to the original axes, be 
(x,y) and referred to the new axes be (i,y1). Draw PM 
and O'N pependicular to OX and let PM cut O'X' at M'. 

Now, we have 

OM=%, MP=y, O'M'=2;i, MP=Yy), ON=%' and NO'=Y'. 

Z=0M=0ON+NM=ON+O'M'=% +21; 

and y= MP= MM'+ M'P=NO'+M'P=Y +1. 

Hence we find that the origin is transferred to the point 
(%', y'), when we substitute %' +x) and y'-+y1 for the co-ordinates 
X and y respectively. 

This is true for the rectangular as well as the oblique axes. 


Examples (8) 


Ex. 1. Find the equation of the st. line parallel to the 
%-aixs and passing through the point (4, 7). 
The equation of the st. line parallel to the z-axis is y= b. 
As the st. line passes through the pt. (4, 7), we have b=7. 
the required equation is y =. 
Ex. 2. Find the equation of the line that passes through the 
point (—1, 4) and has a gradient 2. 
‘We know that if the gradient of the st. line passing through 
the pt. (3, y1) be m, its equation is y — y1 = Mx — Yi). 
Here m=2, 21 = —1, y1 =4. 
the required equation is y— 4=2{2-(- 1} 
or, Yy-4=94+2, or, 27-y7+6=0. 
Ex. 8. Find the gradient of the line joining the points 
(9, 4) and (1, 2). 
The gradient of the st. line passing through the points 
V1 V০, 
2) 2 


(2), y1) and (22, y2) = 
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Here y1=4, y9 =2 and 2) =2, 29 = 1. 
2 


', the required gradient = 7 =n! 


Ex. 4, TFind the acute angle between the two st. lines whose 


gradients are 1 and En 


0) 
If m;) and mo be the gradients of two st. lines and if 0 be the 

angle between them, then we have tan pi UU 
1+mime 

1-_ 2 

Here tan 6 = Ys = NBL LOY BES 
ISL NBL BRT 

N83 =2- V3=ten 15°. 


‘, 09=15°. ‘‘. the required acute angle= 15°. 


Ex. 5. Find the equation of the straight line cutting off an 
intercept 2 units from the negative side of the y-axis and inclined 
at 190° to the x-axis. 

Let the equation be y= ms +c. 

Here m=tan 120°=tan (180°—60°)= —tan 60°= - V8, 
and c= ~2 ( ‘*." the intercept here is 2 units on the negative 
side of the y-axis.) 

‘, the required equation is 
Y=%(- V/8)-2, or, y+oV/3+2=0. 

Ex. 6. Find the equation of the line passing through the 
points (— 1, 2) and (3, — 4). 

The equation of the st. line joining the points (2), y1) and 
lsat: BG) Some 4: 

2-2) 297-%) 
Here %; = = 1, 229 =8, and y1 =2, y2= - 4, 


(02, Y2) is 


lod Lette Meee 
we have AD BCD 
*, the required equation is 324+ 2y- 1= 0. 
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[ Otherwise ] Let y=ms-+c¢ be the required equation. 


the given points lie on that st. line, 


the equation will be satisfied by the co-ordinates of both 


the points. 
', we have 9= —m-+c--(1) and ~4=3m+c:..(2) 
Solving (1) and (2) we have m= - 3 and c=3. 


.*, the reqd. equation is y= — 30+, 1.e., 85+ 2y — 1 =0. 

Ex. 7. Find the points at which the line 2y — 4% — 7=0 cuts 
the axes of co-ordinates and find its gradient. 

The ordinate of the point of intersection of the st, line and the 
2-2Xis must be zero, 1.6., there y= 0. 

Putting y = 0 in the given equation we have 

—-4%=1, Of, B= —Z. /. the st. line cuts the z-axis at 
the pt. (- 5, 0). 

Similarly putting %= 0 in the given equation: we have Y= নং 

the st. line cuts the y-axis at the pt. (0, 3). 
Again, here the equation is YY = 4%+ 7 or y= 2% +3, 
the required gradient = 2. 

Ex. 8. Obtain the equation of the st. line which makes 
intercepts 2 and 1 on the co-ordinate axes. Also find the 
intercepts made on the axes by the line 2%-+Yy = 5. [0. U. °44] 


Let the equation be LEE Here 4 =2 and b=1. 


‘.. We have gt+I=L or, .2+2y=2, which is the 
required equation. 
‘ Again, the equation 2%-+y=5 can be written as +L 
ত « 


‘, The required intercepts on the axes of x and y° are $ and 


EI 
X, 9. A straight line passes through the point (92, 3) 
and is such that the portion of it intercepted between the 
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axes is divided at the point internally in the ratio 5: 4. Find its 
equation. i 


Let the equation be 2 Rs = 1 
a 


Suppose it cuts the x-axis at A and the y-axis at B. Then 
the co-ordinates of A and B are (a, 0) and (0, b) respectively. 

The co-ordinates of the point at which AB is divided in the 
ratio ‘5’: s(t, el =[§e, 30); but by the given 
condition the co-ordinates of the pt. are (2, 3). 

we have $= 2 or 4=5, and 50=4 or b=3. 


Hence the reqd. equation is I 1L or, 25+3y-9=0, 


Ex. 10. Find the points at which the line 2y+4%5+7=0 
cuts the axes of co-ordinates and find its gradient. Also, 
find the area of the triangle which this line forms with the 
co-ordinate axes. 

The given equation, when ‘reduced to the form Y= mc, 
becomes y= — 2%— ZF. .. the required gradient = — 9. 

Again, when reduced to the 


form Ey » it becomes ES ls le) 


ন 
The ‘co-ordinates of the points, where it cuts the x-axis 
and the y-axis are respectively ( — %, 0) and (0, ~ 3). 

The triangle formed by the st. line with the axes is a 
right-angled triangle. The length of the side along the x-axis is f 
and that along the y-axis is 3. 

The area of the A=3 XTX3=48 or 875 8q. units. 

Ex. 11. Find the equation of the line which makes equal 

intercepts on the axes and passes through (83, —5). 


Let the equation of the st. line be 5 Cs = 1 
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Here the intercepts being equal, we have 4 = b. 
Ee A 0H 
‘+ the equation is IES or 2+ Y =a. 
[/] 


Again, as the st. line passes through the pt. (3, — 5), 

we have 3 - 5=4 or 4= ~— 2. 

Hence, the regd. equation is 2+Y= -2 or £+y/4+2=0. 

Ex. 12. Find the equation of the line passing through (2, 3) 
and parallel to the join of (4, — 5) and (—7, 3). 

The gradient of the st. line passing through the pts. (4, -~5) 

520 = Bil 8S 

and ( (ET 11 

The equation of the st. line passing through the pt. (2,3) is 
Y—83=ms- 2). 

‘." this st. line is parallel to the st. line passing through the 
pts. (4, — 5) and (—7, 8), 

“. the gradients of both the st. lines must be equal. 

Ms - HH. 

Hence, ths reqd. equation is y ~ 3= — f(%-— 2) 

or, 82+11ly-49=0, 

Mix, 18. A straight line cuts off intercepts 7 and 5} from 
the axes ; find its equation and determine the ratio in which 
the join of the points (9,5) and (7,9) is divided by this 
line. 

As the intercepts from the axes are 7 and 51, the equation of 


the st. line is + Y =1, or, 82+4y=91. 
CS 
Suppose this st. line cuts the join of the pts. (—9, 5) and 
(7, 9) in the ratio m : n. 
-. The co-ordinates of the point of section are 


(m9, nt 50). 
mtn m+n 


Or, 
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this point of section also lies on the st. line 32+ 4y= 21, 


Tm -— 2) + = 91, 
| 


we have 3( 
3(7m — 9n) + 4(9m+-5n)=21(m +n), or, 86m = 286n, 


“== 5. . the required ratio is 7 : 9. 


Ex. 14. A straight line forms a right-angled triangle with 
the axes of co-ordinates. If the hypotenuse is 13 and the area 
of the triangle is 30, find the equation of the Straight line, 


[ 0. U.’838] 


Let the equation of the st. line be a Hh = 


It cuts the axes at the points (a, 0) and (0, b),; 


the length of its intercept between the axes= V/a2+b2, 


and by the problem this is the hypotenuse of the triangle. 


Vaz b2= 18...01) 


Again, the area of the triangle= Jab. 


Jab=30, :. ab=60:.(2). 


From (1) and (2) we have 


02-452 +200 =(13)24+2X 60 = 989) 


and a2-+-b2— 200=(13)2-9X60= 49 
or, (a+b)?=289 and (0- b)°=49, 


and a—-b=t+ 1 


Set ‘,. a= £l%amd b=; and 
= £5 and b= +19. 


Hence, the required equation is 


and 


& GE i.e, 52+ 12 = +60, 
£12 


LAURE ., 122+ 5y = £60. 
Ce 1, te, 122+ 5Yy 


Elec. Math. (X) G.—18 
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পণ EAA 
“N" Ex.19. Tf pand p;) be the perpendiculars from the origin 
upon the lines % sin 0-+-y cos = Sin 20 and % cos0-Yysind0 


=a 008 26, prove that 4p2 +p)? = a2, [0. U. '28, 58] 


ত sin 20 ঠি 

Here, p= TCE TOE sin 260, .. Ip=a4 sin 26. 

@ Co8 26 
~Vcos26-+-sin20 

+. 4p° +p, 2=(20)2+(p,)2 =a? sin? 20 +02 cos220 

= 4° (Sin2 96-+- cos? 90) =042X 1=02, 

Ex. 20, Transform to parallel axes through the point 

(- 3, 2) the equations : 
(i) 82+2y—-7=0and (ii) 922+y2+40-— 4y = 0. 

Putting c= - 8 and y=Y +2 in (i) and (ii) we have 

() 8(%'-3)+9y'+2)-7=0, 

or, 3%'+2y'~-129=0. 

And (i) 2(@'— 3)24(y' +9)2 +402’ — 3) — 4’ +2)=0, 

or, Ax? 60 +9)+(y'2+4y +4)+40'-19-4y'-8=0, 

or, 2%2+y'2-82'+2=0. 


Again, pi = = cos 20. 


Exercise 8 

1. State the gradient of the lines passing through the. 
following pairs of points :— 

(1) (1,-29) and (3, 4); (ii) (-5, 3) and (9, 5); 

(iii) (a, b—a) and (a+b,%); (iv) (0, ~5) and (—4,17); 

(vy) (8, 3) and (-2, 3). 

2. Find the gradient of the following lines and also the 
G0-ordinates of the points on the axis of x through which these 
lines pass :— 

() 824+2=9,; (li) y-832=6; (iii) s+y=0; 

(ivy) 2%-y+5=0 3y (Y) cosec 0-4-y sec 6+ 7= 0. 
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8. Find the angles at which the lines joining the following 
pairs of points are“inclined to the axis of » and also the 
co-ordinates of the points on the axis of y through which these 
lines pass :— 

(i) (0, 38) and (0, 5); (ii) (1,2) and (3, 4); 

(iii) (-6,1) and (-8,-2),; 


nD (5 1) and (V3, 5); (0) (1, 1) and (y a 


4, Find the intercepis on the axes of the following 
lines :— 
(i) 2%-9+6=0; (ii) 8%-4y+1=0; 
(iii) ycos6-—zsin 9=r. 
5. Find the equations to the straight lines cutting off the 
following intercepts from the axes of and y respectively :— 
(i) 8and2; (ii) -5and -4; (fii) 8 and —#; 


(Gv) -E 18, (7) j and 1; (vi) j 500 « and : 008 «, 


6. Find the equations to the straight lines passing through 
the following pairs of points :— 
() (5, EE 2) and 8, 7) ; (ii) (0, চ) and (-a, 0) 
(iii) (coos C, d sin C) and (c cos D, d sin D) ; 
(iv) (pL, 24p1) and (p92, 24p9) ; 
(v) (h sec «, k tan «) and (h sec B, k tan B) ; 
(vi) (3, ~4) and (1, 2). [U. U. 1948] 
J. Find the equations to the sides of the triangles whose 
vertices are given by :— 
() (-4, 3), (7, — 38) and (5, 8); 
(ii) (-2,5), (5, 2) and (10, 10); 
(iii) (0, 0), (5, — 2) and (6, 9). 
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8. Reduce the following equations to the perpendicular 
form (i. 6., cos «+ Yy sin <= p) :— « 

() V8%+y=8 (ii) 2-y+7V/23=0 
(ii) s+y+4=0 (iv) 62-13y+19=0. 

9. Find the lengths of the perpendiculars from the origin 

On the lines whose equations are given below :— 
(i) 4%4+3y-5=0,; (ii) 52 -12=26; 

(ii) 292+3y+7=0,; (iv) by cos 9 - az sin 6-+ab= 0. 

10. Find the equation to a straight line— 

(a) which is inclined at 60° to the -axis and cuts the 
axis of y at unit distance from the origin. 

(b) whichis inclined at 190° to the axis of x and the 
length of the perpendicular on the line from the origin is 5. 

(c) which passes through the point (5, —7) and makes 
equal intercepts on the axes of co-ordinates. 

 (d) whichis inclined at an angle of 45° to the axis of 
% and which bisects the join of the points (4, 7) and (6, 5). 

(e) which passes through the point (5, 6) and has 
intercepts on the axes equal in magnitude but opposite 
in sign. 

Find also the co-ordinates of the point at which the ordinate 
is double the abscissa. [C. U.] 

V(f) which passes through the point (—4,9) and is such 
i the portion of it intercepted between 0 axes is divided 
: « s LN 

t fhe point in the ratio 8: 92. EE) 

5 (9) which passes through the point (a, b) and is Boh that 
" fhe portion of ib intercepted between the axes is bisected at 


_— 4 ak I 1 
this point, 2244: ! Pe OE. 
(h) which passes through the point (2, 83) and is parallel to 
the line joining the points (4, —7) and (- 7, 4). Ne Gt 
VERE 2A 
“GS 


ZL 


' * বটৰ 
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A (i) which is the perpendicular bisector of the segment 
joining the points (24, 2b) and (2, 2d). [0. U. 1958] 
11. Verify that the three points (1, 5), (8,14) and 


(1, = 4) are collinear. Also, find the line of collinearity. 
[C.U. 1957] 


/ 12. Find the equations to the straight lines which pass 
through the origin and trisect the portion of the straight line 
4%4+3y= 12 intercepted between the axes of co-ordinates. 2 wil 


/18. Find the equation of the straight line which Sanses 
through the point (9, 3) and is such that the sum of its 
intercepts on the axes is 10, ২ 

14. Given the triangle A=(8,2), B =(7 2,7), C=(-2, -1). 
Find the equation of the median through A. [Mysore, 1946] 

Also, prove that the join of the middle points of AB and AC 
is parallel to BC. 

{ কু As. A straight line moves such that the sum of the 
reciprocals of its intercepts on the axes is constant. Prove 
that the line passes through a fixed point. [Bombay, 1935] AL 
sy 


whose centre is at. the origin and radius equal to 8, at A 
a diameter making an angle of 60° with the" 


As. Find the equations of the tangents to the circle, 


extremities of \ 


axis of 2. 
17. Find the equation to the straight line which passes 
(5, 6) and has intercepts on the axes equal 


through the point 
ind also the co-ordinates 


in magnitude but opposite in sign. 
of the point at which the ordinate is double the abscissa. 
[0. U. 1984] 


18. Find the equation of the straight line, which cuts 
y-axis and is inclined at an angle 


off an intercept — 83 from the 
of 45° to the positive direction of the z-axis. 


Ee: NY ডা Sf Ww ein “+ SNA wah +2 $ 
£) ITA Ls ME” CEs Cs IMAM 2 ES ESS FS 
Ouse “ EO WUAL AME TEE [s 
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Draw a sketch of the Straight line and show from 
feometrical consideration that this line is at right angles to the 
Straight line e+ y =2. [0. U. 1939] 

19. (a). Find the inclination of the straight line 
45+ 5y4+-3=0 to the axis of » and find its intercept on the Y-AXIS. 

(b) The straight line 3%4-y — 6= 0 cuts the axes at P and 
QO, Find the distance between P and 0. 


(c) Find the length of the intercept made on the axes by 


the line 3+ 8/=1. 


Pd 20. Perpendiculars are drawn from the Origin to the lines 


+29 -3=0 and 2%+3y=5. Find the equation of the Straight 
line joining the feet of the perpendiculars. 

21. Txansform to parallel axes through the point 
(-2, 1) — the" equations (i) ‘22—-4y+454+8=0 and 
(i) 9924-392 - 47+3y- 8=0. 

22. What will the equation »2 +y2 — 254+ 3y4+4=0 become, 
if the origin is moved to the point (3, 0) ? 

28. What does the equation (x +a)2+(y — b)2=c2 become, 
When it is transferred to parallel axes through the point 
(—-ato, b)? 
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21. To find the equation of a straight line in symmetrical 
form. 


Punpore the EA line KEY Pp 
passing through a given pt. 3 
Q0(%7;,y1) makes an angle 
6 with the positive direction 
of -axis. Take any point 
P (cw, y) on the straight line. 
Draw PMLOX, ONILOX, 
ORLPM. 

The equation of the st. 
line will be 
y—Yyi1=tan 6(%—21) [see Art. 18] Fig. 23 


2-01 YY) 
cos@ sin6 


0 


Or, 


Suppose PO=7, then OR =r co8 0, 


or, -—t1=T7 cos 0 [see fig. 28 J, 5 Oy, 
Cos 9 
hy ED ad Ls s OF Ese 4 Eo 
Again, PR=7 sin 6, or, y-Yy1=17 sin 6, VRS [2 
sin 6 


ct VY V1=7...(1), this is the required equation. 
cos@ sin6 


From (1) we have 2=%) +? cos 6 and y=Yy1 +? sin 0. 


[ N.B. The special advantage of this form of the equation 
is (i) that the co-ordinates of a point at a ‘certain distance 
from a given point on the straight line can be determined, and 
(ii) also the distance along the line between two given points 


can be found. ] 
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Example. P is a point (1, 2) and PO makes an angle of 45° 
with the z-axis and PO= 3. Fiind the co-ordinates of QO. 
Let the co-ordinates of Q be (z, y). 
The st, line makes an angle of 45° with the z-axis, 
Bil yi 
COs 45° sin 45° ন 


+‘. the equation of the st. lipe is 


j =, hit dd Leann LE 
+ 2-1=3 cos 45° ;b [.) SR 
3 
= 4 bs = +9, 
and y—-2=8 sin 45° ক] y hy 
*. the required co-ordinates are (5 “+1, +2) 


Ex. 22, To find the angle between two given straight lines. 
(a) Let Y=mi%+c) and y=ma2%-+c2 be the equations of 
the two st. lines and let the angle between them be 9. 
Y If the st. lines make 


angles « and B with the Y 
positive direction of the 
Z-axis, then tan «=m; and 
tan B= mo. /6S 
We find from the figure 
8=«- 6, 
+. tan 6=tan (4-8) B 
= tan «tan B 0 a 
1+ tan « tan B 
= Mims. Fig. 94 
l+mi,ms 


‘+ 09= tan”! AL Which gives the angle between 


the straight lines. 
[N.B. When two st. lines (not at right angles) intersect, 
one angle between them is acute and the other is obtuse. 
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Tf the obtained value of tan@ is positive; then it is ‘to be 
understood that the acute angle is found, and if the value 
of tan 6 be negative, then the obtuse angle between the st. 
lines is found.] 

(8) . Tf the equations be in the form ai%+ by Foc =0:-(1) 

and aat+bay+c2=0:'(2), we have 

VE ean from (1) and y= IE from (2) by 

reducing them to tangent form. 


a 
imi = x21 and my = Sl 
bj b2 


= G02 0,02 
CIB BIOITCIS 
1441258 


-192b1 — @1b9...(9). 
aida tb ] 


“.  6=tan 


(c) Let the equations of the st. lines be 
G08 FY sin 1 =D 
and % 008 Ag TY Sin <9 = pe. 

Here the two perpendiculars that will be drawn from the 
origin to the given Bt. lines will make angles «1 and «yg 
respectively with the positive direction of the t-axis. 

evidently the angle between the st. lines will be 
Ay 49 OI -(4y) — 49), be, 
0=41_ 42 Or 9=71-— (4) - 92). 
23, Condition of parallelism of two straight lines, 
Tf the two st. lines be parallel, « will be equal to B. 
+ 0=«-B=0. ‘tan 0=tan 0°=0. 
my 7 Mo 


, we bave mj = m2 = 0, 
1+mimos 


from tan 0 = 
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By interchanging the coefficients of x and yy in 
equation-(2) with the sign changed in any one of them and 
adding 2 new constant term, we get the equation of the st. line 
perpendicular to it. Now, if the value of this constant 
term be found from a second given condition, we obtain tihe 
equation required. 

As for example, suppose we are to find the equation of the 
St. line perpendicular to the st. line 29% + 3y +1 = 0. 

Here interchanging the coefficients of % and y, we have 
3% and 2y. Now,by changing the sign in one of them and 
adding a constant term k, we have 3% — 2y + k= 0. 


Rule: To find the equation of a st. line perpendicular 
to a given st. line, interchange. the coefficients of % and y in 
‘the given equation altering the sign in any one of them and 
add a new constant term, 


26. To find the point of intersection of two given 
Straight lines. 


Let the equations of the two st. lines be 

13+ by +c) =0:..(1) and a+ b2y +c2 = 0...(2). 

The point of intersection of the two st. lines is the only 
point common to them. So the equations will be satisfied by 
the co-ordinates of the point. Let its co-ordinates be (4, B). 

Then we have a1 +b18 +c) =0-.....(8) 

and a+ b2B +c2=0:--...(4) 


From (8) and (4) we have by the method of 
Cross-multiplication 
Ed B MET 


A= L102 7 boc] B=2122 76901 
2 
0162-090) 4102 201 


required co-ordinates. 


these are the 
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[ N. B. Definite co-ordinates can be obtained, if 
aiba—aabi£0. But if ajb2—a2bi=0, the co-ordinates of 
the pt. of intersection are infinite. We have already seen that 
if abs aby =0, i.e, ite, then the two st. lines will be 

2.02 
parallel. Hence parallel lines may be considered as lines whose 


point of intersection is at an infinite distance. ] 


97. Tofind the equation of a straight line passing 
through the point of intersection of two given straight 
lines. 

Let the equations of the two st. lines be 

aiz+biyt oc; =0..(1) and aae+ bay +2 =0...(2) 

Now, aietbyyteit Haat +b2y +02) =0...(3) being an 
equation of the first degree inz and Yy always represents a St. 
line. Here k may be any constant and for its different values 
the equation will represent different straight lines. 

The co-ordinates of the pt. of intersection of the straight lines 

bico—b2cy. 61097 C201 |. 
CU ns aib2—agby” 0102 aod 

These co-ordinates satisfy the equation-(3), Hence the st. 
line-(3) will pass through the pt. of intersection of the st. 
lines (1) and (2). 

Hence the equation-(3) is the required equation of the st. 
line passing through the point of intersection of the 
straight lines (1) and (2). 

98. To tind the condition of concurrence of three 
straight lines, 

Let the equations of the thres 8t. lines be 

aietbyy tei =0...(1) 
age + bay +t c2= 0...(9) 
and ase-+bsy + cs = 0...(9) 
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Ex.2. Find the equation of a straight line which passes 
through the point (2, -1) and is perpendicular to the straight 
line 8% — 2y = 5. J. B. A] 

[ First Method ] Here the given equation is 3% — 29y = 5. 


The equation of any st. line perpendicular to it will be 
22+ 3y+ k= 0. 
this st. line passes through the point (2, — 1), 

el IXIFEBX -LFE=O, k= -1, 

Hence, the required equation is 954-3y — 1= 0. 

[ Second Method] The equation of a st. line passing 
through the point (2, - 1)is y+1=m (x - 9)... (1) 

xl gradient of the st. line 8% — 9/y=5-.-(2) is 3. 

+", the st. line-(1) will be perpendicular to the st. line-(2), 

i mX3= -1 or if m= -4. 

Hence, the required equation is y+ 1= — 3(%-2) 

or, 254+83y-1=0. 

Ex. 8. Find the equation of a Straight Bie which passes 
through the point (—3, —4) and is 3 parallel to the straight line 
% cos 80°+y sin 80° +7 =0. 

The equation of the st, line parallel to the given st. line is 
% 008 80°+y sin 80°+%=0 [(iii) of Art, 16] 

“' this st. line passes through the point (- 8, — 4), 

+. 78 008 80°-— 4 sin 80°+%=0, 

Or, = 38 cos 80°44 sin 80°, 

". the required equation is 

% 008 80°-+y sin 80°4-3 cos 80°+4 sin 80°=0, 
or, (x43) cos 80°+(y +4) sin 80°= 0. 
Ex. 4. Find the equation of a straight line passing 


through the point (2,1) and perpendicular to the straight 
line % cos 6°+y sin 6°= 3. 


EE TY TN 
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The equation of any st. line perpendicular to the st. line 
% cos 6°+Yy sin 6°=383 vill be x sin 6°—~y cos 6°4-% = 0. 

Since this st. line passes through the point (2,1), we have 
2 sin 6°— cos 6°+k=0, ., b=00s 6°-29 sin 6°, 

Hence the required equation is 

x sin 6° —y cos 6°+c0s 6°—~2 sin 6°= 0, 

or, (5— 2) sin 6° - (y — 1) cos 6°=0. 

Ex. 5. Find the equation to the perpendicular bisector 
of the segment joining the points (4, — 5) and (- 7, 3). 

Here, the gradient of the 8t. line joining the 
EE Nh 
4-(=-7) IT 
“, The gradient of the perpendicular to that st. line. is 1h, 


points (4, 5) and (-7, 8)= 


Again, the co-ordinates of the mid point of the segment 
joining the points (4, — 5) and (—17, 3) are 
(i) (#2) 
the perpendicular bisector passes through the point 
( i 3 a 1), 
“, its equation is y+ 1=# (¢+3), or, 16y — 22% - 17 =0. 


Ex. 6. If the straight line J +%= 1 passes through the 
point of intersection of the lines 2%—y=1 and 82-4y+6=0 
and is parallel to the line 49+ 3y — 6=0, find a and b, 

[0. U. 1948) 

Solving the equations 2%-y=1 and 83% -4y+6=0, we 
have 2=2 and y=8. 


*, these two st. lines intersect at the point (2, 3). 
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Again, the equation of the st. line parallei to the st. line 
45+39-—6=0 will be 454+3y += 0. 

** this parallel st. line passes through the point (2, 3), 

tO 4X2+83X83+%=0, . = - 17. 

‘", the equation of the st. line is 42+ 3y — 17 =0. 


Writing it in the intercept form, we have RTI 1 


As this line is identical with the line PG ! 
“a= and b=, 


Ex. 7. Find the equation to the straight line which 
passes through the point (5,4) and the point of intersection 
of the lines 22+ 3y — 1=0 and 8%-—4y+7=0. 


[ First Method ] Solving 2%+3y - 1=0 and 3%-4y+7=0, 
we have 2= - 1 and y=1. ‘'. the two st. lines intersect at 
the point (—1, 1). 

The equation of the st. line passing through the points 
(5, 4) and (- 1, 1) is 

Y—4 "25-5 Y-4 5-0 Yl ob 

ন 5 , Or, 2 - 2y +8 = 0. 
*". the required equation is x - 2y + 3= 0. 


[ Second Method] The equation of any st. line, 
passing through the point of intersection of the st. lines 
9%+3y~- 1=0 and 3% - 4y+7=0, is 

904+ 3y - 1+ k(32- 4y+7)=0. 

‘* it passes through the point (5, 4), .'. we bave 
9.54+3.4- 144(3.5-4.4+7)=0, or, 21+6k=0, . b= - 

“. the required equation is 2% 3y 1 — (3% — 4547) =0, 

or, -2%+3=0. 
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Ex, 8. Find the equation of the line through the point 
of intersection of the lines 4%+y-4=0 and 35+ 2y- 5=0 
and perpendicular to the line ® — 9 +1= 0. 

[ First Method ] Solving the equations 45+y-4=0 
and 324+ 2y-5=0, we have %= £, y=. .. the co-ordinates 
of their point of intersection are (3, §). 

Now, the equation of any Bt. line perpendicular to the 
line @ — 2y+1=0 is 25+ y+ k=0. 

** it passes through the point. (£, $), 

29X34 +=0, . k= 1%, 
the required equation is 2%+Y — £=0, 

or, l0z5+5y-14=0. 

[ Second Method ] The equation of any st. line passing 
through the point of intersection of the st. lines 45+y — 4=0 
and 3%+2y— 5=0 will be 47+Y — 4+%(8%-4+ 29 5)=0, 

or, (8k+4)5+(2%+1)y- (44+ 5%)=0---(1) 

Now, the st. line-(1) will be perpendicular to the st. line 
2—%W+1=0, it (3k+4)X1+(29%+1)X —-2=0 [see Art. 24(B)). 

i.6., if k=2. 

“, the reqd. equation is 45+ Yy - 44+2(8%+2y - 5) =0, 

or, 105+5y-14=0. 

Ex. 9. (a). Find the equation of the straight line passing 
through the intersection of the lines »- 9y-b=0 and 
2+ 3y — 20=0 and parallel to the line 3%4+4y = 0. 

[ First Method ] Solving »-2y-b=0 and + 3y — 20=0 


b 
we have = and = 7 


*. the co-ordinates of their point of intersection are 


A) 
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Now, the equation of any st. line parallel to the line 
32+ 4y=0 is 324+ 4y+k= 0. 


it passes through the point (? 5 :) 


I 3X 4+4Xx24+=0, OE DEEL 0 LE £55, 


the required equation is 3%-+ 4y - 5b= 0. 


[ Second Method ] The equation of any st. line passing 
through the point of intersection of the lines x — 2y — b=0 and 
2+8y - 20=0 is (+ - 2y — b)+ k(x + 3y — 20) = 

or, (k+ULs2+y(8%-2)- b+ 1)=0:---(1). 

Now, the st. line-(1) will be parallel to the st. line 


ry 0 Mhen ELSE 2 Tide Art 29,08) 1, 


1.6., When k= 29, 
+. the required equation is (2+ 1)%4+(6-—2)y - H(4+1)= 
Or, 3%4+4y-56=0. 
Ex, 9. (b). Find the lines through the point of intersec- 
Slat of y—2%+2=0 and y - 854 5=0, which are at a distance 
ot from the origin, [ U. P. B. 1942] 


Solving the given equations we have = 3 and y= 4. 

+. the co-ordinates of their point of intersection are (3, 4). 

The equation of a st. line passing through the point (3, 4) 
is y-4=m(s- 83), or, me —Yy+(4-—83m)= 0. 


The perpendicular distance of this Bt. line from the 


A 4-— 3m 4—8m . 4-— 3m Y 
OH HE (OL Os LA Her6,— —— = ং 
) Nm2+(-12 NVi+m2 N1i+m2 N22 
164+9m? - 24m _ 49 a 
a2 TE rie hod dle oadistlligy soci 17=0, 
Or, TEE SS 3? or, 31m + 48m+ 


or, (31m+17)(m+1)=0, . m= -—-1, or, - 3H. 


৩ 
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If m= — 1, the equation is y- 4= - 1(x-— 8), or, 2+Y=7; 

If m= — 7, the equation is y — 4£= -Yi(0-— 3), 

or, 1715+31y=175. 

Hence, the reqd. st. lines are 2+y=7 and 175+ 31y= 175. 

Ex. 10. (a). Prove that the lines 2%-yT+8=0, 
3%+y+2=0 and 4x +38y — 4=0 are concurrent. 

By solving the equations 2% - y+ 8= 0 and 3%+Yy+2=0, 
the co-ordinates of their point of intersection are found to 
be (~2, 4). 

If the equation 474+3y —-4=0 be satisfied by the 
co-ordinates (-—2, 4), then tihe third st. line will also pass 
through the point of intersection of the first two. 

Now, 4% + 3y —4=4X(-2)+83X4- 4= -8+192- 4=0. 

-, the third equation is satisfied by the co-ordinates (2,4). 

Hence, the three given lines are concurrent. 

Ex. 10. (b). Prove that the lines (b+o)etay- 4=0, 
(c+a)s+by— 4=0 and (a+b)e+ocy - 4=0 are concurrent. 

(b+c)e+ay -4=0--"(1) 
(c+a)s+by- 4=0:"-(2) 
and (a+b)z-+oy—-4=0--(8) 

The st. lines (1), (2) and (8) will be concurrent, if three 


constants 2, 9, T can be found s0 that 
pilb+o)e+ay — dt+aleto)e+by - dt+rilatb)etoy - d} 
0A) 
Here the coefficient of % is p(b+o) +gle+a)t+rla +5)--(4). 
[CE »Y is pa+gb-+re:-"(5) 
and the constant term is (p++ r)d--"(6) 
Now, if such values of p,q,? can 
of (4), (5) and (6) becomes zero, then (1), (2) 


be found s0 that each 
and (3) will be 


concurrent. 
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Evidently (4), (5) and (6) will each be 0, ifp=(b-o0), 
g=(c—-a0) and 7=(a—-0) and then (A) also will at once be 
ZrO, 

Hence, st. lines (1), (2) and (3) are concurrent. 

Ex. 11. For what value of m will the lines y= 8% - 1, 
2y=%+3 and 8y = mz +4 be concurrent ? [ 0. U.’40, 55] 

Solving y= 3% - 1 and 2y=%4-3, we have 2=1, y= 2. 

+. the co-ordinates of their point of intersection are (1, 2). 

Now, the st. line 3y=mz-+4 will be concurrent with the 
first two st. lines, if it is satisfied by the co-ordinates (1, 2). 

Putting = 1, y=2 in 8y =m2-+4, we have 

3X2=mX1+4, ‘. m=2. 
lence, the three lines will be concurrent when m= 2. 
se 12. Find the equation to the straight line which 
passes through the intersection of the straight lines 
3%- 4y+1=0 and 5%+y—-1=0 and cuts off equal intercepts 
from the axes. [ C. U. (B. Se.) 1947 ] 

The equation of any st. line, which passes through the 
intersection of the lines 8%-4y+1=0 and 5x+y-1=0, is 
8% - 4y +1+K(55+y-1)=0, 

or, (5k+3)e+(k-4)y—-(k- D=0-.-(1). 
Reducing it to the intercept form we have 


TTS 
PEW FF Ey 
GD SEE 


‘." by the problem the st. line-(1) cuts off equal intercepts 
from the axes, 


La Bret ee ( NK : 1 . ্ 

.  {E—-1N1— -——|=0,.,.E=1 or—f. 
EERSTE 2 SN Aces ত ধু ৰ 
Now, it is found that if the value k=1 be put in the 
equation-(1), its constant term k—1 becomes 0, and conse- 
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quently the st. line passes through the origin, t.6., it cuts off 
no intercepts from the axes. So, k cannot be equal to 1 here. 
Putting k= - Z, the required equation will be 
(5X - EBT ABs of" 1)=0, 
or, -— 285-2 +H=0, te, 282+239y-11=0. 
Ex. 18. Find the acute angle between the lines 
92-+y- 3=0 and s+ 8y+2=0. 
Tiet 6 be the angle between the lines 2%+y-—-83=0 and 
3+3y+2=0. 
Es 10901 = abs 
We have 0= tan: PERT Eb, 


[ vide formula (2) in Art, 22 (B) ] 

As the angle here is acute, the values of ay, bi, 02, bo 
should be such that aad; — 4102 is positive. 

2X83 --1%X1 0 
IXIFGJXOD™ ei 
the required angle is 45°. 
. 14. Find the equations to the straight lines which 
DpaSS EAN (3,-2) and make an angle of 60° with the 
line 3% +y=1. 

[ In the fig. 25, AB is the 
st. line VSx+y=1, P is 
the pt. (3,2) and each of 
the st. lines CPD and EPF 
makes an angle of 60° with 
AB. 

To find the equations 
of CPD and EPF, 

Here you may not draw 


x ‘6=tan-! 


any figure. ] 

The equation of a st. 
line passing through the 
point (3, - 2) is y +2= =m(s- 3)'"(D. 
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*,* the line-(1) makes an angle of 60° with the line 
N3e+y=1, 


EEL ad sist ADO ENB me; 
tan 60°= TET (i) and tan 60° TEE 5) (ii) 
From (i) we have = MEO. 
From (ii) we have 8 2 


or, N3-3m=-m- ligt or, 2m=2 V3, “. m= V8. 

Putting m=0 and m= V8 in equation-(i) we have y+2=0 
and Yy+2= V3(%-— 838), or, y— V32+8 NV/3+2=0 respectively. 

Hence, the required equations are y+2=0 and 
Yy— V32+8V/34+2=0. 

[N. B. Herem is unknown. It may be greater or less 
than — N38. . in(i) — V8 has been subtracted from m and 
again in (ii) m has been subtracted from — V8, and thus 
two possible st. lines are found. ] 

“Ex. 15. Verify that the three lines y=2, y-— N8%=5, 
y+ NV/B%=4 form an equilateral triangle. Also find the ares 
of the triangle formed. [0. U, 1957] 

Here, the equations are y = 2... (1),y= /32+5:-° (2) and. 
Y= - V32+4 eevee (3) 


The equation-(1) is a st. line parallel to the -axis. 

The equation-(2) is a st. line whose gradient is V3, and 
therefore it makes an angle of 60° with the positive direction of 
the c-axis [ °" tan 60°= V8]. 

The equation-(3) is a st. line whose gradient is — V3 and 
hence it makes an angle of 120° with the positive direction 
of the c-axis [ °." tan 120°= -— V8 J]. 

the st. lines (2) and (83) make angles otf 60° and 190° 
respectively with the st. line(1) also, it being parallel to the 
-AXi8. 
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Hence the st. lines (2) and (3) are inclined to the st. 
line-(1) at an anglé of 60° towards each other. So, two of 
the angles of the triangle formed by the st. lines (1), (2) and 
(3) are 60° each. .'. the remaining angle is also 60°. 
Hence the triangle is equilateral. 

[In this example, we may first find the thres points 
of intersection of the st. lines and then showing the lengths 
of the sides to be equal prove that the triangle is equilateral. ] 

To find the area of the equilateral triangle, it is sufficient 
to find the length of one side only, for the area of an 


equilateral triangle is ই a2 (a being the length of its side ). 


The ordinate of both the points where the st. lines (2) and 
(8) out the line y=2 is 2. The abscisse of the points can be 


found by putting y = 2 in (2) and (8). 
Thus, from (2) we have »= — V8 and from (8), z= 5 


the length of one side of the triangle 


= the distance between the two pts.= a Es V3= 


2 
the area of the triangle= ঃ (5) =; V3 sq. units, 


» 


Ne 
Ex, 16. Prove analytically that the perpendicular 
bisectors of the sides of any triangle are concurrent. 
Suppose the co-ordinates of the vertices of AABC to be 
A(zy, y1), B22, y2) and (os, Ys). Let D be the mid point 
of BC. 


(tts V2 +05) 
Qe? j 


Then the co-ordinates of D are a 


The gradient of BC=2 03, 
297% 
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‘+ the equation of the perpendicular bisector of BC is 


) 22s = - 22 03(4- 2s 25) [ Here the gradient m of 


Y2_Y3 
5 i 1 
the perpendicular on BC= - | 
VYV2-Vs 
229-03 
0r, 2502-23) + 2Y(y2— Ys) £-59)-(y2 - ys) (1) 
ben 


Similarly, the equations of the perpendicular bisectors of CA 
and AB will respectively be 


293-01) + Wyss — 91) (28-22) - yf -y2)= 0. (2) 
and 200) — 52) + 29(y1 —Y2) (G2 - 2%) — (yx 9) =0-"(8) 


On addition, the sum of the left hand sides of (1), (2) and (3) 
becomes 0. [According to Art. 28 (8) here p= 9=7=1] 


++ the lines (1), (2) and (83) are concurrent. 


Hence, the perpendicular bisectors of the sides of the 
triangle are concurrent, 


Ex. 17. Find the distance from (2,3) measured along 
the line 83%-—5y+9=0 up to its point of intersection with 
8% -— 2y =7. 


‘We have 8% - 5y +9 =0..-(1), or, Y= 30+. 


The gradient of (1) is #, i.e. if the st. line-(1) be 
inclined to the %-axis at an angle 6, then tan 6= %. 


+ Bin0_cos0 . sin? 0_ cos? 6_sin2 0+c0s20_1 
AE: RAL 25 9425 84 
Bin 6 _ cos 6 L a 
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Now, suppose the equation of the st. line passing through 
ia 0-229 =8 jb ধু 
(2, 8) is es [ The distance of the point (9, 3) 
from P (z2,y), the intersection of the line-(1) and the line 
3%-—2y=7, is r (Vide Art. 21]. 


“. =r cos 0 and y=83+r sin 06, 
8 

js 9 =3+ = 

or, 2=2+ A and y=8+ নতু" 


** the st. line 8% — 2y = "7 also passes through P, 


(94-4) "(94-733)" 


15 6 
or, 6+ —6-— 71, 
: NEY! NET 
Or, TT” 3 A) 73, which is the required 


distance. 


[ Here the distance can be found otherwise. Find the 
co-ordinates of the point of intersection by solving the given 
equations. Then find the distance between the point (2, 3) and 
the point of intersection.] 


VW Ex. 18, Show that the distance of the point (wo, yo) 


from the line" ax+by+c=0 measured parallel to a line 


Ato + byo te 
a cos 0+D sin 0° 


(0. U. 1954) 
The equatien of a line passing through the point (v0, yo) 


and parallel to a st. line which is inclined to the x-axis at an 


making an angle 6 with the c-axis is— 


£ 200 sd Tho, 
angle 0 is y—yo = tan 0 (x — 00), OUT sine (1) 
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Now, if 7 be the distance of the point (20, yo) from the line 
ax+by+c=0 along the st. line-(1), then we have 


BT OO YEU 2=%0-r cos 6 and y=Yy0 tr sin 6. 


.' The point (0, yo) lies on the st. line ax+by+c=0 also, 
+. alxor cos 8) +b(lyo tr sin 0)+¢=0, 
or, Tr(a cos 9+0 sin 8)= - (ago + byo +o), 


Ts IAT Lean t Ain a: 


b a cos 0-40 sin 9° 


Ez 10. Verify that he four lines y= 0, y-- /3(0- 8)=0, 
Y=2 and Yy— NVS3%=0 form a trapezium which is cyclic. 
Find the co-ordinates of the four vertices and also the area 


of the trapezium. 

‘The equations are y= 0..(1), y+ V3(x-— 8)=0-..(2), 

Y=2:.(8) and y — V/3e=0...(4). 

Hence, the equation-(1) is the -axis and equation-(8) is a 
St, line parallel to the v 
%-aXiS at a distance of 2 
units from it. 

‘The gradients of the 
equations (2) and (4) are 
7/8 and V8 respec- 
tively, So they make 
angles 120° and 60° res- 
pectively with the 2-AXiS, Fig. 26 
4, ¢,, with the st. line y§=0, ©. they also make angles 120° 
and 60° with the line y= 2. 


** Two sides of the quadrilateral formed by the 
given st. lines are parallel and two are oblique. 
+". It is a trapezium. 
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Again, since the oblique sides (2) and (4) make equal 
angles with the parallel sides, the trapezium is cyclic. 


Let (1) and (4) intersect at A, (1) and (2) at B, (2) Rnd (3) 
at C, and (3) and (4) at D. 


Solving (1) and (4) the e0-ordinates of A are found to be (0,0); 
Similary solving (1) and (2), B's co-ordinates are (8, 0), 


Solving (8) and (2), C’s co-ordinates are (8-2 9) 
solving (2) and (4), D’s co-ordinates are (3 9. 
,', AB=8, and CD= BEE f 
(0 BIE ক 25) +(09-2) 


(6-35) =৪- 


the area of the trapezium=3 Xsum of the parallel 
sides X the distance between the parallel sides 


=3(8+8 - X2=16- (I V8) 8q. units. 


5) VB FB 

Ex. 20. Calculate the area of the triangle of which two 
vertices are (0, 0) and (9, 0) and the third vertex is the point 
of intersection of the lines x+y —- 8=0 and 7x - 2y - 2=0. 

Let two vertices be A(0, 0) and B(9, 0). - Then AB=9 
units. If C be the third vertex, its co-ordinates are found 
to be (2, 6) by solving o-++y — 8=0 and 7% - 2y — 2=0. 

As AB coincides with the z-axis, the perpendicular 
distance of C from AB is equal to the ordinate of the point C, 
t.¢., 6 units. 

The area of the AABC= 3 X09 X6 sq. units 
= 97 square units. 
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Exercise 4 
1. (a) Find the equation to the line parallel to the z-axis 
and passing through the point (4, 7). 
(b) Find the equation to the line passing through the 
point (- 8, 4) and parallel to the y-axis. 


2. Find the angle between the lines £ 
(i) 2y-2=38 and y=T+5. 
(ii) y=274+38 and 8y=2%4+6. 
(iii) asx -by+c=0 and (4 ~-b)z - (a+b)y +ce=0. 


iv) Lat Ee OE 
(iv) ln 1 and rt 


(vy) % cos 25°4+-y sin 25°—7=0 and 
% sin 25° —Yy cos 25°+7 = 0. 


8. Find the co-ordinates of the point of intersection of 
the lines : 


(1) 2%-38y+5=0 and 72+4y-—3=0. [Utkal, 1947] 
(i) += 1 and JTL [C. U. 1948] 
(ii) Z+L=1and F+4=1 ha [0. U. 1941] 


Also find the equation to the straight line through this 
point of intersection and cutting both the axes at an angle 
of 45°, 

(iv) » cos 0--y sin 0=%p and x cos &+Y sin $=. 

4. Find the equation to the straight line passing 
through— 

(a) ‘the point (3, 5) and parallel to the line 4x — 3y-+1= 0. 

[OC. U, 1947 | 

(b) the point (3,4) and perpendicular to the line 

42— 3y+15=0. [ 0. U. 1956] 
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(ec) the point (3, 2) and the point of intersection of the 
lines 3%-+y—5=0 and x-5y +3= 0. [0. U. 1949] 


(d) the point (1, 2) and the point of intersection of the 
lines -+3y4+1=0 and 22+ 7y + 3=0. [C. U. 1946] 


(e) the origin and the intersection of the straight lines 
9%+3y=1 and 2—Y=2. (0. U. 1983] 


(f) the point of intersection of 955+ 41y—-8=0 and 
52+ 7y+9=0, and parallel to the line 2% + 83y +7 = 0. ¢ 
[U. P. B. 1941] 


(g) the point of intersection of +2%=0 and’ 
y+ 42+7=0 which is perpendicular to the straight line 
3% -—Yy=0. [C. U. 1932] 


(bh) the point of intersection of the lines #+2%+3=0 
and 3%+4y+7=0 and is perpendicular to the straight line 


y-=8. [0. U. 1940; U. P. B. 1949] 
(i) the origin and the point of intersection of the lines 
3+! and += L (U. P. B. 1948] 


(j) the point of intersection of the lines 2%-—83y+4=0 
and 32+4y-—5=0,Mand perpendicular to the straight line 
65 - 1y+8=0. [C. U. 1980 and °44] 


(k) the point of intersection of the lines 20-Y +5=0 
and e+ Yy-+1=0 and the point of intersection of 2%+y-5B= 0 
and x-Y-—7=0. 

5. Prove that the following sets of three lines are concurrent ; 
also find the respective points of concurrence. 

(a) 2+y+1=0; m+ 3y+1=0; 80+ 4y+2=0. 

(b) 42-3y-81=0; 12 5y -56=0; 110-9 — B0= 0. 


(0) 2 tL; Hr 1; omy. 


Ele. M((X) G.—15 
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(d) ax+(b+oc)y-d=0; bot+(ct+a)y—-d=0: 
cx + (a-+b)y —4=0. 
(e) 2%-—-TT+11=0,;83%-2%+1l=0,;%-12%+215=0. 
[0. U. 1945] 

6. (a) Find the value of p so that 3%4+y-2=0, 
pt+2y +3=0 and 2% - y- 3= 0 may be concurrent. 

(b) Find the value of hl for which the three lines 
2%—83y+L=0, 87—-4y-1=0 and 4%-5y-2=0 may be 
concurrent. 

(c) Show that the lines joining the origin to the point 
(2, 8) is concurrent with the straight lines 5%-3y=2 and 
2+Yy = 10. [Andhra 1947] 

(d) Verify © that the three lines -y-7=0, 
2+2%+6=0 and 2%4+Y-—1=0 pass through a common point 
and that this point is equidistant from (F, —4), (83, — 2) and 
(M30) [(C. U. 1956) 

এর, Prove that the three lines given by ax+by+c=0, 
be tceyta=0 and crtfay+b=0 will be concurrent if 
a+ b+ce=0. 

8, Prove that the following pairs of lines are parallel 

(a) 82+2y+5=0 and 62+4y—17=0. 


(b) ne and b+ ay =c. 


9. Prove that the following pairs of lines are perpendi- 
cular to each other : 


(a) 4x-5y+7=0 and 10%4+8y+3=0. 
BLY 20 yy 
(b) ZEEE L and চ os, id 


10. Find the equation of the straight line passing through 
the point (83,2) and the intersection of the lines 35-4-y — 5=0 
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and %+5y+8=0. Find also the area of the triangle cut off 
from the co-ordinate axes by this line; [C. U. 1949] 
11. Find the equation of the line which divides internally 
the line joining (~3,7) to (5, 4) in the ratio 4: 7 and is 
perpendicular to this line. 
(2. Show that the area of the triangle formed by the 
Straight lines whose equations are y=mi2ci1, Y=mat-+c2 


= 2 
and 2=0 is 3 (01 - 09)°, [0. U. 1955 ] 
ma — Mi 


v13. Show that the lines (a+b)z+(a-b)y-2ab=0, 
(a- ble+(at+b)y - 20b=0 and %+Yy=0 form an isosceles 


triangle whose vertical angle is 2 tan”! G) 


Determine the co-ordinates of its centroid. 0,0 


14. (a) Prove that the diagonals of the parallelogram 
formed by the four straight lines VS35+y=0, V3y+2=0, 
NV3% +y=1 and V3y += 1 are at right angles to one another, 

[0. U. 1953] 


(b) Prove that the diagonals of the parellelogram formed by 


N 


the four straight lines FS b 5nd fail 2 and Lr 2) 


are at right angles to one another. [0. U.] 
15. Find the equations to the straight lines— 
1a) which pass through (3, 2) and are inclined at an angle 
of 45° to. the straight line x= 2% +4. 
(0) passing through (7, 9).and inclined at an angle of 60° to 
the straight line w — V/3y - 2V/3=0. 
(c) which pass through the origin and are inclined at 75° to 
the straight line oy + V3y- 2) =a. 
(d) Find the equation to the line through the origin 
perpendicular to % cos 8+Yy sin 0=p, 
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6. Through the point (3,4) are drawn two straight 
lines each inclined at 45° to the straight iine 2 —Yy=2. Find 
their equations and find the area included by the three 
lines. 


17. Find the equations to the two straight lines which ™ 


Dass through the point (4, 5) and make equal angles with the two t+ 2 


Een lines 3%=4y +7 and 5y=19%4+6. « 2 


লি” Ye 


MED) “Two straight lines pass through tb point &ে 9; D0); 5 nl 
Ol that one of them makes an angle of tan”! 3 with the... 


given line %—Y+5=0 and the given line makes an angle of 
tan! 3 with the other line. Find the equations to the 
two lines. 


V19.(a) Find the perpendicular distance from the origin 
of the perpendicular from the point (1,2) upon the straight 
line »-— V/3y+4=0. 

a, ~(b) Find the equations of two straight lines each 5 
inches distant from the origin and inclined at an angle of 
80° to the ‘z-axis. What lengths do these lines intercept on 

" the axes ? (J. B. A] 


0. (a) Find the distance from (83,8) measured along the 
line 4%-8y+12=0 to the point where this line intersects the 
line 454+ 5y = 60. 

(0b) Find the distance from the point (—2, 7) measured 
along the straight line 5+ upto its point of intersection 
with the line y = %4+2. 


Sf1, Find the equation to the straight line which passes 
through the point P(4,3) and is’ parallel to the line 
b2— 124+ 7=0,; Also determine length intercepted on 
this line between the point and the straight line 


2+y = 24, AR" 
EY 
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22. Find the area of the triangle, two of whose vertices 
are the points (3,0) and (15,0) and the third vertex is 
the point of intersection of the lines 454+3y=0 and 
52+ 4y-1=0. 

3. Show that the lines y=0, V83y+2-10=0,y=NV8 
and V3y—%=0 form a cyclic trapezium, Calculate the 
co-ordinates of the vertices and also the aren of the 


Ys trapezium. 
a6!) 
br 


24, Find the equations to the diagonals of the rectangle 
# the equations of whose sides are 2 =a, 2=0',y=b and y= b', 
Gv) [C. U. 1951] 


El 25. Show that the point of intersection of the straight 
lines BELG is the vertex of a square whose 
0 


adjacent sides are along the axes of co-ordinates unless 
a+b=0. [0. U. 1952] 


¢ EDUCA Ton ~ 


nO 


2S 
AL 


1:5 Dept, of Extenslon. 2 \ 
SERVICE. 
5 ১ f lo Cu ; 1৭ ND f 

SE OLCUFTA- 


Straight Lines 


29. To find the position of a point in relation to a 
given straight line. 


Fig. 97 
Let the equation of the given st. line be ax+by+c=0, 
and let it cut the axes at A and B respectively. 


(i) Suppose that the points P(e, y1) and QO(z29, y2) lie on 
tho opposite sides of AB [first fig.]. . 


Join PO, cutting AB at R. Suppose PQ is divided internally 
at R in the ratio m £ mn, i.e, 5 


n 


+“, ‘The co-ordinates of R are (Ete, lst ny). 
m+n m+n 
Rison AB, .'. its co-ordinates will satisfy 


aztbyFe=0, Aud nt EE TL Pande! PES 
mtn m+n 


+. On simplification we have EE 09 


STRAIGHT LINES 2381 


Again, suppose that P(z;,y;) and O(x2,Y2) are on the 
same side of AB [second fig.]. 


Join PO. Here PQ produced cuts AB at R, so PQ is divided 


externally at R in the ratio m : n (Say), t.e., Ro, 
n 


Le Cbe OOOPdInLES OR are (em, rs) 
m—-N mn 

‘' R lies on AB, a2 nti yy Ma NLL o=0, 

m—n mn 


ati t+byito_ mr hifi 
Or, ESE RE +L simplifying 5369). 


RIE 4 I 2 ls . or) t+byi tc 
nt positive, the ratio fr DIELS 
in (1) and positive in (2). Hence it is evident that in the first 
case the expressions aw; +by1 Fc and axa bys +c are of 
‘opposite signs and in the second case both of them are of the 


is negative 


same sign. 

Hence, the points (xi, 1) and (22, y2) will be on the 
same side of the line azx+by+c=0, when az, t+byi tc and 
axa-+by2tc are of the same sign, but the points will lie on 
the opposite sides of the line, when the expressions are of 


opposite Signs. 

Corollary : To find on which side of a given st. line 
‘a certain point is, we have to determine whether the point 
and the origin are on the same side of tho line or on opposite 


sides of it. 

To determine it, find the signs of the expression of the 
given equation by putting the co-ordinates of the origin (0,0) 
and of the given point in it. If the two signs be the same, 
then the given point is on the origin side (i.e., on the same 
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side with the origin), but if the signs obtained be opposite to 
each other, then the point is on the non-origin side (i.e., on the 
side opposite to the origin). 


80. To find the length of the perpendicular from a 
given point to a given straight line. 


Let OM be the perpendi- yA 
cular from the origin © to the 
given st. lines AB and let 
ZLXOM=9. Let P(x), y1) be 
the given point. 

Draw PN through P parallel 
to AB, cutting OM produced 
at N. ‘Then ON is perpendi- 
cular to PN. Hence, the 


length of the perpendicular 
from P to AB= MN. 


Suppose OM = and ON= 7p; . 
(1) The equation of the st. line AB is 
% cos 9 +Yy sin 0=p (where p= 0M). 
Again, ‘“ ON=7p,; and PN | AB, . 
‘+ the equation of PN is % cos 0+Yy sin 0=Dp;. 
+ the st. line passes through the pt. (01, yi), 
‘+. %) C08 6+Y1 sin 0=p;. 
‘+ the required length of the perpendicular 
=MN=CN-OM=p,-p=2; cos0+y; sin0 - p:"(1) 
(2) Suppose the equation of AB to be ax-+by+c=0 
[the equation being written so that c is a negative quantity.) 


4 a b ¢ 


—E tT + EE =0, 
Jar JaaER TAREE 


. [2 $ b [+ 
El 0080 m — BID Oem ee P= ————. 
No 20 ONE EN 7 pre ENCES PCT 
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,*, the length of the perpendicular from P(x, y1) 

=) cos 9+Yy1 sin60-p 

FIL b ¢ ax) +byi Fe 

Vai A Vaz Te! চী Na? + b2 EET : 

N. B. (i) Here, if the poinb P (so, the st. line PN) be 
between the origin O and AB, then the length of the perpendicular 
(i.e, MN)=p- pi = —(p1 =D). 

Hence, the length of the perpendicular from p 
az) + byte 

Va2+ 02 

We notice here that if the origin 0 is on the same side of AB 
and the pt. P (so PN), their 2- and y- intercepts are of the same 
sign. In both such cases the length of the perpendicular is equal 
to the difference of p and pi. 

Both the st. lines AB and PN may cut the axes being in any 
one of the quadrants. 

(ii) It the origin © lie between AB and PN (i.e. the 
pt. P), then their 3- and y- intercepts are of opposite signs. 
Here, the length otf the perpendicular is equal to the sum 
of p) and p. 


= +(pi-)= + 


ax + by Fo, 
Na2+b2 

In such cases one of the st, lines AB and PN may lie in the 
first and the other in the third quadrant or one in the second and 
the other in the fourth quadrant. 

(iii) The co-ordinates of the origin are (0, 0). Bo we may 
have the length of the perpendicular from the origin to the st. line 
w+ by-+o=0 (i.e. AB) by putting 21 =0 and y1=0 in 

az, +by1 Fo, 
Na? +52 
Cc 


Then the length of the perpendicular = 757 


the length of the perpendicular = + 


(iv) Asin trigonometry the line describing an angle is taken 
to be positive, so in co-ordinate geometry the perpendicular (ON) 


from the Origin to a st. line is always taken to be positive by 
Convention, 


Hence, when a point is on the same side of a st. line as 
the origin, the perpendiculars from the point and the origin 


have the same Sign. So the perpendicular from the point 
is positive. 


When the point and the Origin are on opposite sides of the. 
line, the Perpendiculars are of opposite Signs. So. the perpendi- 
cular from the point is negative, 


In applying this method the given equation should be written 


80 that the constant term (i.e., the term independent of » and y) 
is positive. 


N94 To find the equation of the Straight line bisecting 
the angle between two straight lines. 


Let XOX’ and Yoyv'’ v 
be the axes and O the | 
Origin. Let the st. lines 
AB and CD intersect at 
K and Jet their equations 
be a,2+b, yc, =0 and 
420+ by + c2=0 respec- 
tively, 

Let MN and MiNi; 
be respectively the 
bisectors of the acute Fig. 29 
angle and the obtuse angle between AB and CD. 


Suppose P to be a point on the bisector of the angle 


between AB and. CD and let its co-ordinates be (X, Y). Then 
the perpendicular distances of P from AB and CD are equal. 


aiXtbiY toy 0X tboY tos...) 
Vat +52 Naz +02 
Now, if P is on the bisector MN (say at the pt. Pi), then 
the signs of the perpendiculars from P; to AB and CD are 


both like (same) or both unlike ( opposite ) the signs of the 
perpendiculars from © (i.e. both will be either positive or 


negative ). 

Again, if P is’ on the bisector MiNi) (say at Ps ), then 
only one perpendicular from P92 will be like the perpendicular 
from 0, while the other will be unlike, i.e., one of them will be 
positive and the other negative. 


aywtbwyto) i 00tbytos, being equations of 
Vay2 +b) +1) Vas +b2* 


Now, 


the first degree in 2% and YY, represent two 5st. lines. As these 
equations are satisfied by the co-ordinates (X, Y), the point 


(X, Y) lies on these st. lines. 


Hence, these are the equations of the bisectors of the angle 


between the given lines. 


[N. B. In the given figure‘PjR) and Pj0Q0) being either 
both positive or both negative, the equation of MN is 


aiet+biytoc, 020 -+bay tC, bd 


Vai2+b,2 . Nas? +bo2 


Again, of PoR2 and P9202, One is positive and the other is 


negative, 80 the equation of MiNi is 


aietbytois - as + boy +09 | 
Va, +b Nas2 + b2° 


EEN BT EE 
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Examples (5) 


Ex, 1. Find on which side of the Straight line — 29y—5=0 
lies the point P(-— 3, — 5). 


Writing the independent term (the constant term) of the given 
equation as a positive quantity we have ~2-4+-2y+5= 0. 


Putting the co-ordinates of P (te, #= -8, y= ~5) in the 
lefthand member of the equation we have 


-(-3)+2(-5)+5=3-10+5= - 2 (a negative quantity), 


+. the point is on the non-origin side, 5.e., on the side of 
the st. line opposite to the origin. 


Ex, 2. Find whether the points A(1, 1) and B(5, — 3) lie on 
the same side or on Opposite sides of the line 83%4+4y - 5=0. 


Putting the co-ordinates of A (1,1) in the expression 
30+ 4y —5, we have 824+4y-5=3x14+4X1 _-5=7-5= +9, 
which is positive. 


Again, putting the co-ordinates of B(5, — 8) in it, we have 
8X5+4X(-3)-5=15-19-5= - 2, which is negative. 


Hence A and B lie on the Opposite sides of the givon line. 


Ex. 8. Find the length of the perpendicular from the point 
(38, 1) on the line 52 — 12y+1=0. 


By the formula the length p of the perp.= “1+ byi to, 


3 Va2 +52 
Here a= 5, b= -19,2,=3,y,)=1. 
the required length = SSB IATL SEE HE OY 


V524+(-19)5 Vis 18 


[N. B. In finding the length of the perpendicular, it may 
Sometimes be negative and the negative value should be given as 
the required length ( vide Art. 30 (IV) J. 
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Ex. 4. Find the equations of the bisectors of the angles 
between the lines 12% — 5y + 4=0 and 3% - 4y — 2=0. 


Writing the constant terms (4 and - 2) of the two equa- 
tions as positive quantities, we have l12%%-5y+4=0 and 
= 8%+4y+2=0. 

The equation of the bisector of the angle in which the origin 

190 - by +4 — 8%+4/+2 
V(2)+(-5)2  M(-3)2+09)?' 
২ 1295-5byt+4_- 30+ 4y +2, 
2 13 5 
or, 60% - 25y+20= — 890-52 +26, or, 99% —77y — 6 =0. 


Again, the equation of the bisector of the other included angle 
19% 5y+4 __ -80+4y+2 


VNI224( 5)? VO 38):+42 
or, 60% -25y+20=399%- 52 - 26, or, 91%4+27y +46= 0. 


lies is 


~/fix. 5. Find the foot of the perpendicular from the point 
(2, —2) to the line 8x — y +2= 0. 
Here, the given equation is 30 — y +2=0, or, y= 3%4+2, 
its gradient my = 8. 
-, the gradient (m2) of any st. line perpendicular to the line 
y= 8%+2 must be -3[' mim2= -1] 
‘", the equation of the perpendicular from the point (2, 2) 
to the line y= 30+ 2 is y —(- 9)= — 1(%- 2), 
* or, 2+8y+4=0. 
Now, the foot of the perpendicular is evidently the point of 
intersection of the lines y= 32+2 and 2+ 3y+4=0. 
Solving the two equations we have 2= —1, y= - 1. 
", the foot of the perpendicular is the point (- 1, -1). 
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4%4+3y=8 and 4%-+3y + 19=0. 


পর, 6. Find the distance between the parallel lines 
‘." the given lines are parallel, .'. the perpendicular 
drawn from the origin to one of them is also perpendicular 
to the other. y 


The length of the perpendicular from the origin(0,0)to the line 


Perel ©] 
424+ 83y=8, or, CTU DLA Or, -£ 


The length of the perpendicular from (0, 0) to the other line 


1 19 19 
4¢-F3yFT12=0- is = or. — 
{ VIELE 


5" 


the lengths of the two perpendiculars are of opposite 
Signs, 


+. the given st. lines are on the opposite sides of 
the origin. 


the distance between the st. lines= ড় - Sn 4, 
k s) 


[ Otherwise ] The distance between two st. lines is the 


Same as the length of the perpendicular drawn from any point 
on one of them to the other st. line. 


Putting y = 0 in the first equation, we have = 2. 
the point (2, 0) is a point on this st, line. 
Now, the perpendicular distance of the line 4% +3y/+12=0 


ত =42+8/+129_4X9+3X0+19 
from the point (2, 0)=— AE RNLTIXUTI2 90 
( 424382 5 UE 


:', the distance between the lines = 4, 
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Ex. 7. Find the equation to the straight line passing 
through the origin and the point of intersection of the lines 
%-—Yy=4 and y+ 72420 = 0, and prove that it bisects the angle 
between them. [U. P. B. 1951] 

The equation of any 8t. line passing through the point of 
intersection of the lines x—y=4:."(1) and y+72+20=0:..(2) 
ise—y—4+hky+7154+20)=0 [k being an arbitrary oon 2 

or, (7k+1)e+(k-1)y+20%-4=0-- (3) 

the line-(3) passes through the origin, 

its constant term must be zero. 

We have 290%k-4=0, ‘. h=20=}. 

Hence the required equation is #—Y - 4+1y + 754+ 20)=0, 

or, Y= 82...(4). 

The st. line-(4) passes through the origin, .'. ‘to bisect 
the single between (1) and (2), it must be the bisector of that 
angle between them in which the origin lies. 

Arranging the given equations so that their independent 
terms are positive, we have y— %+4=0 and y+ 72+20=0. 

“, The equation of the bisector of the angle between 

Yy-2+4 LUT TO+20 

V12+(-— 1? VJ 12+17% 
Sy UE BIS —t+4 _y+T5+20 bE: ME +4 _Yy+TieH+20 
LotR BRA { RFR 

or, By-Be+20=y+T7%4+20, or, l27=4y, or, Y= 3%. 

Hence, the st. line, passing through the origin and the point 
of intersection of the given lines, bisects the angle between 
the lines. 

Ex. 8 If the three lines %-+y=0, %- 3y=0 and %-—%=l 
{orm a triangle, find the equation of the perpendicular let fall on 


them in which the origin lies is 


2+ Y= 0 irom the opposite vertex. 

Here the vertex of the triangle opposite to the side 
2-+y=0...(1) is the point of intersection of the other two 
equations. - 
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The equation of any line through the point of intersection of 
the lines x — 3y=0 and % — 2y — 1=0 is 
c- 8y+h(e-— 2% -1)=0, or, (k+1)s-(2%4+3)y - k= 0...(2). 
Now, the lines (1) and (2) will be perpendicular to each other, 
if (k+1)X1-(2%+38) X1=0 [Vide Art. 24 (B)], i.e. if k= -2. 

Hence, the required equation is #— 3y — Ax - 2y — 1)=0, 

Jor, Y—%+2=0. 

Ex. 9. Find the orthocentre of the triangle whose vertices 
are (1, 5), (7, 2) and (4, 9). 

Lieb the co-ordinates of the vertices of AABC be A(1, 5), 
B(T, 2) and C(4, 9). 

The equation of any line through A(1, 5B) will be 
y-5=ms—1)--(1). 


্‌ 9,72 Y{ 
t BCE LAE 
The gradient 0 TE 5 
“. the st. line-(1) wilt be perpendicular on BC, when 
m = 8, 
7 


The equation of the perpendicular on BC passing through 
the vertex Ais y = 5=#(% — 1), or, 8%—7y-+32= 0---(2). 
Again, the equation of any line passing through B(7, 2) 
is y— 2=m(s - 7). 
{ . “9-5 4 
The gradient of the side ACS ——— =. 
4-118 
The equation of the perpendicular on AC passing through 
the vertex 8 is y — 2= — #(%- 7), 
Or, 3%4+4y-—29=0:-..(3). 
Now, the point of intersection of (2) and (8) will be the 
orthocentre of A ABC. 
Solving (2) and (3) we have 2= 44 and y = $1. 
+", the co-ordinates. of the orthocentre are (23, $1). 


STRAIGHT LINES 941 


Vx. 10. Prove that in any triangle perpendiculars drawn 
{rom the vertices upon the opposite sides are concurrent. 


Suppose the co-ordinates of the vertices A, B, C of the AABC 
are (zc), y1), (22, y2) and (3, Ys) respectively. 
The gradient of the side BC=23— 2. 
3 22 
‘", The equation of the perpendicular from the vertex A to 
the side BC is y—Y1= — 320-21), 
Ys Y2 
or, Ylys—Y2) Holes — 2) ilys —Y2) + 0il0s =—%2)} =0...(1). 
Similarly the equations of the perpendiculars from B and 
C to CA and AB are respectively 
Yyi 93) Holo) — 23) — iyoly1 - Ys) Fale -23)}=0":(9) 
and Yly2— Y1)FAz2 010 {ysy2 03 )+ 2302 -%1)}= 0:03) 
Now, we find that the sum of the left hand sides of (tL), 
(2) and (3) becomes 0. 


the lines (1), (2) and (83) are concurrent [ Vide Art. 

98(B), here p=9=1=1] 

Hence, the perpendiculars from the vertices of the triangle to 
the opposite sides are concurrent. 


~V/Ex. 11. Find the internal bisectors of the angles of the 
triangle whose sides are = 0, y=0 and 30+ 4y—-12=0. [OC. 0} 


Here = 0...(1) is the equation of the y-axis, and y = 0°-.(2)is 
the equation of the x-axis and the st. line 8%+4y-12=0...(3) 
cuts z-axis and y-axis on their positive sides. 


Evidently the intercepts on the two axes are two sides of the 
triangle. . 0 


Elo. M. (X.) G.—16 
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The bisector of the right angle between the axes in 
the first quadrant is the bisector of one angle of the triangle. 
As this bisector passes through the origin, its constant term 
must be zero and it must make an angle of 45° with the positive 
direction of the -axis. 

‘+ its gradient m= tan 45°=1. 
‘+ The equation of that bisector is y= 2. 
Again, the equation of the bisector of the angle between the 


ly ৰ — 8% - 4y+ 19 
lines (1) and (9) is fA LEE ES Or, 52= - 3% - 4y +12, 
82442 


or, 2%+y-3=0. 
The equation of the bisector of the angle between the lines 


14 = —385-4y+12 le 
(2) and (3) is REE TEN Or, 5BYy= —8%-4y+12, 
or, 2+3y-4=0. 
Hence, the equations of the internal bisectors of the angles of 
the triangle are y =z, 2%-+y — 3=0 and 24+3y- 4=0. 


Exercise 5 


1. (a) Find on which side of the Straight line 3%-+4y+5=0 
lies the point (2, — 2). 


(0) Find on which side of the Straight line 5% — 9% +7 =0 
lies the point (0, 3). 
| 2, (0) Find whether the points A (0, ~4) and B (-3, 1) 
lie on the same side or on the opposite sides of the line 
6%+7/+12=0. { 

(2) Find whether the points P (8,1) and 0(-4,-1) 


lie on the same side or on the opposite sides of the line 
8% - 4y +7=0. 
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8. (a) Find the distance of the point (- 8, 4) from the line 
9% -— 3y+1=0. 

(b) Find the distance of the point (1, 0) from the straight 
line 5%+ 12y-— 8= 0. 

4, Find the lengths of. the altitudes of the triangle having 
the vertices (— 2, 1), (1, 4) and (3, - 1). 

5. Show that the point (1, 1) is equidistant from the lines 
32+ 4y=12, 5x - 129 +20=0 and 4%-—3y= 6. 

V6. Tf the sum of the perpendiculars dropped from a variable 
point P on the two str. lines t+Yy-5=0 and 8%-— 29y+7=0 be 
always equal to 10, prove that P must move on a right line. 

[ 0. U. 1950 J. 

4. In AABCG, 2%%+Yy/T+1=0, 954+ 83y+1=0 and 835+ 4y +38 
= 0 represent the sides BC, CA and AB respectively. Find the 
equation of the altitude through A. 

8. Find the orthocentre of the triangle whose sides are given 
by %-—-Yy+1=0, 3%+y — 17=0, t+ 5y+13=0. 

9. Find the foot of the perpendicular from the point (3, — 2) 
to the straight line 2% — Yy+7=0. 

10. Find the equations to the straight lines bisecting the 
angles between the following pairs of straight lines :— 

Aa) 8% — 6y +11=0 and 12%—5y- 6=0 

(0) 4y4+85-12=0 and 3y +40 - 24=0 

(c) cos Oty sin 0=p1 and % cos $Y sin $= po. 

11. Find the distance between the parallel lines 
Aa) 3%2+4y=6 and 3%4+4y+5=0., 

(0) y=matc) and y=m2t+ 02. 


ls 
3 


« 
“y 


1 


্y) 


~ 


» 
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4/12. What are the points on the axis of % whose perpen- 
dicular distance from the straight line ol Tm lisa? 


[ 0. U. 1951 ] 


13. Find the equations of the two str. lines drawn 
through the point (0, a), on which the perpendiculars let 
fall from the point (2a, 2a) are each of length a. 

r [ 0. U. 1958 ] 
“14. Express the condition that the perpendicular dropped 
from the point (8, 2) on the line Ilx-+my +-n= 0 may be of 
constant length 5. [C. U. 1956 ] 
JAB. Show that the perpendiculars let fall from any 
point of the str. line T7%-9y/+10=0 upon the two str, lines 
30+ 4y=5 and 12%-+5y =? are equal to each other. 

u [ C. U. 1952 ] 
16. Find the equation of the str. line which lies midway 
between the point (2, — 1) and the str. line 32 — 2y +5 = 0. 

} FIBA.) 


1. 


ANSWERS 
MENSURATION 


Exercise’ 1 


52 sq. fb. 24 ou, fb., JIG fb. 2. 150 sq. fb., 125 ou, ft., 


508 it. 8. 54sq. ft.,27cu.ft. 4. 9'51t. 5. 286 sq. tft. 


15. 
17. 


10. 
12, 


5196°15 cu. in. ( app. ) 7. 15in.,9in., 6 in. 
18in. 9. 111i, 10. 19988, 11. Bs.6.134a0.9%. 
9 ou. fb. ; 8182 cu.in. 18. 25 ft. 14, 10'892 in. 
I$ oz, 1Foz. 17. 814} cu.fi. 18. 91 ou. yd. 7 ou, tt. 


Exercise 2 
83 sq. ft. 2. 432 cu. cm, 4. 183 ft., 172 sq. ft. 
10 ft. 6. 985'8 cu, ft, 7. 880 cou, ft. 


870'764 sq. 16. 9. 68363°96 ou. fb. 10. 1saq. tt. 

600 cut 12. 1808 cu.fb. 14. 240 cu. cm, 

80 sq. {t., 64 cu. ft. 16. 360 cu. cem., 432 Bq. om. 
Res. 5. 18. 4cm.,1l44cu.cm. 19. 8 com., 1152 cu. om, 


Exercise 8 
(1) 18 in. (2) 204# sq. in. (8) 2898 sq. in. (4) 314# cou. in, 
30 in., 29°79 in. (App.) 8. 2043 sq. cm., 814% cu. om. 


TA, {PG 4 6. 4973 sq. cm., 1005# c. co, 
986°28 sq. ft. (App.) 8. 87#cu.in, 9. 1980°971 cu. in. 
1167%z ou, ft. 11. 427# sq. ft, 1005# cu, ft. 


8743 cu. ft., 477 sq. ft. 


2 
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"ALGEBRA 
Exercise 1 
a- 836=0 2. mn=10 8. ab -ab=0 
a6 -—a=1 5. (ab+d)2=(a2 - b+ o)(b? - be-Fad) 
2 
hi NTO ho LOPE) 8. af H=4, 9. ab=6 
9 
42490 b=0 11. (040) b)#=2 
D3 — 8pa+2r=0 138. m23—B3in-n=0 


44 — 290252 - b+ 2% =0 
albi62 — baci) + bc a2 — 0201) +o(0102 — 4901) =0 
a2+b2+02+29abo=1 17. btot+0*at+a*bt=a2b202d2 


1 + 1 
= 4+ 4+ =9 19. s24+y2=02 
Ee EE EE GAN 
Dy = 02 22, 22°+y2+224+92y2=1. 
524+y2 
Exercise 2 
84 1 x 8. 38 4, a,at+d,at+2d,-: 
5, 2, = 4, 9. -—26 7. 35, 8r-—1 


-80, 10-28 9. 384 10. ()a-2+1, (i) nt 


Ith 12. 6th, 11th 18. No 14. 16th 
88 16. -49 17.00.0018. 2,5; 8; 
dlp-1)—- (a - 1, od ‘20. 021. rla— b) — (aq - bp). 
b-q 1 $5 b-Yg 
Exercise 8 
15 2, 4 8. -9 4. o02°+a2 5. 9% 
2019 
mtn, 7. 6,11,16, 21,26, 81, 86 


68, 132, 196, 260 9. 6 10% 


ANSWERS 8 
Exercise 4 
100 2. (847) 38. -96 4. 290 5. 614 


" পৃ. 978, 8.0 1)(2n—-38) 9.. Yn = 1)(+2) 
19/3418) 11. 8997 12. -144 , 18. 900 


19096 15. 4080 16. M2n+1) 17. 2947 
In(n+1) 19. 6867 20. 17500 21. 9940 
861 28. —868 24, 1768 25, 11 
19 27, 551 28. 1,2 29. 5,39,138, 
3,10; or, -1, 19 81. (9r-1)2 82. 9747 
5,19, 19; or, 19, 19,5 86. 1L4,7,10 or,10,7,4,1 
(a0) 89. n2 40. In(4n2+6n-1) 
5(4n2 + 17n+21) 42, (62° +21n+928) 
b(n 1)(n + 2)(3n +5) 44. Z(n2-+6n+11) 
In(n+ 1)(n+2) 46. Zn(n+1)2n+1) 
in(n-+ 5B)(n2 +5n+ 10) 48. ZIn(nt+1)(2n+1) 


ALE Ef SY 
4(n+1) 50. (45) 51 (a). H4n3+18n2-—-n) 


(0). at as (if r is even), rt) (if r is odd) 


93, 43, 6}, 85; or, 83, 63, 4, 2} 58. 25 59. 9,16 
50500 yds. 61. 9 days 
after 36 yrs., 18¥ yds. 68. 10 months 64. 15 hrs. 


Exercise 5 


1928 2. 6561 8. Ht 4+ Fa 5 = 


ES) io Eh 8000 LAA 88° 


4 


10. 


14. 


5:0 > 


18. 
19. 
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El 11. ভঠঠT 12, 3,9 13, 9th 
lo at-o\s-a, 
7th 15. 519,291 16. (=) 
Exercise 6 

£25 2. £1 38. £9 4. £4 5. £522; +9 
19, 86, 108 ; or, 12, 36, ~ 108 7. 15,45 

995, 2025, 18225 ; or, — 225, 2025, — 18225 

ঠন Y, 8 Or, -। LL, =8 10, ঞ্, %ু, Ef 1, Ef ্, তপ ঠা, তু 


Or, a, 3 A রী, br ES Eo 7 বুপি, 3%, Lp নু 
82, 18 or, 18, 829. 


Exercise 7 
255 2, 955} 8. 3(3°-1) 4, 11-82) 
SLAG: 19682 511 
888 6, gn ley 8. 13H 
5 1 Te 2 
(-i=) 1 Gg I 7256, 12. 1388 
738 14am 100-2) 
3° 
1580 17. 1099 18. 3(925-1) 
25500 20. 1, 4,16. 
Exercise 8 
Hor -1)- 4 00 -D-2 
7-2 as ন) nN n+l ot 
9 SL\ Ion 6.0.27, 00 n-2 
48" -1)-5 10. 9n+1_9+n(nt+1) 
up 3 On SE 
8,6, 19, or, 19,6, 8 2. 
9, 8/8, 0596, 5, ~16 16. LETTE 
2+2- 2 


4, 8, 16, or, 16, 86, 4. 


30. 


ANSWERS 5 


Exercise 9 


#25, 0=805. 2. 95,3515,/=2D 3. 9. 


R=h+hlo2 6. () Ya, (ii) t2 


8 ye HT 
Arie 9 10. b 20415 1 11. 100r8 
16: 49 18. 883 sq. ft. 14, £6 15. 2H days 
4 
20} 6, 17. se 19, 956 ft. 


20m. per hr. 21, d=4. 22, 64:45 24, Rs. 825 
80 ft, 26. (i) P=22 (ii) W= 68. 


Exercise 10 


1'9445, 1'0913, 3'5127 2. 28'01, '05671, ‘06689 
6,10 4. Tth 5. 1644, 1'524; ‘7656 6. () 1248 
(ii) 15'7 (ii) ‘01795 7. 16582126 8. ‘30108 
£70 10. Rs. 847. 14 a. 8 p. (real ans. is Rs. 847 
442.87.) 11. 975 12. 195'2 acres 

Rs. 478 (App.) 14, 6616 ( real ans. 6615) 

99 yds. 16.4 19. 1'196 sq. yd. 22. (i) 2=1'598 


(ii) = "08 (App.) 28.6 26. log t= 3(a+30), 
log y= 3(a — 20) r+ fl) 20001470 ADD) 
= '40708, y = 5'6568 ( App. ) 81, 1206. 


Exercise 11 
(0) +(4V2+38) (0) £(3V/3-1) (0) £3(014+ N38) 
(a) £Y2V3- V9) 6) £YTUVG+ V3) £(8+ 2) 
(a) yr ABE HO) 


6 
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0) = (eT I+ Ve = 5271) 

(ec) £(V3+ /5+22) (6) £(V2- V/8- 6) 

(0) +£{NVe-y)+ Vz} 

(a) 9-V3+1 

(5) 9 /8- 9.243 /8./4-64+2 V3.2 - 23/4, (0) YI- 1 
(d) (Ve+ y+ VaX 2+ Vo- Vy NV2- 2+ V9) 

(a) 8+9/1+2923 (0) 25-1800+6Nt 


(0) EE (4) V3+1 


9 
PE 090 8,2 10. 38'66. 
Exercise 12 
-(18+116) 2. -(142-—292NV35) 4s, 
~ (94 /54+20/33-6 /6- 15 /I2) 4. A 
RISE. } Tre 
3(6+2V/-5+3V/-3- VIB) 6. -4§Hi 7. নিক 
Gab } 18,.9 
PETS 9. 0+; 10. IoD 
TE ANE BT 19 Bb 14 66--4,0 
(8+ V/-5) 16. #£(5-3/=32) 17. £(06-6V/-71) 
(85-4) 19. 4+(8-4i) 20. 0-5 


+ +(8+55) 22. +3(8+V/-11) 23. +(5+2i5) 
+ S(9+h 25. + PVT IFLTS Na -B0T1) 


(6-1) -*} NES, 68 3) 0 6 


19. 


21. 


ANSWERS lr) 


5 86. 13 87. 65 88. 25 389. Ms 
(s+) +oy)(e Loy) 

(a+ b+cNa + bw -+cw2)(a + bw? + cw) 42. (%+5)(0-5) 
(s+ wy) -+o°2y) 45, +1and Fi 50. 3 

(a+ bc — abe)? + (1 — ab — ace — be)? 52. 10. 


Exercise 183 


Se 25) 2 28) ee yo 
ea se ATE he (Ph 
EG tC) yell 
S2lt Yoh ee 12 

en bE on 1 217 Yes 
et) i | 5) Re atl 
v5 Et oa 
El) ns 2he y= -0hiee ym 4 
DB Tae 23 
Ll Elle 
van) 2) 

ae EE LL 


=", Y=, Or, = -5,Yy=-7 
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veslv=nl ys 0 gat) 
2=2, y=5 or, %=-2, y= -5 
SE} o0a0) 26. = 0} br } 
Ele 83 
abt Vas FAUTES af VAT FabT IS 

a+b a+b 
EL less 
eT) 58 27) 


TRIGONOMETRY 
Exercise 1 


1. 60092. 450,1 8. 905 Us tT E, 3! 


6. Veit -ু8 B90. E9109 


9 AJB 
—: 13. 19. ~~ 

VB Ue T4. CE 9 5 

0 22. - tan 38° 28. - cos 30° 


24, - sing 25. 190°, 300°, - 60°, — 240°, 26.’ 60°,190°. 


27. 80°,150° 28. 80°, 380° 29. 60°, 90°, 270°, 300° 


80. 90°, 150° 81, 45°,135°, 225°, 815° 32. (i) ঢ় 


(i) £2 (i) +1 3838.0) 240° (i) 830° (ii) 406° 


34, 


V2 


2 00. L0ABG. Cisin 0. -% (i) 8 88. -1. 


V3 


1. 


4,() 9: 


ANSWERS 9 


Exercise 2 


0) ড় 2 (G) 2+ N38 (i) -(0+03) 


sin A cos B co8 © — cos A Sin B cos C+cosAcos BsinC 
sin Asin B sin C. 
N22 4.383 5. -88 6. A 27. 0.28, 1, 


Exereise 8 
sin 760-+sin 80 2. sin 150-Fsin 6 8. 5(cos 60 cos 6) 
cos (2A — B) — cos (4A+B) 5. N38 cos 20° 
~ 2 cos 50 sin 20 7, 2 cos BA cos 2A 
98in80sin6 9. 0 10.5 11. 3 12.4% 


ডা 29. 4sin hag sin (CFA) sin (A+B) 
sin (A+B+C) +sin (A-B— RYE (A+B -C) 
+sin (A-B+C) 


4sinABsinBsinC 84. 4 35. tan 4A 
A 0 ES 
4-—a* 


Exercise 4 
# 2. - ঠন bE 


‘2 tan A. 1-—tan? A 
Gi) ITFtan2A' 1+tan®? A 


ad 


Exercise 5 


1, HASEVE-— V5 VB HVT V5 N5—=- VB} 


8. 


AEH 4 356, } 8. tos 10. 
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b2— a2 4-a2- En) 
+ BF Eas 


ed 
nt 


12. sing=H- VIFSinA - VI-sin A}, 
cos G=H — VIF A + VI sin A} 
21. No. 2sin 5 —_NiFsind +NVIi-sin0 


9 ) UCU ELAS 
24, = - 7 25. A= N1+ VIHA, 
24. TAT 5. 2sinJA= V1iFsinA + V1—sinA 


CO0-ORDINATE GEOMETRY 
Exercise 1 


1.0) 18 (ii) 5 (i) 4/13 (iv) 10 (v) Jala) 
20) LAID (b) 95 (ec) 13 (da) 10 

(e) Jm2+n2 (1) 2V/52Fdz (8) (cos 0—sin 0) V3 
(bh) 2/4245 8.0) (5,3) (i) (9, -1) (ii) (GG, -3) 
4. (a) (2,#) (b)(0,-1) (0) (-11,16) (8) (9,8) 
5. (8,28)6()4:5 (i) 8:2 (externally) 7. 5or-1 
8. 9or 3 9. 7 orl7 21. (3,5) 22. (8,4) 98. 32-+y=4 
24, (i) 11, (i) 83, (iii) 223, (iv) 3, (v) 3 sin 6, 

(vi) 0 25. VTL, (-3,8) 26. (1,38) 27. (8,4) 

28, 8/2, 3;:8 29. 3 0: 6 
32. (i) 5'5 sq. units (ii) 9 sq. units (iii) 10 sq. units 

(iv) 17 sq. units 88. (8,4);5 39, 18%. 
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Exercise 2 
1. 25-yY=4. 2. 6%24+8y=25 8. 2%%-38=0. 
4. 2% -835=4 5. 8%24+4y?-16y-16%54+832=0. 
6. y2=25-1. 7. 22+y92-100-24y=0. 
8. 22+y°=k2-a? 9. 99-y+8=0. 
b 
! =k, 11, £+--=1. 
10. +y=k 222 al 
Exercise 3 


1.() 8 (4) + (Gi); (iv) -83 (») 0. 


2. () ty ষ্ঁ, (8, 0) (i) 8, Le 2, 0) (ii) 0) (0, 0) 


(iv) 2,(-3, 0) (vy) -cotb6,(-—r sin 06, 0). 
3. (i) 90° (0, 0) (ii) 45°,(0,1) (ii) 185°, (0, 5) 
{iv) 60°, (0, 2) (vy) tan”! 3,(0, 23). 


4.() -8and# (i) —{ and 2 
(iii) —? cosec 6 and rr sec 6. 
5. (i) 2%+3y=6 (ii) 45+5y+20=0 (iii) 8%-—5y=9 


(iv) 5%-9/y+13=0 (vy) b+ ay=a. 
(vi) b2z cos <+a2y sec «= abd. 
6. (i) 9%+8y=29 (ii) bs -ay+ab=0 
io et VL CHD CED 

(iii) 7 008 গন nO 

(iv) 2%0-(p1 OT 2 
COD MY ERD EO TEL 

(y) 700 ত pein se Nr 

(vi) 8%+y=5. 7.() 6294+11y-9=0, 


llc-+2y-71=0 and 5x -—9y+47=0. 
(ii) s4+y=3, 125 ~5y=70 and 5x — 12 +70=0. 
(iii) 2%4+5/=0,11%-y-57=0 and 32 - 2y = 0. 
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8.(i) w cos 30°4+y sin 30°=4 
(ii) cos 135°+y sin 185°=7. 
(iii) » cos 225°-+y sin 225°=2 V2. 
(iy) 13 19 


a _" V0’ = VIO 
y ty holy 7 ab 
LOE! Ds © VGsansot Tos) 
10. (a) y= VB32+1 (b) 2V/3+y=10 
(ec) +y+2=0. (d) #-y+1=0 
(e) #—-y+1=0,(1,2) (f) 3%-2y+30=0 
(8) £4+2=2 (h) 2+y=5 
A) 
(i) a(e-a)+y(d-b)=c2+d2-a2- 2, 
11. ‘92 -2%+1=0. 12. 27-—83y=0 and 82- 39=0. 
18, 3%4+2y-12=0 0r2+y=5. 
14, ++10y-28=0. 16. 54+ V/3y= £6. 
17 [gy = ly BE 
%-Y+1=0,; (1, 2). 18. GRE tL 


19. (a) Angle=tan-1 (~—£), 2 in the negative side of y-axis 
(b) 2/10 (6) 29,3. 20. 35+1ly-15=0. 

21,() 22=4y" (i) 29%2+3y2- 19 +9 +14=0. 

22. 224 y2 +40 +34 +7=0. 28. o'24+9200'+y'2=0. 


Exercise 4 


1.(a) y=7 (0) s+3=0 2. (i) Maid 


(i) 45° (iii) 45° (iv) tan (vy) 90°.. 


8, 


4. 


11. 


ANSWERS 18 


(i) (-57%,%5) (8) (15,13) (ii) (2,22); 9%4+9y=40 


(iv) (p cos +t 500 ty sin 2+ sin 2°). 

(a) 42-3y+3=0 (0) 3%4+4y-25=0 

(0) y-—8%+7=0 (d) 82+y-5=0 

(e) 3%+7y=0 (f) 12%+18y+11=0 

(y) 2+38y-1=0 (nh) s+y/+2=0 (i) 2=y 
(7) 119%+1029/—-125=0 (k) 9%5+3y+1=0. 

G0) a Om 0G HR) 


0G OLR) 


(a) 1 (b) 0 10, 8%-y=7,; 8h sq. units. 
191y— 882= 371 Ua ন). 
(a) 3%—Y=7 and %4+3y=9 
(b)  #="7 and c+ V8y=7+9 V5 
(c) 2=0 and y+ V/3%=0 (d) Y= tan 06. 
2=8;Y=4, 43 sq. units. 
9%-T71y-1=0 and 72+9y - 73 =0. 
75—-Y+19=0 and 2 - 5y +27= 0. 
(0) 304+ 43). 0) 87 A v=+5; 10 ang ION 
6G) 20) TB 21. be-19/+16=0,; 18. 
94 sq. units 23. (0, 0), (10, 0), (7, V3) and 
(8, V3) ; 7 V3 sq. units. 
2(b-b)-yY(la—-a )=ab- ab; 


2(b-b)+ya—a)=ab—- ab. 
Ele. M.(X)—17 


bl 


A ) on opposite sides 


APPENDIX 
MENSURATION 


[N.B. Circular cylinder and sphere are included in the 
syllabus of Core Mathematics, but as questions on these topics 
may be set in H. S. Elec. Math. papers, they are dealt with here.] 


CIRCULAR CYLINDER 


A right circular cylinder is a solid generated by the 
revolution of a rectangle round one of its sides as its axis. 

A drum, a lead pencil, a heap of pice placed one upon another 
or a uniformly thick spherical shell, etc. 
may be taken as circular cylinders. 

If the rectangle ABCD is made to turn 
round the side AB, it generates a right 
circular cylinder as shown in the figure. 
AB is said to be the axis of the cylinder. 
The opposite side CD generates the curved 
Surface of the cylinder and is called the 
generating line. Cand D always remain 
equidistant from B and A respectively. So, AD and BO describe 
respectively two plane parallel circles. AB is perpendicular to 
both the ends. The end on which the cylinder stands is called 
its base. : 


Area of the curved surface of a right circular cylinder, 


Draw perpendicularly a straight line along the curved surface 
of a cylinder and cut it along that line. . If you now fully stretch 
the curved surface," it will turn into a plane surface. Evidently 
this plane surface will be a rectangle whose length and breadth 
are equal respectively to the cireumference and height of the 
cylinder. 

the area of the curved surface of the ‘right circular 
cylinder = circumference of the base X height. 
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If 7 be the radius of the base and h the height of a right 
circular cylinder, then 
the area of the curved surface of the cylinder 
= (circumference of the base) X height 
=2%7h units of area ; 
and the area of the whole surface 
=area of the curved surface--area of the two ends 
=2Inrh+ 2772 (‘*." area of a circle= tr° ) 
=9%7(h-4-r) units of area. 
The volume of the cylinder 
= (area of the base) x height= 72h units of volume. 
Examples [A] 
[ Take n= 2 


Ex.1. The height of a right circular cylinder is 1m. 4dm. and 
the diameter of the baseis5m. Find the area of .the curved 
Surface of the cylinder. 

The area, of the curved surface of the cylinder= 27h. 

Here, T=radius= 3 diameter = £ m., Mheight)= 1m. 4dm.= 3m. 
“» the required area=2 XxX m. XZ m.=22 sq. metres. 


Ex. 2. The height of a cylindrical column is 9 metres and the 
radius of the base is 1'75 m. Find the area of the whole surface. 


Here, radius ( 7 )=1'75 m.=Z m., height ( h )=9 m. 
the area of the curved surface of the column = 27h 
=2X# XZ m. x9 m.=99 sq. m. 
Again, the area of the two circular ends= 2772 
K =2X#X (3) sq. m.=192 Sq. m. 
*. the ares of the whole surface= (994-192) sq. m. 
=1185 sq. m.=118 sq. m. 25 sq. dm. 


Ex. 8. ‘ Find the radius of the base of a cylindrical. column, 
8 metres high, whose curved surface is 2464 square metres. 


The area of the curved surface of a cylinder= 2n7h. 

Here, the given area= 2464 sq. m. and height ( h )=8 m. 

+. 2nrh= 2464 sq. m. ( r= radius ), 

Or, 2X#-X8 m.Xr=24648q.m., '. r=iIfzT m.=49m. 
‘. the required radius= 49 metres. 
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Ex. 4. The height of a right circular cylinder is 16 metres 
and the radius of the base is 8 m. 5B dm. Find its volume. 

The volume of the cylinder=area of the base X height= 7° h. 

Here, 7= 83 m. and h=16 m. 

the required volume=7 X(3)* x 16 cu. m.= 616 cubic metres. 

Ex. 5. The diameter of the base of a cylindrical pillar is 
7 métres and its height is 12 metres. Find the cost of constructing 
it at RBs. 23 per cubic metre. 

Here, 7=3 m., h=12 m., .‘. the volume of the pillar= ar*h 

= X(T)* X12 ou, m.=22X 7X83 cu. m 

Cost per cubic metre= Rs. 25= Bs. 

‘. the required cost of construction= Rs. 22x37 —Rs, 1078. 

Ex. 6. An iron pipe is 8 inches in bore; 3 inch thick, and 
20 feet long. Find its weight supposing that a cubic inch of iron 
weighs 4°526 ounces. [B. U. 8.] 

The length of the pipe= 20 feet = 240 inches. 


The internal radius of the pipe is £ inches and the iron plate 
is fF inch thick. 
‘. its radius up to the external side=(§--3) or 9 inches. 


‘". if the pipe be solid, the area of its circular end 
=X 2° sq. inches = sq. inches. 
The area of its hollow circular end = x (#)* sq. inches 
=22 sq. inches. 
the volume of the iron plate=(8/-— 22) sq. inches x length 
=i sq. in, x 240 in.= 1320 cubic inches. 
The weight of 1 cubic inch of iron plate=4'526 ounces. 
‘« the required weight= 4526 x 1320 ounces 


= pounds=373"895 lbs. 


Ex The curved surface of a right cylinder is 1000 square 
centimetres and the diameter of the base is 20 cms. ; find the 
volume of the cylinder. Also find the height to the nearest 
millimetre. [C. U. 1934] 


The circumference of the base= 2%7=207% cm. 
[ '." 2 (diameter)=20 cm. ] 
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the required height of the cylinder 
=(1000-202) em.=5 om. 


8 লা cm, (taking x= 3'1416)=15 cm. 9 mm. (approximately). 


Again, the volume of the cylinder 


Eh ean SC (LO)* XE ACE BOO0 6, 0. 


Ex. 8. ‘The curved surface of & cylindrical pillar is 264 square 
metres and its volume is 924 cubic metres. Find the diameter 
and the height of the pillar. 


Suppose the radius of the pillar=7 metres and height= h metres. 
*. by the condition of the problem, 
217h=264......(1) and sr*h=924......(2) 


r°h _ 994 LES SOU ES 
xr =564% 0% GT: *"- ET 


the required diameter =27= 14 metres. 

Again, {rom (i) we Rl 2% XT XxX h= 264, or, 2 XE X 7 X h= 264, 
or, 44h=264, .'. h=6. .'. the required height= 6 metres. 
AXES. 9. How many pieces of coin £ cm. thick and 2 cm. in 
diameter can be made by melting a rectangular parallelopiped of 

metal with dimensions of 29 cem., 6 cm. and 4 cm. ? 
The volume of the metallic parallelopiped = 22 x 6 Xx 4cubic em. 

and the volume of each coins ar® h 


from (2)-(1) we get 


=X 1° XE cu. cm.=ZE ou. om. 

‘+, the required number of coins =(29 x 6 x 4) 12= 672. 

Ex, 10. A thick hollow cylindrical pipe is 6 inches in length, 
and its whole surface ( outer and inner curved surfaces and the 
Plane edges ) is 808 sq. inches. If the external diameter of the 
Pipe is 8 inches, and if its material weighs 4 078. per cubic inch, 
find its weight. [ 1=22 [H. 8. '60] 


Let the thickness of the pipe be % inches. As its external 
radius is 4 inches, its internal radius is (4 - 2) inches, 
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'" by the problem, the area of the outer and inner curved 
Surfaces and the plane edges= 308 sq. in., 
C9 xX4xX64+2%(4- 0) Xx 64+2{%.42 - (4 - 5)*}= 808, 
or, 27%(244-24 - 67)4+2(16- 1648% - 2°)= 308, 
or, 2#(48-674+8z5- 2°)= 308, 
or, 4#(484+20-2°)= 308, or, 48+25 -— 2° = 4 = 49, 
or, %°-254+1=0, or, (%-1)*=0, .. 2=1 inch. 
~, The internal radius of the pipe is (4 - 1) or 8 inches. 

The volume of the material of the pipe 

=(% X42 X6- 7% X82 x6) ou. in. 

=22X6X(4°2 - 8°) ou. in.=#X 6X7 cu. in.=182 cou. in. 
“. The required weight of the pipe=4 07. X 132 
Cl = 1b. = 38 lbs. 
N; Ex11. A right circular cylinder and a right circular cone 
have equal bases and equal heights. It their curved surfaces are 
in the ratio 8 : 5, show that the radius of the base is to its height 
a8 8:4. [E. 8. '63] 

Tet the radius of both the cylinder and the cone be r and lot h 
be their height. 

The ares of the curved surface of the cylinder= 27rh, 

and that of the cone=%7r Vr2 +h. 


ট ্‌ 5 9x2rh  _8 h 4 

‘“, from the given condition EEE ) 5: 00 TT 
RA ALG LO ANP RON 8 

Or, 74 25’ or, 9h =16r°, or, TIO pT 


The radius of the base : the height=3 : 4, 


A Ex. 12. The volumes of a right circular cylinder and a right 

Circular cone standing on the same base are 28 8: 2. Show that 
the height of the cone is double the height of the cylinder. 

[ 0. Pre-U. 68] 


Let h and I be respectively the heights of the cylinder and 
the cone and let the radius of their common base be r. 

Now, the volume of the cylinder =a17°h 

and that of the cone= Far h. 

from the given condition we have 

rh 3 h_3 AE: Sola EE bY ACT ll 

Fareh 9: OF, 9 ON ঢXনঁ ত h =2%h. 
~, the height of the cone is double the height of the cylinder. 
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i 13. A vertical cylindrical vessel of radius 1 foot is 
partly filled with water, and into it is plunged a solid cone, whose 
height is equal to the diameter of the base. If, when the cone is 
completely immersed, the water rises 4 inches, find the 
dimensions of the cone. ( 
If h be the height of the solid cone, then the radius of its base 
is Fh. 
‘". The volume of the cone= Fn(3h)® X h= Zhe. 
Again, when the cone is completely immersed in the water of 
the cylinder, the water surface rises 4 inches. 
Novw, the volume of water displaced by the cone=the volume 
of the cone. 
Here, the volume of the water displaced 
= the volume of the cylinder whose radius is 1 foot and height 
is 4 inches= tr°h= X (192) X4 cu. in. 
1EThe=mTX19°X4, or, h3=128 X4, 
h=12YV£ in.=12 Xx 1°58 in. (App.)=19 in. (App.) 
The height of the cone= 19 inches (App.) and 

the radius of its base=3h=¥FX9 in. =9'5 inches (App.). 


Exercise A 
[ Take #= 22 


1. The length of a hollow right circular cylinder is 10 metres 
and the diameter of the base is 7 metres. Find the area of its 
curved surface. 

2, The circumference of the base of a, cylindrical column is 
4 feet 7 inches and its height is 12 yards. Find the ares of its 
curved surface. 

8. Find the volume and the ares, of the curved surface of a 
right circular cylinder of height 4 feet and radius of whose base is 
8 feet. ! [0C. U:'39] 

4, The diameter of the ends of a right circular cylinder is 
2m, 8 dm. Find the area of its two ends. 
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5. The height of a right circular cylinder is 12 cm. and the 
diameter of the base is 7 cm. Find the area of the whole surface. 

6. The height of a cylindrical pillar is 14 m. and its curved 
surface is 264 square metres. Find the radius of its base. 

7. The height of a right circular chimney is 30 ft. and the 
radius of the base is 1 ft. 2 in. What is the cost of painting its 
curved surface at 2 annas per square foot ? 

8. TIfit costs Rs. 41. 25 P. to polish the curved surface of a 
cylindrical pillar 15 metres high at 25 paise per square metre, find 
the radius of its base. 

9. The diameter of a right cireular cylinder 14 metres high 
i8 6 metres. Find its volume. 

10. The volume of a cylindrical pillar 1 Dm. 4 m. high is 589 
cubic metres. Find the diameter of the base. 

11. The diameter of the base of a cylindrical pillar is 4m. 
and its height is 21 metres. Find the cost of constructing the 
pillar at 1°6 rupees per cubic metre. 


/ #12. A cubic inch of gold is drawn into a wire of 1000 yds. 


long, find the diameter of the wire to the nearest thousandth of an 
inch. [CU 581 

18. The external and internal radii of the base of a hollow 
right circular cylinder are 14 em. and 7 cm. respectively. Find the 
area of one of its ends. 

AA. Find the weight of 9 cast-iron pipe whose length is 9 feet, 
the bore 83 inches and thickness of the metal is 1 inch. A cubic 
inch of cast-iron-weighs z lb. [RU 8 

15. 11 cubic centimetres of iron is drawn into a wire 56 cm. 
long. Find the radius of the end of the wire. 

16. Find the cubic inches of material in a cylindrical tube, 
the radius of the outer surface being 10 inches, the thickness 


2 inches and the height 9 inches. [R.U.8.] 
i ‘hz ISFOX3AIL 

AN NAING Ba = SLES 
2 Te FES ER LEE EBL lS bd 


YE DTA SACO 
1৭6713 


sdQaelilsi2 Geeta fds ax 4 Ah 


A CAA 


SPHERE 


A sphere is a solid bounded by one surface and it may be ‘seen 
to be generated by the revolution of a semi-circle about its 
diameter as axis. The surface described by 
the semi-cireumference is called the surface 
of the sphere. The radius of this semi-circle 
is the radius of the sphere. 

A tonnis ball, a marble, etc. are familiar ) 
examples of a sphere. 

If the radius of .a sphere ber, then 
(a) the area of the surface of the sphere 
=% X( diameter )2=4m7° units of area, 


or, the area, of the surface= the circumference of the generating 
circle X diameter= 277 Xx 2r units of area. 


(b) The volume of the sphere= 7° units of volume. 
Examples [B] 


[ Take #=2>, if not otherwise stated ] 


Ex. 1. Find the es and the volume of a sphere whose 
‘ diameter is 14 metres. 


Here, r (radius)=Tm., .'. the required area of the surface 
Ea EET  X(1)* sq. m.= 616 sq. m. 
The required volume= $178 =$ X22. X(7)® cu. m.=14373cu. m. 


. Ex. 2. The surface of a sphere is 9856 Sq. cm. Find its 
diameter. 


' the area of the surface=4n72, .". here, 4X22 x72 =9856 sq.oms 
+. 1*=29837 sq. om.= 784 sq. om., '. T= NT84cem.= 28cm. 
*. the required diameter =27 = 56 cm. 


~ eG (8.) There are a8 many cubic inches in the volume of a 
sphere 85 there are square inches in the area of its curved TS 
Find the radius of the sphere. 
Suppose, the radius of the sphere=?7 inches. 
- the area of its surface=4n72 square inches, | 
and its Volume= fmr° cubic inches. 
by the condition of the problem, #78 = 4172, | 
78 AT ; হর 


os a ‘+. 7=8. .'. . the required radius= 3 inches. 
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Ex. 4. Find the radius of a sphere whose surface is equal to 
the curved surface of @ right circular cylinder having height and 
diameter each 10 metres in length. 
The radius of the cylinder= 5 metres. 
The curved surface of the cylinder=2n17h= 2% X 5 Xx 10 = 1007 ; 


Again, the surface of the sphere= 477° (taking 7 for radius of 
the sphere). 
‘4%? =1007, or, T:=2%5,. . 17=5. 


‘. the required radius= 5 metres. 

x. 5. A leaden sphere 1 inch in diameter is beaten inso 8 
circular sheet of uniform thickness equal to 10v inch. Find the 
radius of the sheet. 

The radius of the sphere= 3 inch. 
the volume of the sphere=%n73= $n X(3)° = cu. in. 

Let the radius of the sheet be r inches. 

“, the area of the sheet= 77° sq. in. and it is 500 inch thick. 
“its volume= tr? SET Gt: LAs 0s 100-0 
C= 1g0= sq. in, T= NV in.=4'0825 in. 
the required radius of the sheet = 40825 inches (App.). 

ৰ. 6. How many spherical bullets each 5 dm. in diameter can 


be cast from a rectangular block of lead 11 m. by 10 m. Sil [) m. jf 
T= 22 


The volume of the block of lead = 11m. X 10m. X Bm.= 550cu. m. 
the total volume of all the bullets= 560 ou. m. 
The radius of one bullet=3 dm.=7 m. gs 
the volume of 1 bullet= tr =# XX (3) =z 00. mm. 
“, the number of bullets= (550 ou, m.-— Tz CU. m.)= 8400. 
Ex. 7. A solid sphere of radius 4 cms. is blown into a hollow 
sphere of uniform thickness, radius of whose external surface is 
5 ems. Find the thickness of the hollow sphere. [ /61= 394 ] 
The volume of the solid sphere= $278=%.%.4° cu. cm. 
The volume of the hollow sphere=%.7.5° cu, om. 
Let the thickness of the hollow sphere be d-cm. Then the 
radius of this sphere is (5d) em. 
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Now, the volume of this hollow sphere 

=the volume of the whole sphere — the volume of the solid 
portion of the whole sphere. 

3% (5 - d) = §.7.58 - fn,48, 

or, (5-d)8=58-43=1925 - 64= 61, ox,.6.7 d= $/615,8°94, 

++ 4=5-8'94=1'06. .'. The reqd. thickness is 1'06 em. 

Ex. 8. The external and internal radii of 2 sphere are 6 cm. 
and 8 em. respectively ; find the volume. 

Here, the difference of the volumes of two concentric Spheres 
having 6 cm. and 3 cm. as their respective radius is the volume otf 
tho sphere. ‘ 


*. the requfted Volume of the sphere= #% x (6) — &% x (3) 
=38%(68 - 88) = § X22 X 189 cu. cm.= 1792 cu. om. 


Ex. 9. The external diameter of a Sphere, made of iron sheet 
2 inches thick, is one foot. If one cubic foot of iron weighs 450 lbs ; 
find the weight of the sphere. : [+= 
The external radius of the Sphere = 6 inches. 
its internal radius= 6 inches — 2 inches =4 inches. . 
the volume of the sphere= $1(68 — 48)=% XX 152 cu.in. 


_ 4X99 159 : ‘ES 
=3X7 x (9) Cu. ft. .'." the weight of 1 cu, ft. of iron = 450lbs., 
fe A the required weight of the sphere 
X22 X 159 x 450 10450 3 5 
=o ত UTE + = , = ~ ] . 
5X7 (15) Ibs 68 lbs. = 165'87 lbs. (approximately) 


Ex. 10. Three solid spheres of gold whose radii are 1 om,., 
6 cm. and 8 em. respectively are melted into a Single solid sphere. 
Find the radius of the sphere so formed. [O.Pre-U. '61; C.U. '56] 

Let R be the radius of the new sphere. 

*. the volume of the new sphere= FR. 

Again, the volume of the first Sphere=3.7%. 1°; that of the 
Second sphere=£.%,6° and the volume of the third sphere= £.7.85, 
*'. the total volume of the three Spheres = $7%(13-- 634-88) cu. om. 

=$ % x(142164512) cu. Cm.=%.7,7299 cu. cm. 

+. B.2.R=f.tX799, 1, R=129=9x9 XI R=9, 

‘+ the required radius of the new sphere=9 cm. 
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Ex. 11. How many solid spheres, each of 6 cms. diameter, 
can be moulded from a solid metal cylinder whose length is 
45 cms. and diameter 4 cms. ? 

XIE the cylinder of the above dimensions be hollow, how many 


circular dises of diameter 6 cms. may be made out of it ? 
[ C.U. 50} 


First Part : The volume of the given cylinder 
=772h= Tt X (2)? X45 cu. em.= 180% cu. om. 
The volume of each sphere= 877° = §". (3) cu. om. 
= 367% cu. cm, 

The required number of spheres = 180% -— 36% = 5. 
~JSecond Part: The area of the curved surface of the hollow 
cylinder = 27rh=4.%.45 sq. cm.= 1807 sq. em. - 

The area of each circular dise= 17° =% X (3)*sq.cm.=9% sq.cm. 
, The required number of discs = 1807--9% = 20. 

V-2-Ex. 12. A sphere and & right circular cylinder of the same 
~Fadius have equal volumes. By what percentage does the diameter 
of the cylinder exceed its height ? er (00, ’51] 

Let h be the height of the cylinder and 7 be the radius of the 
sphere and the cylinder. The volume of the sphere=35n17° and 
that of the cylinder= r°h, , 

““, by the problem, we have fm8=m72h, or, r=3h. 

‘", the diameter of the cylinder =2r=3h. 


Now, Zh exceeds h by a i.e., by 50%. 


The diameter of the cylinder exceeds its height by 50%. 


Ex. 18. A solid sphere 6 inches in diameter is formed into a- 
tube 10 inches in external diameter and 4 inches in length ; find. 
the thickness of the tube. 

Here the radius of the sphere is 8 inches. Suppose the tube 
to be % inches thick. ' Its external radius is 5 inches. 

The volume of the sphere= $17 = fm X38 cu. in.=4TX 82 cu, in. 
The volume of the pipe=4715° -(5-2)°} ou. in. 
A Ani? -(5-2)°}=4% X82, or, 5° (5-27): = 8°, 
or, (b-1):= 5° -32=42, or, 5-2=4, +. 2=1. 
The required thickness of the tube is 1 inch. 
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Ex. 14. A solid right circular cylinder, whose height is 
9 inches and diameter of the base 4 inches, is deformed into a 
sphere. Find the surface area of this sphere. [H. S. '61 (Compl.)] 


Here the radius of the base of the cylinder is 2 inches. 
Its volume= t7°h= 7,292.9 cu. in,.= 36% cu. in. 

Let 7 inches be the radius of the Sphere. Then its volume= £nyp8, 
+. by the given condition $778 =86%, or, 73=27, . 7=3 in. 
+** The required surface area of the Sphere= 417° 

=4X X89 sq. in.=28789 5g, in. = 1137 sq. inches. 
hx. 15. With the material .of a hollow Sphere of outer 
diameter 10 cms. and thickness 2 cms. is made a solid right 


circular cone of height 8 cms: Find the Surface area of its curved 
Surface to the nearest centimetre. [==] [E. 5. '61] 


Let 7 em. be the radius of the base of the cone. 
Its volume=3mr°h= 272 x8 cu. om. 
Again, the external diameter of the sphere is 10 em. and it is 
2 cm. thick. 
** its internal diameter=(10- 4) cm.=6 cm. and so its 
internal radius is 8 cm. and external radius is (34-2) or 5 cm. 
*. The volume of the Sphero= 7 (58 — 83)= &% x 98 cu. om. 
+» by the problem Fr Xx 8= 7 X98, or, 7* =49, .'. 7=7 om. 
Let l em. be the slant height of the cone. 
++ I= Vr Th = 85 ET om.= VIS com. 
+. The area of its curved Surface = ny] 
=X 7X VII sq. cm. = 234 sq. cm. (App.). 
Ex. 16. Two solid Copper spheres of radii 1 cm. and 83 cms. 


Are ‘melted and a solid right Circular cone of height 7 cms, is 
formed of the material. Find the radius of its base. 


H. 5. '68 (Compl.)] 
The total volume of the two spheres { : } 


= 87(18 +323) cou, cm.=#7 X28 cu. om. 
Let 7 em. be the radius of the base of the cone. 
Then its volume= #172 x7 ou. cm. 
*. From the given condition we have ga x 7= #7 X 28, 
Or, . 3T* = § X28, OF, 72=$ X98 x#=16, 
-. The required radius=4 cm, 


e754, 


APPENDIX 27 
~~} 
“Ex. 17. A sphere of diameter 6 cms. is dropped into a 
cylindrical vessel partly filled with water. The diameter of the 
vessel is 12 cms. If the sphere be completely submerged, by how 
much will the surface of the water be raised ? [E. 8. '63] 
Suppose the water-surface of the vessel rises by h cm. when 
the sphere is submerged in the vessel. 
The volume of the water in the vessel thus raised=tr°h 
=2.6°.hcu. om, [r= X12 em.=6 com. ] 
Again, the volume of the sphere=$n7° =#7 Xx 8° cu. om. 
*.* the water-surface of the vessel has been raised h em. higher 
by the displacement of water equal to the volume of the sphere, 
7.6°.h=£7.38, or, 86h= 86, «. h=1. 
The surface of the water will be raised by 1 cm. 


Exercise B 
[ Take = ] 


{l. Find the surface of a sphere whose diameteris 5 dm. 6cem. 
9. The radius of a sphere is 83 dm. ; find the area of its 


surface. 
3. Find the volume of a sphere having & diameter of 1 dm. 


4 cm. 
4, The surface of a sphere is 154 sq. cm., find its radius. 
5. The surface of a globe is FE sq. m., find its diameter. 
6. The volume of a sphere is 14875 cu. m., find its radius. 
7. A sphere is 36 inches in diameter, find its volume in cubic 


feet. [P. U.] 
LB The volume of 9 sphere is twice the area of its surface, 
Find the radius of the sphere. [0. U. '53] 


9 The height and diameter of the base of a right circular 
cylinder are each 6 metres. Find the radius of the sphere whose 
surface is equal to the curved surface of the cylinder. 

10. How many spherical bullets, each 1 dm. in diameter, can 
be formed from an iron ball whose diameter is 6 decimetres ? 
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11. How may spherical bullets each 2 cm. in radius can be 
cast from a rectangular block of lead 10 cm. long, 8 em. broad and 
HF com. thick ? 

129. Three solid golden spherical beads of radii 3,4 and 5 
millimetres are melted into one single solid spherical bead. Find 
the radius of the single spherical bead. [C.U. '44, 0. Pre-U. ’63] 

18. The external and internal diameters of a shell are respec- 
tively 153 inches and 108 inches, find the volume. [R. U.S.] 

14. An iron sphere, 4 cm. in diameter, is beaten into a 
circulay sheet, # cm. thick ; find the radius of the sheet. 

. TItr, and rz be the radii of two solid spheres of gold and 
if they are melted into one solid sphere, prove that the radius of 


4. 
the new sphere is (1041, lg 


16. Find the weight of a hollow iron shell, if the exterior 
diameter is 13 inches and the thickness of the iron be 2 inches. 
(Iron weighs 4'2 ozs. per cubic inch.) [R. E.] 

17. A lump of clay in the form of a solid Sphere is converted 
into a right circular cylinder of height 16 inches. Find the 
radius of the base of the cylinder Supposing it to be equal to the 
radius of the sphere. { [C. U, '49] 

18. How many solid cylinders each of length 8 inches and 
diameter 6 inches can be made out of the materlal of a solid 
sphere of radius 6 inches ? [B. U. E. '62, CO. U. '52] 


Miscellaneous Examples 


Ex. 1. The area of the whole surface of a rectangular 
parallelopiped is 192 sq. cm. and its volume is 1440.0. If 
the length of a diagonal be 13 cm., find the dimensions of the 
solid. [C. U. 57] 

Let 4, b, ¢ centimetres be respectively the length, breadth 
and height of the parallelopiped, i.e., ab -+-be+ ca) = 192 Sq. cm., 

+. ab+be+ca=96...(1) 

Its volume, i.e., abe= 1440.0, abc= 144...(2) 
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The length of the diagonal, i.e., Nas +b +02=13, 
0° +024০ =169...(3) 

Now, (abc)? =a +02 +e + %(ab+-be+ ca) =169-+192= 361 
a+b+Fc= NV8361=19...(4) 

From (1) we have b(a4-c)+-ca=96...(5) 

From (2) we have a= and from (4) we have a+-c= 19 - b. 


from (5) we have b(19 - B+ =96, 
or, b°(19-0)+144=96b, or, b°-190°4+96b-144=0, 
or, 5 - 8b - 165° -+486-+48% - 144=0, 
or, b°(b-3)- 160 -3)+48(00-3)=0, 
or, (b-3)(b2 -164+48)=0, or, (b-3)(b-4)(b-12)=0. 
“LL 5=38,4,12. Now, it b=3, then the breadth is 3 em, 
Again, a+ bFe=19, or, a+c=19-=19-3=16, 
and w= itis. “.  0=12, c=4. 
Hence the regd. dimensions are 12 cm., 83 cm., 4 com. (if b= 3), 
or, 12 cm., 4 cm., 8 em. (if b= 4). 
[If b=12, then the length a becomes less than breadth b, 
so b= 12 is not considered.] 


Ex. 2. “The length, breadth and the height of a closed box are 
12 in., 10 in. and 8 in. respectively .and the total inner suriace 
is 876 sq. inches. If the walls are uniformly thick, find the 
thickness. [C. U. '58] 


Let the thickness be % inches. The inner longth, breadth and 
height of the box are (12-22), (10-25) and (8-29) inches 


respectively. 
“. By the problem we have 


2(12 - 25)(10 — 22)42(10 — 27)(8 — 292)4+2(8 - 22)(12 — 24)= 876, 
or, 8(6- o5)(5 - 2)--8(5 - a)(4-— 2)+8(4 — 2)(6 - 2)= 876, 
or, (6-%)(5- 2)-+(5- 2)(4 - 5)+(4 - 2)(6- 2)=47, 
Or, 30 - 110402 -+20- 900° +24 - 100+ 0° =47, 
or, 822 8054+27=0, or, *-10%54+9=0, 
or, (¢-1)(%-9)=0, ‘. 2=1 or 9. 
Elo. M. (X) G—18 
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As the thickness here cannot be 9 inches, the required 
thickness is 1 inch. 
Ww Ex. 8. Show how to draw & plane parallel to the base of a 
১ right circular cone 50 that it divides the cone into 


(i) two parts of equal surfaces ; 


(ii) two parts of equal volumes. . (CU: 47] 

(i) First Part: See Example 10 [cone] of this book. 
BORN UE PORT PAS 2 

[ Write up to £5] ETT BOL BOT 
GN BO LT POL PO 3-1 
HOE EONS PO Ses 


Hence the plane should divide the height of the cone in the 
ratio V2-1:1. 
(ii) Second Part: '. the plane divides the cone into two 


parts of equal volume, 
2, Inr*.PO=2X Er? XPO, 


72.PO PO®? PO Le 7 PO | 
ED 2 TATED CTE . এত চত 
ra.PO or BOs pO™* 5 EPO 
i (POS oe PO UI LABOR PON NST 
PERO) EN EOE TEA ARO ৰ 


"Th the plane will divide the height in the ratio 2-1: Ee 
x 3 


Ex, 4, The curved surface of @ right circular cylinder and a 
right circular cone standing on the same base and having the 
same height are in the ratio 8:5. Show that the radius of the 


hase is 4 the height. [C. U. "59 (compl.)] 
Tiet 7 be the radius of the base and h the height of the 
cylinder. 


Then the area of the curved surface of the cylinder= 9nrh, 
and that of the cone= rl= i Nr2 +h. 
~, “by the problem we have ৮3 


Onrh : Ar TE FRI=8:5, or, 2h: NaF R2=8: 5, 
or, 10h=8 NVr2+h2, OF, 100h® = 647° + 64h°, 


~~ Rand 
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or, 64r°=36h*, or, 8r=6h, -. 7=3h. 
+ ‘",2 The radius of the base is 4 of the height. 

y-’ Mx. 5. The trunk of a tree is a right circular cylinder 5 tt. 
in radius and 30 ft. high ; find the volume of the’ timber which 
remains when the trunk is trimmed just enough to reduce it 
to a rectangular parallelopiped on & square base. [A. U.] 

Here each end of the trunk is & circle whose redius is 5 ft, 
and its heght is 30 ft. 

Let the square ABCD be the base 
of the parallelopiped into which the 
trunk has been reduced. ‘The square is 
inscribed in the circle: whose centre 
is O. 

Here AO=5 ft. 

+, +a? = A402, or, 20° =5°=25, 
as. 25 5 “5B BAL 
or, 0 = DE SE 2 ft. 
AB=20=5 V3 ft. j 
“, The area of the square=(5 9)° sq. {6.= 50 Bq. ft. 
the required volume of the timber = area of base X height 
=50 sq. ft. X 80 15.= 1500 cu. ft. 


HS. vere ed = eons 0-8) 1755 ৰ 
Mas Cn x. 6. Water flows at the rate of 20 feet per minute from a pet 
ee x21 cylindrical pipe ‘25 inch in diamater. How long would it take ননদ 

X61 ্‌ “ 3 
is to fill a conical vessel, whose diameter at the surface is 10 inches ,. as 


e 


‘~~ and depth 9 inches ? [S. F. '62 (compl.)] [Ans. 20 mins] 


TXEXGXINY2 3 
Zixiizic17 Ex/1. A cone, a hemisphere and 2 cylinder stand on equal 


» ‘bases and have the same height. Show that their volumes are 
in the ratio-1 : 2: 8. Compare the Whole surfaces.  [S. FE. ’63] 

N [Ans. Surfaces V2+1:8:4] 

Ex, 8. A right circular ‘cone is cut by two planes parllel 

to the base and trisecting the height. Show that the volumes of 


the three portions into which the cone is divided are a8 1: 7:19. 
্ % [S. F. "63 (compl.)] 


— 


[ ALGEBRA ] 


Summation of an infinite G. P. series 


In dealing with Geometrical Progression we have seen that 
QT arhar* Fare hss Far?" is a series in G.P. of n terms, 
Its first term is @, common ratio is 7, number of terms is n and 
it is a finite series. 

The sum of n terms of this series, i.e., 


sn AL). 
fra 


RE 
r—-1 


The formula-(1) is used when 7 is numerically less than 1 
and (2) is used when +> 1(numerically). 
I REEL a 
1-7? 1-7 

Now, if 7 is numerically less than 1, ie., if 7 is a proper 
fraction, positive or negative, then as the value of 7 oes On 


From formula-(1) we have Sn= 


1 
increasing, the absolute value of +" and therefore of a goes on 


Y) 
decreasing. Thus when m is infinitely large, 7 =7becomes infinitely 
small rr 6., almost equal to zero) and then the value of 
S 
Ang x ৰ: 
+ When? is numerically less than 1, the sum of the above 
series to infinity is ——, 
hint 
ie., So a [Sw denotes sum to infinity..] 
Example : Sum to infinity the series I+354H 352... 


Here the first term a= 1, the common ratio r=3FL1=t ; 
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Recurring decimal: A recurring decimal can be expressed 


(i) “t="717.""t0 0 ="7+"07 +007 +: to 
{ 1s hie ব্‌ 
= THO? ৷ to 0, which is an infinite series 


in G. P., whose first term is 75 2nd common ratio i8 TC. 
(ii) '178="1787878.:t0 © =1+'0734+'00078+ ::'to 


LASTS TN, ) j 
Hos F100 to © ), the series from the second 


term is an infinite.G. P. series, its first term being 0s and the 


5 ls 
common ratio b 5. 
atio being 102 


Thus a recurring decimal can be expressed 2s an infinite series 
in G. P. and its value can be determined by. summing the series. 


Examples [©] 


Ex, 1. Find the sum of 1- I4+4-—a2rt to infinity. 


Here the first term 4= 1, the common ratio=(-¥)71= 5. 
Liens LIEU 
Soi, 1-5) IFN 
Ex. 2. Sum 94 BYTE LN IR SMD FU. 99] 
he Bb 52 5s 5+ . s 


Here the given series can be split up into two infinite series 
in G. P. Thus, * 


Bo “(rout o)H(st pst ) 


2 3 
BS BEADLE 1_18 
HE RE 5X55 158 

ECE te 

52 52 


Ex, 8. Sum to infinity (42+ DEORE CL- DF 
1 


He = land ?=— ET -1.. 
re 4= VIF landr | N2-1 
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Sor LAE AFL _(V3+1)N9+ V9) 
o=] 7, 1-( =) 2-3 (9— V2)(34+ V2) 
= L990 


Ex. 4, Prove that in & decreasing G.P. continued to infinity, 
whose common ratio is r, the ratio of any term to the sum of 
all the succeeding terms is 1—-r:r. 

Tiet a be the first term, Here the common ratio is r. 

Let us try with any term, say the pth. term of the series. 

Here, the pth. term=ar"-!; then the succeeding terms 


aye ar®, arPtl ee to infinity. 
the sum of all the succeeding terms to ELLE 
1 
‘", the ratio of the pth. term to the sum of the succeeding 
LEI SY 
ar r 


0 
terms =ard- 1: SH st IX —=——=1l-7r:r. 
Tr 


‘Fence the problem is proved. 
Ex. 5. Suppose a body moves eternally in this manner, Viz., 
90 miles in the first minute, 19 miles in the second, 187; miles 
in the third and 80 on in geometrical progression ; required the 
utmost distance it can reach. [0. U. 1864 ] 
Evidently the distance=(20+19-4+1875 + ‘‘‘to 0) miles. 
Here the first term a= 20, and the common ratio 7=38- 
20 20 


m.= a = 400 miles. 


1-55 55 
Ex. 6. Sum 14+83%+5%24+7%5834-:-.....to infinity (5<1). 
. LOU, 


‘", the required distance = 


’49 ] 
Let s be the sum. We have 
s =14+8354+5%2+7%58 4+: to 0 
“82 = 2+ 32524+5%284+----.- to © [multiplying by  ] 
,S(1-2)=1+204+2%2 +208 + ---..-t0 © 
= 14+ (2%+ 9724+ 903 ----.-.to 0) 
2%, ADs 1+% 


EEE Ra Rl TENE 
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Ex. 7. If S11, 523 S33" ,Sy, are the sums of infinite- 

geometric series whose first terms are 1, 0 Nts ddl ,p and whose 
g LALA য | Ls 

common ratios sre 7» GS’ 1! S| respectively, prove that 


485485780 +). _ [B.U. 1888] 


From the given conditions we have 


18S,=1t4 tgs to © =, 5-2 


ষ্ঠ 
S,=24+gt gst ০-7 
S,=34+3+ 5 t to © = TEU 


Lib onece wR ESD LST EE 


8. SpF Lo REE SE Pb __=pt+l. 
) PHT FD [o) EAE p 

pt+l 
S,+8,48s4:- +S, TITS FEE TOT 


is the number of terms =5(2+7+ 1) = 1p +3). 


Exercise C 


Sum the series to infinity : 


UE L চট 
D 1-3+5$- bo) 9, 34 eA) ‘ 
8 PE EY 3 ela 
t-Y 
FEE EN Ce Se aE 
4 stots gt 


5. Show that ‘16, is equivalent to an infinite geometric 
progression. By assuming it find its value. (0,011 
j EE 1 MSDL ts 
6. Find the sum to infinity of the series 1 Te TET 
Show that the sum of the first 10 terms of this series falls short 
of the sum to infinity by less.than 8 thousand millionth part of 1. 
J [0.U.'35 
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7. Ina seriesin G. P. continued to infinity, each term is 
equal to the sum of all the succeeding terms, Find the series, the 
first term being unity. 

8. The first term of 2 series in G. P. exceeds the second by 
9, and the sum to infinity is 50. Find the series. [C::U:] 

9. The sum of an infinite series in G. P.is 3, and the sum 
of its first two terms is 298 ; show that there are two such series. 
Find them. [ 0. U. 1934 ] 

10. A body moves in such a manner that it travels a distance 
of 100 yds. in the first minute, 60 yds. in the second, 36 yds. 
in the third minute and so on in G.P. Show that the total 
distance travelled even if the body moves eternally, cannot be 
greater than 250 yds. [DB 1:] 


.[ Geometry ] 


Ex.1. Divide ast. line into two paris such that the sum of 
their squares shall be equal to a given square. 


Let AB be the given .st. line and. ঁ (0) 

Q the side of the given square. 
To divide AB into two parts so a 

that the sum of their squares may 

be equal to a2, A D B 
Construction: At B draw Fig. 58 


£ABO=45°. With centre A and radius a draw an are of 9 


circle to cut BO at O. Draw ODLAB. Now AB is divided at 
D as required. 


Proof: /ZD=1 rt. angle, /DBO=45°, ~~. 4 BOD = 45°, 
. DO=DB. ‘" ZADO=] rit. angle, . AO?=AD? DO? = 
AD? +BD2, -, AD? +BD2=a2 [ ‘" AO=a] t 
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ER 
Ex. 2. Divide a straight line into two ‘parts so that the 
square on one part may be twice the square on the other. 


TLiet AB be the given st. line. To divide AB at P so that 
AP?=9BP?. AtAdrawa right angle and bisect it by AO. 
Bisect Z OAB by AC. Now £CAB 
=92}°. AtB draw BCLAB cutting C 
AC at C. At C draw /ZACP= £CAP 
and let CP cut AB at P, 


Now, AB is divided as required A is B 
at P. Fig. 54 

Proof: In the AAPG, the ext. £CPB= ZCAP+ £ ACP 
=45°, ‘. LZPCB=45°. .. PB=BC. 

"‘ {Bl rt. angle, . PC? = PB? + BC? =2PB?., 


“, AP2=9PB? (*/ LCAP= LACP, ,', AP=CP ); 

Ex. 8. Divide a st. line into two parts so that the square on 
one part may be three times the square on the other. [C.U. 1946) 

To divide the st. line AB at P such that AP2=3BP?, 

At B draw ZABC=45° and at A draw ZBAC=30°, Let 
BC and AC meet each other at C. From © draw CPLAB. 
Now, AB is divided as required at P. 

Proof: ZP=1rt. angle, £LB= 45°, '. ZPCB=4b5°= /B, 
+, CGP=BP. Again, LA=30°, ZACP=60°, . AC= IPC. 
Now,  AP?=AC?- PC? =(9PC)? - PC? = 4PC? — PC? = 3PC? 
= 3PB*, 

Ex.4. Divide a given st. line into two parts such that the 
difference between the squares on the two parts may be equal to 
the square on a given st. line. 

Let AB be the given 8t. line and 1 be the side of the given 


square. 
To divide AB into two parts so that the “difference of the 


squares on the parts is equal to 2 
Elo. M(X) G—18(a) 
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Construction: Draw ACLAB and make AC=l. Join BC. 
At C draw £BCD= ZB and let CD cut AB atD, Then AB is 
divided at D as required, 

Proofs nate LB 4 BCD, 

Now, CD?=AD2}AC? ( 


** BD=cCD. 


ZA is art, angle). 
+", AC?=0CD2— AD? = BD? - AD2, 


++ I2=BD?- AD? (°,' I= AC). 


12, 
16. 


12, 
16. 


ANSWERS 


Exercise A 


990 sq.m. 2. 165 sq.ft, 8. 1187 cu. fb; 753 sq. ft. 
1232 sq. dm. 5. 34lsq.cm. 6. 8m. 7. Rs. 27. 8 a8. 
14m. 9. 396cu.m. 10. 7m. 11. Bs. 440 
‘006 in. 13. 462 sq.cm. 14. 839#1b. 15, + om. 
1018# cu. in. 


Exercise B 
98 sq. dm. 56 sq. em. 2. 154 sq. dm. 8. 14373 ou, om, 


9 002 UTE Nn. 6. 1m. 6. 14} ou, ft, 

6 units 9. 3m. 10. 216 11. 840 

6 mm. 18. 199987 cu. in. 14, 4cm. 

201 Ib. 13% oz. 17. 12in. 18, 4, 
Exercise © 

3 8 V8 (s+y)a-Y) 4,2 

চ 2 8 ৰ 

ঠ 6. 1} 7. 1+3%+4+kT+ to © 


10, 8, H,... 9. One series is 2, #, #,'’ » and the other 


i 4 
is 4, - ঠা 


QUESTIONS 
SET IN HIGHER SECONDARY (WEST BENGAL), 


C. U. PRE-UNIVERSITY & B. U. ENTRANCE 
EXAMINATIONS WITH ANSWERS. 


[ Pertaining to Syllabus for Class X only. ] 
HIGHER SECONDARY EXAMINATION— 1960 
Elective Mathematics 


First Paper—GROUP A—Algebra 


2. Solve the equations : 
(a) HY 2) CAns. 0= 2, Y=" 1 


524+ 2y=12 or, 2=14, Y= -2%9] 
(2) 32+4y=5ny [ Ans. 2=Y=2=0, 
24+ 32= 2y2 2=1, y=3,2=21] 
52+ 2%= 627 


3.(a) A class consists of a number of boys whose ages are 
in Arithmetical progression, the common difference being 8 
months. If the youngest boy is just seven years old and the 
sum of the ages of the boys is 158 years, find the number of boys 
in the class. LAnes E71 

(b) If S,, $2, Ss denote respectively the sum of the first n 
terms, first 2n terms and first 8n terms of a series in geometrical 
progression, prove that S1(Ss — S2)=(Ss - S;)°. 

4.(a0) Find the cube roots of unity. Ifo bean imaginary 
cube root of unity, prove that 1+ w+ 0° =0. 


[ Ans. dy BL -3) 


(b) The area of a circle varies as the square of its radius. If 
the area is 883 sq. ft. when the radius is 8 ft. 6 in., find the area 
when the radius is 4 ft. 8 in. [ Ans. 68% sq. ft.] 


li A TEXT BOOK OF H. S. ELECTIVE MATHEMATICS 
7.(a) Simplify: 
log 088% logs 08578 logs 08+ log 0 [ Ans. 2 ] 


(0) It x, y, 2 are in geometrical progression, prove that 
l0g10%, log10y and log102 are in Arithmetical progression. 


Group B—Trigonometry 


10.(a) It A,B,A+B are all acute angles, prove 
(geometrically) that cos (44 B)=c0s A cos B-sin A sin B. 
(b) Find the value of— 
sin*60°--cos® 150° tan*120°-Hcos 180° - tan 135°. 
[ Ans. 43] 
11. (a) Find the values of 6 between 0° and 360° which 
satisty the equation 2 sin*9-4-3 cos 0=0. [ Ans. 120°, 240°] 


SRE BLE EEL ECL 


SIA =tan A - tan B. 


Second Paper (1960) 


2.(a) Show that the angle made by a tangent to a circle with 
a chord drawn from the point of contact is equal to the angle in 
the alternate segment of the circle. 

(b) ABC is a triangle inscribed in a circle: AD, AZ are 
lines drawn to the base BO parallel to the tangents at B, CO 
respectively ; prove that BD : CE= AB? : AO°, 

Or, (0) Tangents AB, AC are drawn to a circle; CE is 
perpendicular to the diameter BD through B; prove that AD 
bisects OE. 

8. Draw an equilateral triangle, each side of which is 2 inches, 
Now proceed to construct & square equal in area to this triangle. 

Or, Draw circles of radii 4 cms. and 2°5 cms. respectively, 
With their centres at a distance 10 cms. apart. Proceed to 
construct a transverse common tangent to the two circles. 


[ Statement of construction, and full, neat and distinct traces 
are to be given in either case, but no proof. ] 


QUESTIONS [HE. s. 1960] iii 


4. Answer either (a) and (b), or (c) and (d) : 

(a) Obtain the co-ordinates of the point which divides the 
straight line joining the points(z1, y1) and (2, Ys) internally in 
the ratio m1 : me. 


[ Ams. mi22 mots miY2 mays] 
mi ma mi+ ms 
(0) Tt A, B, C, D are points whose co-ordinates are (-2, 8). 
(8, 9), (0, 4), and (3, 0)‘respectively, and AB and CD are joined, 
find the ratio of the segments into which AB is divided by CD. 
[ Ans. 11:47] 
(c) Obtain the equation of the Straight line whose intercepts 
on the axes OX, OY are a and b respectively. 
[ Ans. 242-1 | 
৫b 


(d) Determine the equation of the straight line which passes 
through the intersection of the lines given by 832-4y+1=0 and 
5%--y=1, and has equal intercepts of the same sign on the যঃ 

[ Ans. 2+y= 

7.(a) A thick hollow cylindrical pipe is 6 inches in nt 
and its whole surface ( outer and inner curved surfaces and the 
plane edges) is 808 sq. inches. If the external diameter of the 
pipe is 8 inches, and if its material weighs 4 ozs. per cubic, inch, 
find its weight. [ Take n= 27 [Ans. 528 ozs. ] 

(Lb) When is (i) a straight line, (ii) a plane said to be 
perpendicular to a given plane ? 

If a straight line is perpendicular to each of two intersecting 
straight lines at their point of intersection, prove that it is 
perpendicular to the plane containing them. 


H. S. Exam. (Compartmental )—1960 
First Paper—GROUP A—dAlgebra 


2. (a) Solve the equations : 2-++2y=4, 20y -y* =83. 
[ Ans. 2=2,Yy=1;%0=%, Y=] 
(0) The distance through which a heavy body falls from 
rest varies as the square of the time of its fall. If a body falls 
64 feet in two seconds, how far does it fallin 8 seconds ? 
[ Ans. 1094 ft, ] 


8. (a) One hundred stones being placed in a straight line 
on the ground at a distance of one yard from one another, how 
far will a. person travel, who shall bring them, one by one, to & 
basket, placed in the same straight line at the distance of a yard 
from the first stone ? [ Ans. 5mi. 1300 yds. ] 

(2) It a, 5, c be respectively the pi", g°* and rt terms of 
@ geometric series, prove that a@-".b"-?.c?-0=]. 

6.(a) Find the logarithms of (i) 824 to the base 8/2. 
(45) 3 to the base 9/8. [Ans. ()4(5)-#] 
(2) Prove that log 3-2 log 3473 log #-Hlog 2= 0. 


GROUP B— Trigonometry 
9.(a) If A and B are both acute angles and A is greater than 
B, prove (geometrically) that 
sin (A - B)=sin A cos B- cos A sin B. 
(b) It sin A=£ and cos B= where A and B are acute 


tan A — tan B 16 
1Ftan A tan B LPs rth 


10. (a) Find the values of 6 between 0° and 860° which 
satisty the equation sin*6— 2 cos 04-1=0.  [Ans. 60° and 300°] 


(6) It A4+B-+0C=180°, prove that 
sin Asin B+sin C= 4 cos Zeon 7 COS ত 


angles, find the value of 


QUESTIONS [H. 8. Compl. 1960] v 


Second Paper (Compl., 1960) 


2.(a) If two chords of a circle intersect outside the circle, 
prove that the rectangle contained by the segments of one is equal 
to the rectangle contained by the segments of the other. 

(b) Prove that if the common chord of two intersecting circles 
be produced it will bisect their common tangent. 

Or, ABO is a triangle right-angled at A ; AD is perpendicular 
to BC. Show that AB* = BD.BO. 

3. Draw a circle of radius 2 ems. Construct an equilateral 
triangle circumscribing this circle. 

Or, Draw a triangle with sides 8, 4 and 5 cms. Now 
construct a square equal in area to this triangle. 

[Statement of construction, and full, neat and distinct traces 
are to be given in either case but no proof]. 

4. Answer either (a) and (5), or (c) and (d): 

(a) Find the distance between the points whose co-ordinates 
are (1, y1) and (22, Ys). 

(2) Prove that the points whose co-ordinates are (-2, - 2), 
(2, 2) and (4, — 4) are the vertices of an isosceles triangle. 

(0) Find the angle between the straight lines whose equations 
are y=m1%-FC1 and y =m 02. 

(d) Obtain the equation to the straight line passing through 
the point (- 1, 2) and perpendicular to the line 3%-+4y=5. 

[Ans. 4%-8y+10=0] 

Jr. Answer any two of the following questions :— 

(a) Prove that all straight lines drawn perpendicular to @ 
given Straight line at a given point of it are coplanar, 

(0) The volume of & right circular cone whose height is 
94 inches is 1232 cu. inches. Find the area of its slant surface. 

[Ans. 550 sq. in.] 

(c) ABis a diameter of a circle; AC and AD are any two 
chords cutting the tangent at Bin P and Q; prove that 
LPOQ= LPDY. 

(d) A straight line is drawn through the point (8, 5B) such that 
the point bisects the portion of the line intercepted between the 
X68. Find the equation of the line, and calculate its perpendicular 
distance from the origin. [Ans. 524+83y=80; 17 N35] 


Higher Secondary Examination, 1961 
First Paper 
GROUP A— Algebra 


2. (a) Solve the equations : 

Pts} [ Ans. 2=1,y=2 ] 
29% ~ Bey + 2y* =0 or, 2=2,y=1. 

(2) The length of a pendulum varies inversely as the square 
of the number of beats it makes per minute. If a pendulum 16 ft. 
long makes 27 beats per minute, find the length of the pendulum 
that makes 24 beats per minute. [Ans. 20 ft.] 


8. (a) A person lends Bs. 1000 to a, friend agreeing to charge 
no interest and also recover the amount by monthly instalments 
decreasing successively by Bs. 2. In how many months will the 
loan be paid up, if the first instalment be Rs. 64 and its payment 
be made one month after the sum is lent ? [Ans. 25] 


(b) It 1,%w,%0° are the three cube roots of unity, prove that 
(1+o0-0°)8=(1 - 0+ 0°) = -8. 
6. (a) Given log 2= "30108 and log 3="47712183, find the 
logarithm of ‘015. [Ans. 3'1760913] 
(6b) Prove that 7 log “2 - 2 log 334-8 log $3 — log 2= 0. 


GROUP B—Trigonometry 


9.(0) If 4,B and A-B are positive acute angles, prove 
geometrically that sin (4 — B)=sin A cos B-cos A sin B. 


(b) Find the value of sin 330°+tan 45°-4 sine 190°+ 


2 cos? 135°4-sec? 180°. [Ans. -3] 
10. (a) Find the values of 9 between 0° and 360° which satisty 
the equation V3 sin 8--cos 6=1. [Ans. 0°, 120°, 860°] 


(20) 4+B+0C=180°, prove that 
tan A+Ftan B+tan C= tan A. tan B. tan OC. 


QUESTIONS. [E. 5. 1961] vii. 


Second Paper (1961) 


2. (a) Tf from a point outside a circle, 2 secant and a tangent 
be drawn to the circle, prove that the rectangle contained by the 
segments of the secant is equal to the square’ on the tangent. 

(0) If the diagonals of 2 cyclic quadrilateral are at right 
angles, Show that the perpendicular from the point of intersection 
to any side when produced backwards bisects the opposite side. 

Or, (b) From the extremities of any chord AB of a circle, 
perpendiculars AQ, BR are drawn to the tangent at any point P. 
Tf PM is perpendicular to AB, prove that PM? =AQ.BR. 

3. Draw a circle of radius 1 inch, and then construct a 
regular hexagon circumscribing the circle. 

Or, Take a straight line of length 2 inches and divide it into 
two parts such that the square on one part may be double the 
square on the other part. LStatement of construction and distinct 
traces are to be given IM either case, but no proof.] 

4. Answer either (a) and (5), or (c) and (d) : 

(a) “ Obtain the area of the triangle whose vertices are points 
(91, V1), (02, Y2) and (2s, Ys). 

LAns. Hoiye — tey1i Dos — Zsye Tt Usy1 — 21ys)] 

(0) “Find the aree of the triangle whose vertices A,B,C are 
respectively (83, 4), (-4, 8) avd (8, — 6) ; hence or otherwise find 
the length Bf the perpendicular from A on BC. 

[Ans. 87'5 units of area ; 5 units of length] 

(c) Obtain the equation of the straight line passing through 


EAE EUR Ca 
6 points (@1,y1) (02, Y2) Y1i7-Y2 L177 Ns 


(4) Obtain the equation to the perpendicular bisector of the 
line joining the points (-2, 7) and (8,'- 1). At what distance. is 
the perpendicular bisector from the origin ? 


[-Ans. ‘bo-4y-83= 0, distance= Sn units of length ] 
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7. (a) A and B are two fixed points whose co-ordinates are 

(9, 4) and (92, 6) respectively ; ABP is an equilateral triangle on 

the side of AB opposite to the origin. Find the co-ordinates of P. 

[Ans. (24+ V8, 5)] 

(c) With the material of a hollow sphere of outer diameter 

10 cms. and thickness 2 cms. is made a, solid right circular cone 

of height 8 ems. Find the surface area of its curved surfaco to 

the nearest square centimetre [t= 22]. [Ans. 284 sq. em.] 

(d) How is the angle between two intersecting planes defined ? 
When is a plane perpendicular to another plane ? 

If two straight lines are parallel, and if one of them is perpen- 


dicular to a plane, prove that the other is also perpendicular to 
the same plane. দি 


H. S. Exam. (Compartmental)—1961 
First Paper 
GROUP A—Algebra 


2. (a) Solve the equations : ন 3; 2+Y= 6. 


[Ans. 2=4,y=2, or, 2=2, y=4] 
(0) Tt 2 varies as y® and y=4 when %=8, find y when x= 32. 
[ Ans. y= £8] 


8. (a) Tta,t,cbhbe in Arithmetical Progression and x,y,z in 
Geometrical Progression, prove that x07 PY? Bt DSL 


(b) Tt 2=34-4i and y=3 - 45, where i= N=], find the value 
of s84+y8, [Afs. - 2384] 


6. (a) If o8 logy log sz 
Y-2 2-%t 2-y 


(2) Show that log, 24-16 log10 812 log1o #27 logo $E= 1. 
GROUP B—Trigonometry 


: prove that 2yz2=1. 


9. (a) If A, B and A- Bare all positive acute angles, prove 
Seometrically that cos (4 - B)=cos A cos B--sin 4 sin B. 


10. (a) Prove that cos 34=4 cos34 - 8 cos A. 
(6b) It 4+ B+0=180°, prove that 
Sin 24 -sin 2B--sin 20=4 sin A sin B sin OC. 


# 


QUESTIONS [HE. 8. Compl. 1961] ix 


Second Paper (Compl. 1961) 


2. (a) Prove that the obtuse angle between the tangent at @ 
point of a circle and a, chord through the point of contact is equal 
to the angle in the alternate segment. 

Or, If from any point on the cireumcircle of a triangle, 
perpendiculars are drawn to the sides of the triangle, prove that 
the feet of the perpendisulars are collinear. 

(b) If two circles intersect, show that their common tangent 
subtends supplementary angles at the points of intersection, 

Or, Two radii of a circle are perpendicular to each other, and 
a tangent cuts them when produced ; prove that the other tangents 
drawn to the circle from these points of intersection are parallel. 

8. Take a straight line of length 6 ems. ; divide it into two 
segments such that the rectangle contained by the segments may 
be equal to a square on 2 side of length 2 ems. 

Or, Draw a circle of radius 1 inch. Find out a point outside 
this circle such. that the two tangents from it to the circle, and 
the line joining the points of contact may form an equilateral 
triangle. [Statement of construction, and full, neat and distinct 
traces are to be given in either case, but no proof. || 

4. Answer either (a) and (5) or (c) and (d) :— 

(a) Obtain the distance between the points whose rectangular 
cartesian co-ordinates are (21, y1) and (22, V2). 

(2) Show that the triangle whose vertices are the points 
(-2, -5), (4, — 1) and (- 1, 0) is isosceles. 

(c) Obtain the equation to a straight line which is inclined to 
the v-axis at an angle 6, and whose intercept on the Y-AXiS iS C. 

(d) Show that the points (1,4), (83, ~ 2), and (-8, 16). are 
collinear. k 

7. Answer any two of the following questions :— 

(a) A and B are two fixed points on @ plane, and a point P 
moves on the plane in such a way that PA=2PB always. Prove 


either geometrically or analytically that the locus of P is a circle. 
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GROUP C—Solid Geometry and Mensuration 


11. Same as Q. 7. (a) of H. S. 1960 ( Compl, ) 
12. Ifa right angle rotates about one of its arms, then the 
other arm describes 2 plane. 
18. Find the volume and the lateral surface of a right prism 
8 inches long, standing on an isosceles triangle, each of whose 
equal sides is 5 inches and the other side 6 inches. 
[ Ans. vol.=96 cu. in., surface= 198 sq. inch. ] 
14, A right pyramid stands on a rectangular base whose sides 
are 12 inches and 9 inches ; and the length of each of the slant 
edges is 8'5 inches. Find the height and the volume of the 
pyramid. [ Ans. h=4", v= 144 cubic inches. ] 


H. S. Exam. ( Compartmental )\—1962 
First Paper—GROUP A—Algebra 
2. (4) Solve the equations : 
Y= 2=5 B= 9 
cyt 234 } [ Ans. el or, el 
(20) When a body falls from rest, its distance from the 


starting point varies as the square of the time elapsed. Ifa body 
falls from rest through 4093 ft. in 5 Séconds, how far does it fall 


in 10 seconds ? [ Ans. 1610 ft. ] 
L 8. (a) The fifth term of a G. P is 81 and the second term 
is 24; find the series, [Ans. 16,24, 86, 54, 81,...... ] 


(OE Iti VE show that SEAL 8-252 5586: 
1= 1 , show ELDERS 


6. (a) Find the logarithms of (i) 5832 to the base 35 
(ii) 81 to the base 9. [Ans. () 6, (i) 6.] 


(5) Show that 7 log 184-5 log 354-8 log $3=10g 2. 
GROUP B—Trigonometry 
9. (a) Same as Q. 9. (0) of H. 8. 1961. 
(BD) Show that cos A--sin (270°4+ 4) - sin (970° - 4)+ 
cos (180°+ 4) = 0. 


QUESTIONS [H. 8. Compl. 1962] xiii 


10. (a) Find the values of 6 between 0° and 360°, which 
satisfy the equation cot 0--tan 0=2 cosec 06. [Ans. 60° or 800°] 


tan 56-+tan 30 
b) CE —— 57 ls 
(b) Prove that LEH GEER 4 cos 26 cos 46 


Second Paper (Compl. 1962) 
Group A—Plane Geometry 


2. (a) Prove that the angles made by & tangent to 2 circle 
With a chord drawn from the point of contact are respectively 
equal to the angles in the alterriate segments of the circle. 

(6) AB is the common chord of two circles, one of which 
passes through 0, the centre of the other : prove that 0A bisects 
the angle between the common chord and the tangent to the first 
circle at A. 

5. Construct a square equal in ares to 2 given rectangle 
whose adjacent sides are 1'5 in. and 9°5 in. Measure the side of 
the square. [Statement of the construction and the traces are to 
be given. 

GROUP B—Co-ordinate Geometry 

6. (a) Same as Q. 4. (a) of H.S. 1960 (Compl) 

(6b) Show that the straight line joining the two points (-7,8) 
and (14, — 6) passes through the origin. 

7. (4) Same as Q. 4. (c) of HE.S. 1961. 

(0) Show that the three lines 83%+y=5, 2+5+3=0 and 
5% — 2y =12 meetin a point. 

GROUP C—Solid Geometry and Mensuration 

11. If a straight line is perpendicular to each of two inter- 
secting straight lines at their point of intersection, prove that it 
is perpendicular to the plane in which they lie. 

12. From 0, the centre of & circle, & perpendicular 0A is 
erected to the plane of @ circle. Prove that all points on the 
circumference are equidistant from any point on the perpendicular 
OA. 
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13. The length, breadth and height of a rectangular block 
are in the ratio 4:8:2, and the whole surface of the block is 
1872 sq. in. Find the dimensions of the block and its volume. 

[Ans. 24", 18", 12"; 5184 cubic inches] 

‘14. Find the curved surface and the volume of a right circular 

cylinder whose height is 8 in. and the radius of whose base is 
Bin. [x=]. [Ans. 2513 sq. in. ; 628# cubic inches.] 


H. S. Examination—19683 
‘First Paper—GROUP A—Algebra 


2. (0) Solve the equations : ats, += 25. 
[Ans. 2=F,y=5 ; or, 2=%, y= 20] 
(2) The volume of a Pyramid varies jointly as its height and 
the ares of its base ; and when the area of the base is 60 square 
feet and the height 14 feet, the volume is 280 cubic feet. What 
is the area of the base of a pyramid whose volume is 390 cubic 
feet and whose height is 26 feet ? LAns. 45 sa. ft.] 
8. (a) Ita, b,c, dbein@G.P., show that 
(6-০0)*+(c-a)*+(4- 5): = (a - d):. 
'(6) If 1, o, w* be the three cube roots of unity, prove that 
(i) 14+04+0°2=0, (i) (8+ 304-502) =(834+ 504-302) = 64. 
6. (0) Given log 2='30103 and log 8= "4771213, find 
(i) log 75 and (ii) log 4500. LAns. (i) 187506183 (ii)8'6532126] 


GROUP B—Trigonometry 


8. Same as Q. 9a) of E.S. 1961 (Compl.) 
9. (9) Find the values of 0 between 0° and 360° which satisfy 
the equation cos 04- V8 sin 8= V2. [Ans. 15° and 105°] 
(0) I4+3B+C = 180°, prove that 
A 


cos AF-cos B-Fcos C=14-4 sin চট] sin sin 5! 


QUESTIONS [E. 8. 1963] স্য 


Second Paper—19683 
GROUP A—Plane Geometry 

8. (a) “ Show that the acute angle made by a tangent to a 
circle with a chord drawn from the point of contact is equal to 
the angle in the alternate segment of the circle. 

(6) Two circles intersect ab A and B, and through P, any 
point on one of them, straight lines PAC and PBD are drawn to 
cut the other at © and D. Show that CD is parallel to the 
tangent at P. 

8. Construct, to the scale, an isosceles triangle with each of 
the equal sides equal to 2 inches, and each base angle double the 
vertical angle. 

Or, Divide a straight line of length 2 inches into two parts 
such that the square on one part may be three times the square 
on the other. i 

[ Statement of construction and full, neat traces are to be given 
in any one of the above cases, but no proof. ] 

GROUP B—Co-ordinate Geometry 

5. (a) Obtain the distance between two points whose 
rectangular cartesian co-ordinates are (71, y1) and (02, y2). 

(b) Prove that the points (2, -2), (8, 4), (5, 7) and (- 1,1) 
are the successive angular points of @ rectangle. 

6. (a) Obtain the perpendicular distance from the point 
(2, y:) to the straight line as by += 0. 

(b) Find the ortho-centre of the triangle whose angular 
points are (2, 7), (- 6, 1) and (4, — 5). [Ans. (- 42, 33) 
GRrouUP C—Solid Geometry and Mensuration 

10. (a) Same as Q. 7(b) Second part of H. 5. 1960. 

(0) If PA=PB=PC, where P is a point outside the plane 
of the triangle ABO, and if PO be drawn perpendicular to the 
plane, prove that O is the circum-centre of the triangle ABC. 

(co) If two straight lines are both perpendicular to a plane, 
show that they are parallel. 
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(d) If the middle points of the adjacent sides of a skew 
quadrilateral are joined, prove that the figure so formed is a 
parallelogram. 


11. A right circular cylinder and a right circular cone have 
equal bases and equal heights. If their curved surfaces are in the 
ratio 8:5, show that the radius of the base is to the height 
28 8:4, 


07, A sphere of diameter 6 cms. is dropped into a cylindrical 
vessel partly filled with water. The diameter of the vessel is 
19 cms. If the sphere be completely submerged, by how much 
will the surface of the water be raised ? [Ans. 1 cem.] 


H. S. EXAMINATION (Compartmental)—19683 
First Paper 
GROUP A—Algebra = 
2. (a) Solve the equations : 


2+ 3y=2 } [Ans. 2= -1,y=1, 

2° +2/* + 32y=0 or 2= -4,y=2] 

(0) If the volume of a cone whose height is 12 inches and 

base 80 sq. inches be 120 cubic inches, find the volume of another 

cone whose height is 20 inches and base one square foot, the 
Volume of a cone varying as the height and the base jointly. 

[Ans. 960 cu. in] 


8. (a) If S be the sum, P the product and R the sum of the 
reciprocals of n terms in G. P., 


prove that P*= (3) 


(6) Find the three cube roots of unity. It 1, ow, ow°*are the 
cube roots, prove that 


(a+ b+ o)la+ bw co (aba? +co)= a8 +b +08 - Babe. 


QUESTIONS xvii 


GROUP B—Trigonometry 


8. (a) Same as Q. 10. (a) of H. 8., 1960 

(0) Simplify : 

9. (a) Find the value of 0 between 0° and 360° which satisfy 
the equation 2 sin* 0+ V3 cos 0+1=0. [Ans. 150°, 210°] 

(6) ItA+BT+CO= 180°, prove that 


tan a tan Z+ton tan $+ tan নর tan =. 


Second Paper—19683 ( Compl. ) 
GROUP A—Plane Geometry 


8.(a) Tf from any point outside 2 circle, two Secants are 
drawn to the circle, prove that the rectangle contained by the 
segments of one is equal to the rectangle contained by the 
segments of the other. 

(0) ABCDisa quadrilateral inscribed in @ circle, and the 
diagonal BD bisects AC: shew that AB.AD= BO.OD. 

4,.(a) Draw two circles of radii 1 om. and 2 cms. with their 
centres 5 cms. apart, and construct a direct common tangent to 
these circles. 

‘Or, Draw an equilateral triangle each of whose Sides is $ cms, 
in length, and then construct @ square equal in area to this 
triangle. 

[ Statement of construction and full, neat traces are to be given 
in any one of the above cases. No proof 18 necessary. ] 

GRouP B—0Co-ordinate Geometry 
5. (a) Same as Q. 4(a) of H. S., 1961. 
(0) Show that the line joining (<4, - 5) and (9, 8) 
bisects the line joining (2, 1) and (6, 5). 
6. (a) Same as Q. 4(c) of H. 5., 1961. 
9.2 
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(2) Find the equation to the st. line which passes through 
the point (-5, —8) and has equal intercepts of opposite signs on 
[Ans. »- y= 38] 

GROUP C— Solid Geometry & Mensuration 


10. How is the angle between two intersecting planes defined ? 
When is 2 plane said to be perpendicular to another plane ? 

Show that if a straight line is perpendicular to a plane, then 
any plane passing through the st. line is perpendicular to that 
plane. ’ 

Or, It PN be drawn perpendicular toa plane XY from an 
outside point P, and from the foot N of the perpendicular, a line 
NM is drawn perpendicular to the st. line AB in the plane XY, 
prove that PM is perpendicular to AB. 

11. Two solid copper spheres of radii 1 cm. and 8 cms. are 
melted, and 2 solid right circular cone of height 7 cms. is formed 
of the material. Find the radius of its base. [Ans. 4 em.] 

Or, The external length, breadth and height of a closed box 
are 10 cms., 9 cms., 7 cms. respectively, and the total inner 
Surface is. 262 sq. cms. ‘Tf the wells of the box be uniformly 
thick, find the thickness. [Ans. 1 em.] 


the axes. 


HIGHER SECONDARY EXAMINATION—1964 


FIRST PAPER 
GROUP A— Algebra 


9, (a) Solve the equations : 


2% -— 8y=4 [Ans. 2=5, y=2; 
hs i Las Or, হল, 
2 y 10 V= -#? 


(6b) Given that the illumination from a source of light 
varies as the square of the distance, how much farther from a 
candle must a book, which is now 8 inches off, be removed s0 as 
to receive just half as much light ? [Ans. 8(V/32-1)in.] 


[ 


QUESTIONS সাস 


3. (a) A man arranges to pay off a debt of £3600 by 
40 annual instalments which form an arithmetical series. When 
30 of these instalments have been paid, he dies leaving a third 


of bis debt unpaid ; find the value of the first instalment. 
[ Ans. £51] 


(Lb) If ois an imaginary cube root of unity, prove that 
(1- 02)(1 - wo°)(1 - o8)(1 - o:°)=9. 
7, (a) Given log,o 165=2'2175 and logo 6974= 38435, 
find the value of ¥/'00000165. [ Ans. ‘06974 ] 
GROUP B—Trigonometry 
8.(a) Same as Q. 10(a) of H. 8., 1960. 
ArT Le 


(6) Tf tan 64-sec 90=%, prove that sin ns FEE 


9, (a) Find the values of 0. between 0° and 360° which 


satisty the equation 3(sec* 04+-tan* 0)=5. 
[ Ans. 30°, 150°, 210°, 330° ] 


(b) If A+B+-C= =180°, prove that 

sin (B+20)+sin (C+ 24)+-sin (4+23B) 
Bt Sin Ot sin 2) 
2 9 9 


Second Paper—1964 
GROUP A—Plane Geometry 


=4sin 


1. Construct a square equal in area to a given rectangle. 

Or, Construct a regular hexagon about & given circle. 

[Traces of construction only are required in either of the two 
constructions.) f 

4, Same as Q. 2a) of H. S., 1962. 

In a A ABO, perpendiculars AP and BQ are drawn from A and 
B to opposite sides and intersect at O. 


Prove that A0.0OP= BO.0Y. 
GROUP B— Co-ordinate Geometry 
5. Find the co-ordinates of the point which divides the 
st. line joining the points (1, y1) and (zs, Ys) internally in the 
Tatio min. 
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Write down the co-ordinates of the middle point of the st. line 
joining the points (7, — 4) and (- 5, 6). [Ans: (1,1)] 
6. Find the equation of the straight line passing through the 
intersection of the st. lines 2% — Ty +11=0 and »+3y-8=0, if it 
(a) passes through the origin. [Ans : 27%-23y=0] 

(b) is perpendicular to the st. line 2% - 5y+6= 0. 
[Ans: 5%-+2y-13=0] 

(c) makes equal intercepts on the two axes. 

[Ans: 1354+13y -50=0] 


GROUP C— Solid Geom. and Mensuration 


10. Give instances from the sides and edges of a cube of : 

(0) parallel planes, (5) planes perpendicular! to one another, 
(c) lines parallel to a plane, (d) lines perpendicular to 2 plane, 
(e) pairs of skew lines. 

07, Same as Q. 11 of H. 8., 1962 (Compl.). 

11. The volume of a right prism is 80 cu. ft. and its base is a 
triangle whose sides are 8 ft., 4 ft. and 5 ft. respectively. Find the 
height and the area of the total surface of the prism. 

[Ans : height= 133 ft., area=172 sq. ft.] 

07, A conical tentis required to accommodate 4 people; 
each person must have 20 sq. ft. of space on the ground and 
100 cu. ft. of air to breathe. Find the height and radius of the 
tent. [x=]. [Ans : height=15 ft., radius= 5°05 ft.] 


H. S. Exam. (Compartmental), 1964 
First Paper—GROUP A—Algebra 


2. (a) Solve the equations : ‘ 1 2 :=5) 
vy Vo 
2+Yy=10 
[Ans: 2=8,Y=2,;o0r,2=2,y=8] 
(2) Assuming that the area of a triangle varies as the altitude 
and base jointly, and that when the altitude is 18 ft. and base 


QUESTIONS XX 


88 ft. 2 in., the area is 833 sq. yds. ; find the area of a triangle 
whose base is 10 ft. 4 in. and altitude 2 ft. 9 in, 
[Ans: 1 sq. yd. 5 sq. ft, 80 sq. in.] 
8.(b) If s1, s2, $s are the Sums of n terms, 2n terms and to 
infinity of a series in G. P., prove that s1(s, — $8) = 85(81 — 82). 


(2) Prove that (ESE) 
9 
7. (a) Given log 2= "3010300 and log 3= "4771213, obtain, the 


logarithms of (i) ‘0054 and (ii) (4058. 
[Ans: (i) 8°7828989, (ii) T'9845759] 


GROUP B—Trigonometry 
8.(a) Same as Q. 9a) of H. S., 1960 (Compl). 
(0) If tan 6-+sin 0=m, tan 6 — sin 0= nm, prove that 
m2 ~ nt =4 Jn. 
9. (1) Find the values of 6 between 0° and 360° which satisfy 


the equation cot 0--tan 0=2 sec 6. 
[Ans.: 6= 30°, 90°, 150°, 270°] 


(0) If A+B+0C=180°, prove that 


sin (B+OC - 4)-+sin (C+A - B)+sin (A+B - OC) 
=4sinA sin Bsin C. 


Second Paper, 1964 (Compl.) 
GROUP A—Plane Geometry 


1. Draw a mean proportional between two given Bt. lines. 
(Traces and statement only are required but no proof.) 

Or, Draw a direct common tangent to two given circles. 
(Traces and statement only are required but no proof). 

9. Same as Q. 8 (a) of H. 8., 1963. 

A triangle ABC is inscribed in a circle and the tangents to the 
circle at A, B, C form 2 triangle POR, QR being the tangent at 
A and RP the tangent at B. Tf the angle P=54° and the angle 


Q=46°, calculate the angles of the A ABO. 
[Ans.: LA=68°, LB=67, LO= 50°] 
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GROUP B (Co-ordinate Geom.) 

6. Show that the points A4(3, 3), B(- 3, -5) and O(-5, -3) 
are the vertices of an isosceles triangle and find the length of its 
base. [ Ans. : base=4 V2 'units of length ] 

7. The sides BC, CA, AB ofa AABC have respectively the 
equations (i) 224+-y+1=0, (11) 2%4+83y+1=0, (ii) 30+ 4y + 83=0. 
Find the equation of the altitude through A, 

. [ Ans, -2-+11=01] 


GROUP C— Solid Geom. & Mensuration 


10. Same as Q. 7(d) Second part of H. S., 1961. 

0r, Same as Q. 7(a) of H. 8S. ( Compl. ), 1960. 

11. Find (a) the slant surface, (b) the volume of a right 
pyramid 15 cm. high, standing on a square base whose side is 
16 cm. [ Ans, : slant surface= 544 Sq.cm., volume = 19280 c.c. ] 

Or, A zinc cistern (open at the top) measures externally 
8 ft. 8 in. long, 2 ft. 8 in. broad and 2 ft. 1 in. deep and its capacity 
is 75 gallons. If the bottom of the cistern is 1 in. thick, find the 
thickness of the sides, [1 ecu, ft.= Cf gallons ] 

[ Ans. :1f in, ] 


H. S. EXAMINATION, 1965 
First Paper—GROUP A—Algebra 


% 
2. (a) Solve: vie") [ Avs, ant ন্জ্] 
t+y=6 

(0) Tt (ey) varies as (2-y), show that (x84-y) varies as 
(58 -y). 

8. (9) A sets out from a place and travels at the rate of 5 
miles an hour. B sets out 43 hours after A and travels in the 
same direction, 3 miles. the first hour, 33 miles the second hour, 
4 miles the third hour and soon. Find in how many hours B 
will overtake A, [ Ans. : 15 hrs.] 


QUESTIONS xxiii 


(b) If 1, w, w? are the threo cube roots of unity, prove that 
(34+3w-+5w2)° =(3+5w-+-5w*)° = 64. 
7, (a) Calculate the numerical value otf the expression 


tt 5 
‘ANF 
lop (oe C2), given log 2= "3010800 and log 3="4771218. 
[ Ans. : 8'3922160 ] 
GROUP B— Trigonometry 
8. (a) Same as Q. (a) Second part H. S., 1961 
(b) Same as Q. 7 of H. S., 1960 (Compl.) 


9. (a) Find the values of 6 between 0° and 180° which satisfy 
the equation sin 0--sin 50=sin 80. [ Ans. : 30°, 60°, 120°, 150° 1] 


(0) I A+B+0O=5 prove that 
tan A tan B+tan B tan C+Ftan C tan A=1. 


Second Paper, 1965 
GROUP A—Plane Geometry 


1. Draw a transverse common tangent to two given circles. 


«Or, Construct an equilateral triangle circumscribing a giver 
circle. 


[Traces of construction only are required in either of the two cases. 
‘ 8. Same as Q. Aa) of H, S., 1960 (Compl) 
Show that each rectangle is equal to the square on the tangent 
{from the point of intersection. 
GROUP B— Co-ordinate Geometry 


5. Show that the points (2a, 4a), (20, 6a) and (204 V3, Ba 
are the vertices of an equilateral triangle whose sides are each o 
length 2a. Calculate its area. [ Ans. : area= NSa® sq. units 

7. Express in the form Fl the equation of the st. lin 
passing through the point (3, 2) and the intersection of the lin 
3-+y - 5=0 and 2+ 5y+8=0. [ ans. 227 =1] 


Find the area of the triangle cut off from the co-ordinate axe 
by this line. [ Ans. : SF sq. units 
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GBovuP C— Solid Geom. & Mensuration 


10. (a) How do you measure the angle which a straight line 
muokes with @ given plane ? * 

(b) Whenis a st. line said to be perpendicular to a given 
plane? (c) When are two planes perpendicular to one another ? 

(d) What are skew lines ? 

Tllustrate your answer by suitable diagrams. 

Or, Same as Q. 7(a) of H. 5., 1960 (Compl.) 

11. The base of 8 right prism is a triangle whose sides are 
19", 1'8" and 1'1” long. Tf the height is 8’, find the whole surface 
and volume of the prism. 

[ Ans. : whole surface= 372 sq. ft., volume= "7 cu. ft. ] 

Or, Find; to the nearest tenth of a metre, the height of a 
conical tent which stands on a circular base of diameter 8'0 
metres and which contains 90°478 cubic metres of air [= 31416]. 

[ Ans. : 5'4 metres. ] 


H. S. EXAMINATION, 1966 
First Paper—GROUP A—Algebra 


1. (a) Prove that the modulus of the product of two complex 
quantities is equal to the product of their moduli. 
(2) IH Vys+Fiy=atib, where zx, y, a, b, are real and i= NETL 


show that 4740 = 02). 


8. (a) Find the sum of 12-3252 4-...4(9n - 1). 

[ Ans : Fn(4n* - 1)] 
(2) The distance through which a heavy body falls from 
Test varies as the square of the time it falls. A body falls from 

rest 64 ft. in 2 seconds, how far does it fall in 7 seconds ? 
[ Ans. : 784 ft. J 
7.(a) Simplify: log 24-16 log 384-12 log 324-7 log £3, the 
base of the logarithm being 10. [ Ans.: 1] 


QUESTIONS [E. 8. 1966] মম 


GROUP B—Trigonometry 
8. If A, B, ATB are positive acute angles, prove 
geometrically that sin (4+ B)=sin A cos B+cos A sin B. 


(b) Prove that 
_ tan A-+tan B-+tan O— tan 4 tan B tan C 
tan (4+B+O0)= 1—-tan B tan ©-—tan C tan A-tan A tan B k 


4-Bm-l an AT, 


9.(a) sin A=m sin B, prove that tan o ke) p) 
Bz le 


10. (Lb) Prove that sin 18°= 


Second Paper, 1966 
GROUP A—Plane Geometry 


1. Draw a square equal in area to 2 given triangle, 

Or, Draw a regular hexagon circumscribing a given circle, 

( Only traces of construction are required in each case ) 

2. First part :—Same as Q. 1(a) of H. 5., 1962. 

The medians cf a triangle ABC meet at 0. Prove that 

AB: + BO: +04°=8(40°+ BO: +00), 

8. Same as Q. %a) of H. 5., 1960. 

Tf A, B, C are three points on the circumference of a circle 
such that the chord AB is equal to the chord AC, prove that 
the tangent at A bisects the exterior angle between AB and AC. 

4. Same as Q. 1(c) of H. 8., 1961. 

The tangent at the vertex A to the cireumcircle of the 
AABO meets the side BO in the point Ti. Prove that 


GROUP B—Co-ordinate Geometry 
5. The points A(4, - 1), B(8, 2), O(-1, -2) are the vertices 
of #8 triangle. Find the length of BO and of the altitude AD. 
Hence caleulate the ares of the triangle. Find this area also by 


co-ordinate geometry and check your result. 
[ Ans. : BO=4 N32; AD=2 V2; Area=8. ] 
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GROUP C—Solid Geom. & Mensuration 

10. Same as Q. 7(d) of H. S., 1961, 

Or, Explain with the help of figures the possibe relations 
between 

(a) a given straight line and a plane ; 

(b) two given straight lines in space. 

Show how through any point & plane can be drawn parallel to 
a given plane. ( Proof not required ) 

11. Tf a solid homogeneous iron ball of 4 inches diameter 
weigh 9 lIbs., what is the weight of an iron shell, made of same 
material, whose external and internal diameters are 3 inches and 6 
inches respectively ? [ Ans. : 72% lbs. ] 

Or, A sphere has the same volume as a right circular cone 
with its height equal to twice the radius of its base. Find the 
ratio of the curved surface of the cone to the surface of the sphere. 


[Ans : 58: (16)5,] 


H. S. EXAMINATION, 1967 
First Paper—GROUP A—Algebra 
2, (4) Solve the‘equations : 


35+ 4y=18 = 
lite | 675) 257) ] 


8. (a) The volume of a pyramid varies jointly as its height 
and the area of its base ; and when the area of the base is 60 sq. 
feet and the height 14 feet, the volume is 280 cubic feet. Find, 
by variation, the area of the base of the pyramid whose volume 
is 890 cu. ft. and whose height is 26 feet. [Ans: 45 sa. ft. ] 

(2) Find the sum to n terms of the series 

(89-98)4(58 -43)--(73 - 63)-+..., [Ans : n(4n:-+9n+6)] 


QUESTIONS xxvii 


7. (a) Prove that logam= log,m X logab. 
(BD) Calculate the value of 


(32) x (625)* pV LR 
rE Ee ES PEST SI C8196) 5) given log 2= "3010800, 


log 3= "4771213 and log 959569 = 54142524, ( correct to T 
places of decimals ). [ Ans: 259569 1 


GROUP B—Trigonometry 


8. (a) Same as Q. 10 (a) of H. S., 1960. 

(b) Find the value of co0s829--008°(120° - 9)4-c0s° (120° 4-6). 
[Ans: #3] 

9. (0) If A+B+C=180°, prove that 


cos a+ cos? + 08: G=24+2 sing sin sin 3 


10. (a) Tf tan = tan 3 prove that 
2 e 


cos $= £08978  [ See sum No. 26 of Ex. 5 of this Book ] 
1-ecos 6 


Second Paper—1967 
GROUP A—Plane Geometry 


1. Same as Q. 1 of H.8S., 1964, 

0r, Same as Q. 1. (or) of H. B., 1964 ( Compl. ). 

2. (a) Same as Q. 1 (c) of H. 8., 1961. 

(b) ABC is a triangle, L and M are points in AB and AC 
respectively such that LM is parallel to BC. It AL=5 cms. and 
area ALM ; 28 
area LMOB' HEU) 
8. (a) Same as Q. 2 (0) of HE. 8., 19692. 
(b) Same as Q. 2 (0) of H. 8., 1960 ( Compl. ) 
4. (1) It G be the centroid of the A ABC, show that 

AB + BCO°* + C4? =3(GA4°+ GB? + GC). 

(2) Same as Q. 2 (b) or, of H. 8., 1960 ( Compl. ). 


LB=4 cms., find the value of 
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GROUP B—Co-ordinate Geometry 

5B. Show that the three points (3, 1), (5, 5) and (-1, 18) 
are collinear. Find the equation of the straight line on which 
they lie. [ Ans : 8%-++y/=10] 

6. (a) Find the co-ordinates of the centroid of the triangle 
Whose vertices are the points (21, y1), (22, y2) and (xs, Vs). 

(6b) The vertices of a triangle are (2,7), (5,1) and (2,3); 
its area is 18. What is the value oft? [Ans: %=10 or -2] 


GROUP C—Solid Geometry and Mensuration 
10. Same as Q. 7 (d) Second part of H. S., 1961. 


Or, (a) When is a st. line said to be perpendicular to a 
given plane ? Illustrate your answer by a suitable diagram. 


(2) Same as Q. 12 of HE. $., 1962 ( Compl. ). 


11. A right circular cone, 20 cm. high, has its upper part cut 
off by a plane passing through the middle point of its axis. It 
the plane of section be at right angles to the axis and if the 
radius of the original cone be 4 cm., find the volume of the 
truncated cone. (t=). 


[ See ‘Cone’, Example 11 in this Book. ] 

O07, Determine the volume of a pyramid whose height is 
10/7 ft., and which stands on a triangle of sides 16 ft., 11 ft, 
and 9 ft, [ See Pyramid, Example 11 in this book ] 


C. U. PRE-UNIVERSITY EXAMINATION—1961 
Group A— Algebra 


1. (b) In a “Geometrical Progression", the first term is 5, 
the last term is 320 and the sum of the series is 685 ; find the 
4th term. [Ans. 40] 

2. (6) Use logarithmic tables to calculate the value of 
2°41 x (1294) — (0°78)%, correct to two places of decimals. 

[Ans. 2°93) 
Group B— Trigonometry 

5. (a) Same as Q. 8(a) of H. 5., 1963. 

(b) If A, B, C are the angles of a triangle, shew that 
B হু 

2 
6. (a) Same as Q. 8(b) of H. 8., 1965 
8, (a) Find the value of sin 18°. [Ans. HNVB-1)] 


CE) GOS COS df 


sin 400s 


Group C— Co-ordinate Geometry 


9. (a) The co-ordinates of A, B,C are (-1,5), (8, 1) and 
(5, 7) respectively. D, E, F are the middle points of BO, 04, AB 
respectively. Calculate the area of the triangle DEF, 
[Ans. 4 sq. units] 
(0) Obtain the equation of the straight line through the point 
(2, 1) and perpendicular to the line joining the points (2, 3) and 
(8, - 1). [Ans. »-4/+2=0] 
10. (a) Obtain the equation of the locus of a point which 
moves in the plane of (zy) in such a way that its distance from 
the point (2, 3) is always two-thirds of its distance from y-axis. 
[Ans. 5% 4+9y* - 36% - 54y+117=0] 
12. (a) Obtain the equations of the lines which bisect the 
angles between the lines (i) ai12+biyFc1=8 and 
(ii) a2zH+bayFc2=0. 
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Group D—Solid Geometry & Mensuration 


18. Same as Q. 7(b) Second Part of H. S., 1960. 
14. (a) Find the locus of a point in space equidistant from 
two given points. 


(Bb) Three solid spheres of gold whose radii are 1 cm., 6 coms., 
and 8 cms. respectively are melted into a single gold sphere. Find 


the radius of the sphere so formed. [Ans. 9 cem.] 


———-— 


C. U. PRE-UNIVERSITY EXAM.— 1962 
Group A—Algebra 
NAO wt Where i= N —1, find % and y. 
Ei) NO 
[Ans. I=, Y= 2] 


(b) In an A. P. the first term is 2, the last term 29, the sum 
155 ; find the common difference. [Ans. 3] 
2, (a) If P varies as the sum of two quantities of which 
one varies directly as » and the other inversely as x and if P=6 
when 5=4 and P=3% when 2=8, find P when = 9. [Ans. 0] 
(Lb) Use logarithmic tables to calculate the value of 
|" 
(48:7)F x (00321) ss 
ATHENS. te [Ans. 5563] 
Group B— Trigonometry 
5. (a) Shew, geometrically, that if A and B are positive acute 
angles and (44+ B)<90°, then 
sin (A+ B)=sin A cos B+ cos A sin B. 
(b) Show that cos A--cos B-Fcos C+cos (A+B+C) 


সী A+B B+C Od 
4 cos 0 COs সঃ COS ভা 


QUESTIONS XXX 


Group C— Co-ordinate Geometry 


9. (4) Find the angle between the two st. lines 
Y= mac, Yy=mItc. 

(2) Obtain the equations to the st. lines each of which passes 
through the point (2, - 1) and intersects the axes of co-ordinates 
at points equidistant from the origin and calculate the angle 
between them. [ Ans. 2+Y=1,2-Y=8; aright angle. ] 

12. (L) A point P moves in the plane of (xy) in such a way 
that its distances from the lines 12%4-5y = 4=0 and 83%-+4y-+T7 
=( are equal ; obtain the equation to the locus traced out by P. 

[ Ans. Te-9y-37=0, or, 9954774 +71=01] 
Group—D— Solid Geometry & Mensuration 


13. (4) Same'as Q, 7 (a) of H. 8., 1960 ( Compl.) 

(2) ‘The diagonal of a rectangular block is 10 ems., and the 
sum of the lengths of its edges is 80 ems., calculate the total area 
of the outer surface of the block. [ Ans. 6300 sg. em. ] 

14. (a) Shew that if a st. line is perpendicular to a plane, 
then every plane passing through it is perpendicular to that plane. 

14. (Lb) A right circular cone is 10 cms. high and its slant 
height is 15 ems. Calculate the volume of the cone. [=]. 

[ Ans. 13093 cu. ems.) 


C. U. PRE-UNIVERSITY EXAM.—19683 


Group—A—Algebra 

1. (a) Express (3+5)(443:(54+7i) in the from of AT1B, 
Nhere i= NV -1. [Ans. -4641928i where — 46= A, 198= B] 

(5) If x,y, 2 be the p®", g“* and rt terms respectively of a 
G, P., prove that c97" y" 2 7-0 = 1. 

2, (4). Solve sy =5, 2° +2y* =11. 

[ Ans. 2=8,Y=2, Or, I=, y= 
4. (b) Prove that 7 log +85 log 3478 log #5= log 2. 
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Group B—Trigonometry 


5. (a) Prove geometrically that if 4 and B are positive acute 
angles and A+ B<O90°, cos (A+ B)=c08 A cos B-sin A sin B. 
(0) Express cos 46 in terms of cos 6. 
[Ans. 8 cos46-8 cos*64-1] 


8 tan 6 — tans 
6. (a) Show that tan 390 = JTS Tap . 


Droup C— Co-ordinate Geometry 


9. (a) Same as Q. 5 (a) of H. S., 1963 (Comp!.) 
(0) Tt(z,, yi), (02, y2) and (3, ys) be the co-ordinates of 
the vertices A, B, © respectively of the triangle ABC and if D 
is the middle point of BC, find the Co-ordinates of G which divides 
AD such that AG=2GD. 
[Ans. {le zs+0s), Hy Hye Ys) 
10. (4) Find the equation of the st. line passing through the. 
point (8, 5) and parallel to the line 42 — 3y +1=0. 
[Ans. 42-3y+3=0] 
11. (0) Find the locus of the point whose distance from the 
point (-1, 1) is equal to its perpendicular distance from the st. 
line #-+y +1=0. [Ans. 2°+y*-22y+2%2-6y+3=0] 


Group D—Solid Geometry & Mensuration 


18. (9) Prove that two intersecting planes cut one another in 
& Straight line and in no point outside it, 
(b) Same as Q. 7 (a) Second Part of H. S., 1960. 


14. (a) Three solid gold spherical beads of radii 3, 4, 5 ems, 
respectively are melted into one solid Spherical bead. Find its 
radius. [Ans. 6 cems.] 

(b) The volume of a right circular cylinder and a right circular 
cone standing on the same base are as 3: 2, Show that the height. 
of the cone is double the height of the cylinder, 


———_—— 


C. U. PRE-UNIVERSITY EXAMN.—1964 


1. (0b) Express (V5 - V2:)(2 V8 — V2i) in the form of ATFiB, 
Where 1= JV -—-1 and A, B are real. 


[Ans. 4-3 N06; where A=4, B= -3 6] 


2. (2) Solve #°4+y*=25 2=8 2=4 
ety = 7 } [ans. দ্‌ A ih 
4. (a) Simplity: 16 log 384-12 log 234-7 log $-+-10g 2, the 
base of the logarithm being 10. [Ans. 1] 


(b) Evaluate (using logarithmic tables) : 
5681 x 49'18 Xx '27883 
2451 X 6899x1961 (228: 25461 
5. (a) Same 2s Q. 9 (a) of H. S., 1961 (Compl). 
(2) Same as Q. 10(%) of H. S. 1961 (Compl). 


8. (5) From an aeroplane vertically above a st. horizontal 
road, the angles of depression of two consecutive mile-stones are 
observed to be 30° and 45°. If the mile-stones be on the opposite 
sides of the aeroplane, show that its height, in miles, above the 


road is PI 
EE 
9. (a) ‘The three points, whose co-ordinates are (x, V1) 
(2, Y2) and (2s, Ys) lie in a st, line. Show that 
tly —Ys)F22lys —Y1)Foslys —ys2)=0. 
(0) Find the angle between the straight lines 
t— V3y=1 and V83%-y=4. [Ans. 80° or 150°] 
18. (a) Same as Q. 7 (a) of H. 8. 1960 (Compl.) 
(2) It a triangle revolves about its base, prove that the locus 
Of its vertex is a circle. 


14.(a) A right prism stands on 2 triangular base whose sides 
are 18", 20", 34". Tf the height of the prism is 10", find the area 
of its total surface. [Ans. 1008 sq. in.] 

(2) How many square feet of canvas are required for a conical 
tent 24 feet high, the diameter of the base being 14 feet ? 

[n= 22 [Ans. 550 sq. ft.] 
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B. U. ENTRANCE EXAMINATION— 1961 
Group A—Algebra 


1. (0) Solve s-+y+8 NVo+y=%°+y*=10. 
[Ans - @=8,y=1;0n, 0=1, Y=8) 


(i) Ae AE ডি ল্য [Ans : 3=2, y=1 ; or, 2=1,y=2] 
4. (a) Prove that a Xlogac = logad. 
(6) Find Sn, 
[ans Ce Pe নন | 


Calculate the lowest value of n so that 2 — Sn ito. Lins: 8] 


23 


. GROUP B—Trigonometry 
5. (a) Prove geometrically 
cos (A+B)=c0s A cos B-sin A sin B, 
when 0<A<o 0<B<5 and A+B<5 


(bt) IAT+B+OC=7, prove that 
cot A cot B-cot B cot C+HFcot C cot A=1. 


GROUP C— Co-ordinate Geometry 


8. (a) Find the equation to the straight line passing through 
the intersection of lines 2+ 2y-83=0 and 3% +4y+7=0 and 
perendicular to the straight line y — %=8. [Ans : e+y+5=0] 

(6) Show that three points (4, 2), (7, 5) and (9, 7) are in one 
straight line and find the equation of the line of ৰণ 

[Ans: #-Yy=2] 
GROUP D—Solid Geometry & Mensuration 
12. (1) Same as Q. 7(a) of H. 5., 1960 (Compl). 
(Lb) Same as Q. 13 of H. 5., 1962 
18. (4) Same as Q. 14 (a) of C. Pre-U., 1962. 


B. U. ENTRANCE EXAM.—1962 
Group A—dAlgebra 
1. (a) Represent geometrically the numbers 3T%, 6T4i 


and 946i. Find their moduli. 
[Ans: Moduli= + V13,+2 VI85,+3 V3] 


(0) Solve: () 22 +y*+2y = 84, +Y=10 
[Ans: 2=8, Y=2; or 2=2,y=8] 
(i) y®=4, 9 =2"., k: 
[Ans: 2=2, Y= £2; or, 0= -9,y= +3) 
A (Db) at log 5 _ logy _lo8z, prove that cy2°=1. 
b-co c-a a-b 
Group B—Trigonometry 
5. (a) Same as Q. 9 (a) of H. 8. 1960 (Compl.) 
(6) HAFTBTOFS PION that 
cos* Acos* B+2 cos A cos B cos 0=sin* CO. 


8. (a) Find out the value of sin 18°. 
Group C— Co-ordinate Geometry 


9. (a) Prove analytically that the line joining the middle 
points of any two sides of @ triangle is half the third side. 


(b) Find the equations of the medians of the triangle whose 


vertices are the points (3, 2), (1, 1), (19, ~9) and show that 


they are concurrent. 
[Ans. T%-1%+3=0, B07 18y - 28=0, 100-42 - 17=0] 
Group D—Solid Geometry & Mensuration 


18. (a) Same asQ. 1 (8) Second part of EB. 8. 1961 


(b) Show that all st. lines drawn perpendicular from @ given 


point to a system of parallel st. lines in space Are coplanar. 


14. (a) How many solid circular cylinders of length 8 in. 


and diameter 6 in. can be made out of the material of a solid 
[ Ans. 41] 


sphere of radius 6 inches ? 
(D) A right circular cone 15 om. high, the radius of the base 
being 8 cm., has its upper part cub off by % plane through the 


middle point of its axis and parallel to the base. Find the volume 
[Ans : 880 ou. om.] 


of the truncated cone. 


SEES oes 


B. U. ENTRANCE EXAM.— 19683 


Group A— Algebra 
1. (a) Solve (any two) :— (i) No +=, BAY =. 


(ii) BEES) 2+Yy=9 (ili) o!=y°, y°204, 
[Ans: (i) 2=1,Yy=4, or, 2=4,Yy=1: (ili) 2=1,y=8 
or, 2=8,yY=1; (lili) #=2,y=2, or, = £3, Y= -2.] 
(0) Three globes of gold whose radii are 3, 4 and 5 inches are 
melted and formed into a new globe ; find the radius of the new 
globe, given that the volume of a globe varies as the cube of its 
radius. [ Ans. 6 inches J 
Group B—Trigonometry 


6. (a) Same as Q. 5(a) of C. Pre-U., 1968. 
(b) If sin 64-sin $=, cos 0-Fcos $=, 


a = [4-0 -b? 
rove that tan ——-=EA/ Eo, 
a+b 


7. (a) It 4+B=7, ne that cos* 4--cos*B--cos*? 
=1-4-2 cos « cos B cos Y. 


Gioup C—Co-ordinate Geometry 


10. (a) Show that the area of the triangle, the co-ordinates 

of whose angular points are (e 3). (6, :) and (o ) is 
C, 
(b- ole — a)la — D). 
gabe 

(b) If the centroid of a triangle is (1, 4) and two of its vertices 
are (4, - 8) and (- 9, 7), find the other vertex. [Ans. (8,8)] 

11. (a) Show that the equation 

di biy Fei Mase-FbayFc2)=0, where 2 is an arbitrary 
constant, represents any straight line passing through the point 
of intersection of the lines a1%--b1yFc1=0 and a2%-Fb2y Tce =0. 

(b) Find the equation of the straight line which passes 
through (1, Y1) and is perpendicular to the join of (z2, y2) and 
(03, Ys). L Ans. (ys-Y2Ny-Y1)T(as — 2c -21)=0.] 


QUESTIONS xxvii 


GROUP D—Solid Geometry & Mensuration 


14, (a). If two intersecting planes are each perpendicular to a 
third plane, prove that their line of intersection is also perpendi- 
cular to the plane. 

(2) If of three lines of intersection of three planes, two be 
parallel, show that the third will also be parallel to the other two. 

15. (a) The length, breadth and the height of a closed box 
are 12 in. 10 in., and 8 in. respectively and the total inner surface 
is 376 sq. in. If the walls of the box are uniformly thick, find 


the thickness. [Ans. 1 inch. ] 
(0) If S be the area of the curved surface, v the volume, h 


the height and « the semi-vertical angle of a right circular cone, 
a 
prove that S=" and v= gh Stan? <. 


—————_—_—_— 


B. U. ENTRANCE EXAM.,— 1964 


1. (a) Same as Q. 3 (a) H. S., 1968 ( Compl. ) | 
(2) Show that a real value of % will satisty the equation 


Ite ib, if a2 +2 =1, the constants @, b being real. 
9. (a) Solve ( any two ): 


(i) 2-18, 2+ = 12. 
JG 
[ Ans: 2=4, }=8, Or, 2=8,y=4] 


90+ Vaso 2- Vo [Ans : w= or 1] 
Zo To LG ==. 

a) 90 - No 904+ Na A 
RN BAVA 01 O=T 

(iii) Sh [ ans : লা or = | 


(0) It o+y2 when Y is constant and 2-2y When 2 is 
constant, then show that s+y-+20y2 when both y and 2 vary, 


6. (a) Same asQ.8 (a) of H. 8. 1965, SFY 
(6) Prove that 4(cos® 10°-+-sin® 20°)=8(c0s 10 sin 20°). 


xXxVili A TEXT BOOK OF H. 8, ELECTIVE MATHEMATICS 


9.(0) A vertical post 15 ft. high is broken at a certain height 
and its upper part, not completely separated, meets the ground at 
an angle of 30°, Find the height at which the post is broken. 

[ Ans: 5 ft. 


10. (a) A point P divides the st. line AB internally in the 
ratio <: B. The co-ordinates of A and B are (a1, a2) and (b1, ba) 
respectively. Find the co-ordinates of P. 

BFbid asBFbax 
Ans: (« oy 2 2 | 
[ hE NECEB “4B ) 

(2) Find the equation of the locus of a point Plz, y) if the 
ratio of its distance from the point (— 10, 0) to its distance from 
the point (1, 0) be 2: 1. [ Ans : 85° +3y* - 28% - 96=0 1 

11.(4) Find an expression for the angle between the two St. 
lines given by A%-- By =0 and A'z-+B'y=0 respectively. 

[ See Text Book ] 

(2) Find the distance of the point of intersection of the two 
St. lines 2%-3y+17=0 and 8%4+4y=0 from the st. line 
4% — 3y =0. [ Ans : 5 ( numerically =5 units )] 

14.(a) What do you mean by (i) the angle between a plane 
and a straight line ; (ii) the angle between two planes ? 

Tf a right angle revolves about one of its arms, then prove that 
the other arm describes a plane. 


(0) The base of a right prism is a triangle whose perimeter 
is 15 om. and the radius of the in-circle of the triangle is 8 om. 
Tf the volume of the prism be 270 c.c., find its height. 

. [ Ans: 12 om. ] 


15.(a) Same as Q. 7(b) Second part of H. S. 1960. 
(0) Same as Q. 13 (0) of B. U. E., 1962. 


CORRIGENDUM 


Algebra : 
Page 53, in line 20, rend {ete oe [se 
7}: 


» 68, the sum 12 is 9+7+5+ .+(- 25). 
», 69, in Ex. 9, read r= for r= 8. 
» 97, in Ex, 1, read '" gy for ‘" cob, 
Trigonometry : 
Page 86, in the last line of Ex, 20, read 80-0 h-tor Be ~ 02. 


Geometry and Co-ordinate Geometry : 


Page 1929, in line 13, read ABLBE for ABLBP. 


147, in line 24, read ROTPR for FOTTR, 
PR PR 


150, the diagram should be inverted. 
2 
160, in line 19, read +t vtvs) ; 


1 


164, in sum 21, read (2, 8) tor (- 8, 3). 
¢ 
) 


19 


208, in line 7, read — 5 for 


and in line 10, read x5! for 5d 


913, in last but one line, road 4y tor 4%, 


Appendix : 
Page 20, in last line of Ex. 13. read 19 in. for 9 in, 


Questions : 
Page xxiii, road Q. 8(a) and Q. 8(b) same as Q. bla) and 


Q. 6(a) of 0. Pre-U. 1961, 
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